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Abstract

This thesis proposes a study of qualitative possibilistic independence relations and explores propagation
algorithms for possibilistic causal networks. We first show the existence of two forms of independence
relations: causal and decompositional. Then, we propose new forms of independence relations based
on plausibility relations underlying possibility distributions. The proposed relations are compared with
those already known in possibilistic framework. The obtained results are used in defining possibilistic
counterparts of probabilistic Bayesian networks. In fact, two kinds of networks are studied, depending
if the possibilistic conditioning is based on the minimum or the product operator. We first propose
an adaptation of probabilistic propagation algorithms. This adaptation shows that when we use the
product form of conditioning, we get possibilistic networks similar to probabilistic ones sharing the
same features and having the same theoretical and practical results since conditioning is defined in
the same way in the two frameworks. However, this is not the case with min-based networks. The
particular properties of the minimum operator, such as the idempotency, lead us to explore a new
anytime propagation approach for min-based networks which avoids the transformation of the initial
network into a junction tree, known to be a hard problem. Experimentation results show the merits

of our new propagation algorithm.

Résumé

Cette thése propose une étude des relations d’indépendance possibilistes qualitatives et explore les
algorithmes de propagation dans les réseaux causaux possibilistes. D’abord, nous montrons ’existence
de deux types de relations d’indépendance: causales et décompositionelles. Ensuite, nous proposons de
nouvelles définitions uniquement basées sur les relations de plausibilités sous-jacentes aux distributions
de possibilités. Les relations d’indépendance proposées sont comparées a celles déja existantes dans la
théorie des possibilités. Ces résultats sur I'indépendance sont utilisés afin de proposer une contrepartie
possibiliste des réseaux Bayésiens. En effet, deux types de réseaux possibilistes sont étudiés selon que
le conditionnement est basé sur 'opérateur minimum ou sur ’opérateur produit. En premier lieu,
nous proposons une adaptation possibiliste des algorithmes de propagation développés dans le cadre
de la théorie des probabilités. Cette adaptation montre que les réseaux causaux basés sur 'opérateur
produit ont des propriétés trés similaires aux réseaux Bayésiens, ce qui n’est pas le cas lorsque le con-
ditionnement est basé sur I'opérateur minimum. Les propriétés particuliéres de ’opérateur minimum
telles que 'idempotence nous ont poussé & développer un nouvel algorithme anytime pour les réseaux
causaux possibilistes basés sur le conditionnement ordinal. Le but est d’éviter la transformation cou-
teuse du graphe initial en un arbre de jonction. L’étude expérimentale montre les apports de notre

nouvel algorithme de propagation.
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(zeneral Introduction

Artificial Intelligence aims to model human reasoning in order to help decision makers in their
tasks. The development of expert systems is one of the most famous applications in this do-
main. Nevertheless, the first expert systems are unable to manipulate correctly incontrollable

variables, due to the imprecise and uncertain information characterizing the real world.

Graphical models are important tools proposed for an efficient representation and anal-
ysis of uncertain information commonly used by an increasing number of researchers from
different domains as industry [76], space [79], and medicine |77, 83]. Well-known graphical
models are probabilistic Bayesian networks |84, 94, 103|, decision trees [106], Influence dia-
grams (81, 107, 108] and Valuation Based Systems (VBS) [111, 112].

The success of graphical representations is due to their capacity of representing and han-
dling independence relationships, which have been proved to be crucial for an efficient man-
agement and storage of the information. Moreover, graphical models meet our requirements of
explicitness and clarity since graphs topologies (nodes for variables, edges for local dependen-
cies among variables) allow a local representation and reasoning easily supported by human

mind.

Most of proposed graphical models refer to probability theory. In particular, probabilistic
Bayesian networks have been largely developed and used in real world applications. However,
this framework is only appropriate when all numerical data are available, which is not always
possible. Indeed, there are some situations, like the case of total ignorance, which are not well
handled and which can make the probabilistic reasoning unsound. This is particularly true in

probabilistic Bayesian networks when missing data do not allow any valid treatment.

Several non-classical theories of uncertainty have been proposed in order to deal with un-
certain and imprecise data such as evidence theory [110, 117, 118], Lehmann’s ranked model

[96], plausibility relations [75], Spohn’s ordinal conditional functions [119, 120] and possibility



2 General Introduction

theory [54, 60, 130] issued from fuzzy sets theory [86, 128].

Possibility theory offers a natural and simple model to handle uncertain information. It is
an appropriate framework for experts to express their opinions about uncertainty numerically
using possibility degrees or qualitatively using total pre-order on the universe of discourse.
This theory has been used in different areas such as default reasoning [19], qualitative deci-
sion 59|, data fusion |20, 57| and diagnostic [44]. Possibility theory has also a logical-based
reasoning called possibilistic logic |52, 91]. This logic is an extension of classical logic where
propositional or first-order formulas are weighted by lower bounds and necessity (or possibil-

ity) measures.

The aim of this thesis is to develop graphical models for reasoning with qualitative uncer-
tain information. We are in particular interested in qualitative possibilistic causal networks,
which are possibilistic counterparts of probabilistic Bayesian networks. Such networks are
useful for experts which are unable to provide exact numerical values to quantify different

links between variables.

Qualitative means here that we more focus on the pre-ordering on events (called plausibility
relation) induced by possibility distributions rather than on the numerical values (possibility

degrees) associated with events.

Qualitative causal possibilistic networks present a new promising area of research. In-
deed, they offer a natural way to treat non binary variables. Moreover, they handle struc-
tured knowledge using independence relations between variables and allow local computations.

These treatments are not supported by possibilistic logic.

In possibility theory, there are two different ways to define the counterpart of causal prob-
abilistic (Bayesian) networks. This is due to the existence of two definitions of possibilistic
conditioning [38, 39, 54, 78]: product-based conditioning and min-based conditioning. When

we use the min-based conditioning, we speak about qualitative possibilistic networks.

Existing works on possibilistic graphical models are either a direct adaptation of proba-
bilistic approach (without any care to knowledge representation) or a way to perform learning
from imprecise data [69, 24]. Regarding the possibilistic propagation, there are only few works.
We can mention the possibilistic propagation in hypergraphs proposed by Dubois and Prade
[55], the adaptation of Pearl’s algorithm by Fonck [63]. Gebhardt, Kruse and Borgelt have
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proposed a software for possibilistic propagation in undirected possibilistic networks, called
POSSINFER (22, 68, 69]. Shenoy has proposed a propagation algorithm in Valuation Based
Systems (VBS) [111, 113, 114, 115]. VBS are general tools since valuations maybe particu-
larized to a possibility distribution, a probability distribution, or a belief function. However,

the possibilistic version of VBS does not include the qualitative possibilistic networks [112].

In order to develop propagation algorithms for qualitative possibilistic graphical models, it
is important to define qualitative counterpart of stochastic independence which is not as well
defined as in probability theory. Thus, the first part (Part I) of this thesis provides an analysis

of the notion of qualitative possibilistic independence.

There has been a considerable interest in the last few years for discussing independence
in various representation frameworks [12, 31, 37, 38, 39, 40, 41, 62, 121|. Conditional in-
dependence relations between variables play an important role in the handling of uncertain
information. From an operational point of view, two forms of independence can be distin-
guished [2, 4]

Decompositional independence which ensures the decomposition of a joint distribution pertain-
ing to tuples of variables into local distributions on smaller subsets of variables. A reasoning
machinery can then work at a local level without losing any information.

Causal independence for expressing the lack of causality between variables. This form of in-
dependence is always characterized in semantic terms. Roughly speaking, a variable (or set of
variables) is said to have no influence on another variable (or set of variables) if our belief in

the value of the latter does not change when learning something about the value of the former.

These two kinds of independence are not necessarily exclusive. Ideally, a good definition
of independence expresses both the lack of causality (so it can be easily expressed by experts),
and is useful for computations. In the probabilistic framework causal and decompositional in-
dependence relations are equivalent, which is not the case in possibility theory. In this thesis
we investigate several definitions of independence based on possibility distributions and on the
ranking induced by these distributions. In addition, we provide a comparative study between

these independence relations and study their graphoid properties.

After analyzing different forms of qualitative independence relations. Part II of this thesis
proposes an adaptation of probabilistic propagation algorithms. When we use the product

form of conditioning, we get possibilistic networks similar to probabilistic ones sharing the
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same features and having the same theoretical and practical results since conditioning is de-
fined in the same way in the two frameworks. However, this is not the case with min-based
networks since they do not satisfy the so-called coherence property pointed out by Fonck [63].
Indeed, it may happen that the joint distribution associated with the possibilistic graph do not
recover the initial data provided by experts. Nevertheless, and as we will show, the coherence
problem should not be seen as a drawback either in recovering independence relations or in

the propagation process [9].

Our study of the different adaptations of probabilistic propagation algorithms, shows that
the min-based propagation can be seen differently from the classical approach since the mini-
mum operator has different properties from the product operator (used in both Bayesian and
product-based networks) like the idempotency property. Therefore, we propose in the last
part (Part IIT) of the thesis, a new propagation algorithm for min-based possibilistic networks
which is not a direct adaptation of classical approach. In particular, we will avoid the trans-

formation of the initial network into a junction tree known to be a hard problem [30].

The proposed algorithm is an anytime algorithm [8, 10]. It is composed of several steps
such that the longer the algorithm runs, the closer to the exact marginals we get. The first
step consists in transforming the initial possibilistic graph into an equivalent undirected graph,
called here for simplicity moral graph, where each node (called cluster) contains a variable from
the initial graph and its parents. The clusters are quantified by local joint distributions in-

stead of the initial conditional ones.

In the second step, several stability procedures are used in order to guarantee that joint
distributions on a given cluster are in agreement with those of its adjacent clusters. We start
by a simple stability procedure which ensures that any cluster agrees with each of its adjacent
clusters on the distributions defined on common variables. This procedure does not guarantee
exact marginals. Thus, we propose to improve it by using a multiple nodes stability procedure
which ensures that any cluster agrees on the distributions defined on common variables com-
puted from 2, 3,.., n adjacent clusters. We will consider the case where nodes are all neighbors
and also the cases where nodes are restricted to parents, children and parents with children.
We also develop a best multiple nodes stability procedure which ensures that only best instances
in the distribution of each cluster agree with the best instances in the distribution computed

from several of its adjacent clusters.
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Finally, in the last step, we propose two consistency procedures providing exact marginals.
The first one is based on adding some links in the moral graph, while the second procedure is

based on constructing best global instances.

This thesis is organized into three parts:

Qualitative Possibilistic Independence. In this part, Chapter 1 presents non-classical the-
ories of uncertainty and essentially possibility theory. Chapter 2 proposes a qualitative un-
certainty framework where uncertainty is represented by total pre-orders on the universe of
discourse. Chapter 3 defines the notion of qualitative independence and compares it with basic
existing independence relations in possibility theory. This chapter also provides a software
allowing to test independence relations satisfied by any possibility distribution or plausibility

relation.

Possibilistic Adaptation of Probabilistic Causal Networks. In this part, Chapter 4 presents
probabilistic Bayesian networks and their propagation algorithms. Chapter 5 develops a possi-
bilistic counterpart of probabilistic Bayesian networks based on the minimum and the product
operators and discusses the coherence problem. Chapter 6 develops a possibilistic adapta-
tion of exact probabilistic propagation algorithms for product and min based possibilistic
networks. More precisely, we propose an adaptation of the centralized version of Pearl’s algo-

rithm [87, 103, 105] and of the probabilistic propagation in junction trees [84].

New Approach in Possibilistic Propagation. In this part, Chapter 7 proposes an anytime
propagation algorithm for min-based possibilistic networks which avoid a direct adaptation
of probabilistic propagation algorithms. Chapter 8 provides experimental results showing
the merits of our algorithm comparing with classical approaches. Moreover, it proposes a
Possibilistic Networks Toolbox (PNT) implemented with Matlab 6.0 allowing the propagation

in both min-based and product-based possibilistic networks.
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Notations and definitions

We first give some notations and definitions used in this thesis.
Let V. ={A;, Ag, ..., AN} be a set of variables,

e Dy ={ay,...,a,} denotes the supposedly finite domain associated with the variable A,
e a; denotes any instance of A;,

e XY, Z, ..., denote subsets of variables from V,

o Dx = xa,exD4, denotes the cartesian product of domains of variables in X,

e x denotes any instance of X, if X = {4;,..., A, } then x = (a4, ..., a,),

o () = X 4,ev Dy, denotes the universe of discourse, which is the cartesian product of all

variable domains in V,

e Each element w € 2 is called an interpretation, a possible world or a state of (). De-
pending on the context, we use one of the following notations:
- either tuples: w = (ay,...,an)

- or conjunctions: w = aj A ... A ay, then w[A;] = a;.

e ¢, 1, ¢ denote the subclasses of Q (called propositions or events) and —¢ denotes the

complementary set of ¢ i.e. ¢ = — ¢,

e ¢ N1 (resp. ¢ V1) denotes the intersection (resp. the union) of ¢ and ¥,

h

e [a;] ={w= (a1 A...Aay) : A; = a;} denotes the set of states whose i'" component is a;,

e V€ Dx,[z] ={w= (a1 A... Nan) : VA; € X, A; = a;} denotes the set of states whose
restrictions to variables in X is x.

When there is no ambiguity, we use z instead of [z] and x Ay (resp. = V y) instead of

[z] A [y] (resp. [a] V [y]).
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Qualitative Possibilistic Independence



Introduction Part I

Conditional independence relations between variables play an important role in the handling
of uncertain information. From an operational point of view, two forms of independence can

be distinguished.

Decompositional independence which ensures the decomposition of a joint distribution pertain-
ing to tuples of variables into local distributions on smaller subsets of variables. A reasoning
machinery can then work at a local level without losing any information.

Causal independence for expressing the lack of causality between variables. This form of in-
dependence is always characterized in semantic terms. Roughly speaking, a variable (or set of
variables) is said to have no influence on another variable (or set of variables) if our belief in

the value of the latter does not change when learning something about the value of the former.

These two kinds of independence are not necessarily exclusive. Ideally, a good definition
of independence expresses both the lack of causality (so it can be easily expressed by experts),
and is useful for computations. In the probabilistic framework causal and decompositional

independence relations are equivalent, which is not the case in possibility theory.

In this part, we first present non-classical theories of uncertainty and especially possibility
theory (Chapter 1). Then we propose a qualitative uncertainty framework where uncertainty is
represented by total pre-orders on the universe of discourse (Chapter 2). Finally we define the
notion of qualitative independence and relate it to the basic existing independence relations

relative to possibility theory (Chapter 3).

10



Chapter 1

Introduction to Possibility Theory

1.1 Introduction

The decision quality is closely related to the reliability of available information which is often
imperfect due to the imprecision and uncertainty characterizing the real world. Probability
theory is appropriate to model such information when all numerical data are available. How-
ever, it is not always possible to provide precise numerical values. Indeed, there are some
situations which are not considered, in particular the case of total ignorance [61]. This is true

in Bayesian networks when missing data does not allow any valid treatment.

Several non-classical theories of uncertainty have been proposed in order to deal with un-
certain and imprecise data such as evidence theory [110, 117, 118], Lehmann’s ranked model
[96], plausibility relations |[75], Spohn’s ordinal conditional functions [119, 120] and possibility
theory [60, 130] issued from fuzzy sets theory [86, 128].

Possibility theory, offers a natural and simple model to handle qualitative uncertain infor-

mation. This theory has been developed from different aspects, we can mention [60],

o Reasoning. One of the tools used in reasoning is possibilistic logic which is an extension
of classical logic where propositional or first-order formulas are weighted by lower bounds

and necessity (or possibility) measures [52, 91].

o Default reasoning. Possibility theory also offers a general framework for dealing with

rules having exceptions of the form "generally, if p then ¢" [19].

o Qualitative decision. Possibility theory offers a qualitative counterpart of classical deci-

sion. Namely, in [59], an analog of von Neumann and Morgenstern postulates, intended

11
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for rational decision under ordinal uncertainty, has been proved to be equivalent to the

maximization of a qualitative utility function.

e Data Fusion. Possibility theory offers a variety of combination modes (including weighted,

prioritized and adaptative aggregation rules) in uncertain environments [20, 21, 57].

This Chapter proposes a brief overview of probability theory and presents basic definitions
of non-classical theories of uncertainty. Section 1.2 introduces some notations and definitions
used in this Chapter. Section 1.3 gives a brief recall on classical probability theory, evidence
theory and Spohn’s ordinal conditional functions. Lastly, Section 1.4 focuses on possibility

theory and its main definitions and axioms.

1.2 Notations and definitions

We first give some notations and definitions. Let V' = {41, Ag, ..., Ay} be a set of variables,

e Dy ={ay,...,an} denotes the supposedly finite domain associated with the variable A,
e a; denotes any instance of A;,

e X,V Z .. denote subsets of variables from V/,

o Dx = xa,exDa, denotes the cartesian product of domains of variables in X,

e x denotes any instance of X, if X = {4;,..., A, } then x = (ay, ..., a,),

o () = X 4,ev Dy, denotes the universe of discourse, which is the cartesian product of all

variable domains in V,

e Each element w € 2 is called an interpretation, a possible world or a state of (). De-
pending on the context, we use one of the following notations:
- either tuples: w = (ay,...,an)

- or conjunctions: w = aj A ... A ay, then w[A;] = a;.

e ¢, 1, p denote the subclasses of Q (called propositions or events) and —¢ denotes the

complementary set of ¢ i.e. =¢ = Q — ¢,

d N1 (resp. ¢ V1) denotes the intersection (resp. the union) of ¢ and v,

h

[a;] = {w = (a1 A...Aan) : A; = a;} denotes the set of states whose i component is aj,
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e Vx € Dx,[z] ={w= (a1 A... Nay) : VA; € X = {41,..., A}, A; = a;} denotes the set

of states whose restrictions to variables in X is z.

When there is no ambiguity, we use z instead of [z] and Ay (resp. = V y) instead of

[z] A [y] (resp. [z] V [y]).

In the rest of this work, we will often refer to the following example to illustrate different

notions:

Example 1.1 Suppose that in a cultivated field, we have information about the physiolog-
ical accidents that can affect the culture due to bacteria, mushrooms etc., the maintenance

(chemical fertilizers, etc.) and the land yield, then:

o We can distinguish three variables i.e., physiological accidents (Pacc), maintenance (Maint)
and land yield (Yield) thus V = {PAcc, Maint,Yield}.

o The domains associated with these variables are :
Dpace = {Diseasel(dl), Disease2(d2), NoDisease(nd)},
Draint = {Good(gm), Medium(mm), Weak(wm)},
Dyieia = {Good(gy), Weak(wy)}.

Note that, for the sake of simplicity, in some examples we only use binary variables.

This will be made precise in each use.

o The set of all states is Q = Dpace X Dpjaint X Dyiela = {d1Agm A gy, d1 A gm Awy, d1 A
mm A gy,dl Amm Awy,dl ANwm A gy, dl ANwm A wy,d2 A gm A gy, d2 A gm N\ wy, d2 A
mm A gy, d2 Amm Awy,d2 Nwm A gy,d2 ANwm Awy,nd A gm A gy, nd A gm A wy, nd A
mm A gy,nd A mm A wy,nd Awm A gy,nd A wm A wy}.

o A possible state is that there is no disease, and thal the maintenance and the yield are

good: w=mnd A gmA gy. Then, w|PAcc] = nd,w[Maint] = gm and w[Yield] = gy.

e The set [nd] = {nd A gm A gy,nd A gm A wy,nd A mm A gy,nd A mm A wy,nd A\ wm A
gy,nd A wm A wy} denotes the sel of states where the instance nd of the variable PAcc
holds.

The set [gm] = {d1 A gm A gy,d1 N gm A wy,d2 A gm A gy,d2 A gm A wy,nd A gm A
gy,nd N gm Awy} denotes the set of states where the instance gm of the variable M aint
holds.

The models of the event ndAgm are [ndAgm] = {ndA\gmAgy,nd\gmAwy} = [nd]N[gm]

where N is the set intersection symbol.
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1.3 Brief refresher on uncertainty frameworks

This Section, gives a brief recalling on the basic concepts of the classical theory on uncer-
tainty and two of the non-classical theories, namely the evidence theory and Spohn’s ordinal

conditional functions.

1.3.1 Probability theory

The classical theory of probability is based on the notion of probability distribution which is
a function p : Q — [0, 1] satisfying ¥,cqp(w) = 1. Given a probability distribution p, we can
define a probability measure of any subset ¢ C Q by P(¢) = X,e4p(w). Other concepts of
probability theory are as follows:

o Probabilistic conditioning: in the probabilistic setting, a probability distribution p is
transformed into a new probability distribution by the arrival of a new fully certain

piece of information ¢ C €, as follows:

p(w) ifweop

plwl¢)= { R (1.1)

0 otherwise.

o Marginalization: given a joint probability distribution p on 2, we can derive the marginal
distributions relative to subsets of variables using the summation. Then, VX C V,Vz €
D)(Z

P(a) = Y {p(w) : w[X] = a}. (1.2)
we

e Bayes theorem: this theorem provides a mathematical rule explaining how we should

change our existing beliefs in the light of new information:

P |w)-plw) (1.3)

plw| o) = P()

e (Conditional independence: given three disjoint subsets of variables: X, Y and Z. The
independence relation between the variable sets X and Y in the context Z, denoted by

Iprop(X, Z,Y), is expressed by:

Plx[ynz)=Plx|z),vz,y, 2 (1.4)

or equivalently,

PlxAyl|z)=P(z|z2) Ply|=z2),Vz,y,-z. (1.5)
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This means that X is considered as Prob-independent from Y in the context Z if for
any instance z € Dy, the probability degree of any z € Dx remains unchanged for any

value y € Dy-.

1.3.2 Evidence theory

The evidence theory [110, 117]| encodes our knowledge by a basic belief assignment (b.b.a)
which is a function m : 2 — [0, 1] satisfying:

(1) m(0) =0.

(2) Zpca(e) = 1.

The term m(¢), called the basic belief mass (b.b.m) assigned to ¢, represents the part of a
total and finite amount of belief that supports the fact that the actual world belongs to ¢ and
does not support the fact that the actual world belongs to a strict subset of ¢. If m(¢) > 0,
then ¢ is said to be a focal element. In the Transferable Belief Model framework [117, 118],
condition 1 is not necessary required. If m has at most one focal element ¢ # Q, ¢ # 0 i.e.
m(p) = s,m(Q) =1 — s, m(elsewhere) =0, s € [0, 1],

then its related belief function is called a simple support function.

The total amount of belief committed to any event ¢ is expressed by a belief function:
Bel : 2 — [0,1], defined for any ¢ C Q by:

Bel(¢) = Xycom(y) = 1. (1.6)

Related to Bel is the plausibility function Pl : 2% — [0,1], which quantifies the degree of
plausibility that the actual world belongs to ¢. For any ¢ C Q by Pl(¢) is expressed by:

Pl(¢) = 1 — Bel(=¢). (1.7)

If all the focal elements of a basic belief assignment are singletons, then Bel is a probability

measure, and m = Bel = PI.

Several definitions of conditioning are developed in evidence theory, we give here the

expression of the Dempster rule of conditioning:

Pl(w)
Pl(¢)

Pl(w | ¢) = (1.8)
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1.3.3 Spohn’s ordinal conditional functions

Ordinal conditional functions, known as Kappa functions [119, 120] encodes our knowledge on
the real world (generally ill known) by a function & : @ — N, where N is the set of natural
numbers. Kappa functions are used in belief revision [126], default reasoning [72], and iterated

belief revision [36].

A kappa distribution x represents a grading of disbelief such that Jw € Q s.t. k(w) = 0.
The more x(w) decreases, the more w is preferred. Given any kappa distribution &, a ranking
can be defined on subsets ¢ of €2 by:

k(¢p) = min{k(w) | w € ¢}. (1.9)

Conditioning is defined by Spohn in the following way:

K(w | ¢) = { wlw) = sl9) ifw e ¢ (1.10)
~+00 otherwise.
Moreover if ¢ N1 # () then k() | ¢) = min{r(w | @) |w € p AV} = k(D AY) — k().
From this definition it is easy to derive the conjunction axiom defined by:
k(O NY) = K(9) + k(¢ | @) (1.11)

Kappa functions framework looks very similar to the probability theory [119, 120] since we
only seem to have replaced the minimum by the addition, and the addition by the multiplica-
tion. Indeed, given an ordinary probability function P defined over 2, P(w) can be seen as a
polynomial function of some small positive parameter z, for instance, a, 8-z, - 22, etc. Thus
the probabilities assigned to any ¢, and the conditional probabilities P(¢ | 1) will be rational
functions of z. The function k(¢ | ¥) is defined as the lowest n such that limy_yo 20l #0

which means that k(¢ | ¥) = n is of the same order of magnitude as P(¢ | 9).

1.4 Possibility theory

The possibility theory introduced by Zadeh [130] and developed by Dubois and Prade [60]
handles uncertainty in a qualitative way, but encodes it in the interval [0, 1] called possibilistic

scale.

1.4.1 Possibility distribution

The basic building block in the possibility theory is the notion of possibility distribution de-

noted by 7 and corresponding to a mapping from € to the scale [0, 1] encoding our knowledge
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on the real world, denoted by u, which is generally ill known. The possibilistic scale can be
interpreted in two manners:

- in an ordinal manner if the handled values reflect only an ordering between the different
states of the world,

- in a numerical manner if the handled values make sense in the ranking scale.

Technically, a possibility distribution is a normal fuzzy set (at least one membership grade
equal 1). For example all fuzzy numbers are possibility distributions. However, possibility the-
ory can also be derived without reference to fuzzy sets. Table 1.1 presents some interpretations

regarding to possibility distributions.

Table 1.1: Possibility distribution m

0 w = u is impossible
m(w) =1 w = u is possible / unsurprising
w') w =wuis preferred to w’ = u (or is more plausible)

o Normalization: A possibility distribution 7 is said to be a-normalized, if its normaliza-

tion degree, denoted h(r), is equal to «, namely:
a = h(r) = max7(w). (1.12)
w
If =1, then 7 is simply said to be normalized.

o Marginalization: Given a joint possibility distribution 7 on €2, we can derive marginal
distributions relative to subsets of variables using the maximum operator i.e. VX C
V,Vx € Dx:

7(z) = mazryea{m(w) : w[X] = x}. (1.13)

o (Combination: Given n joint possibility distributions my,...,my, on €1,...,£2,, we can derive
the joint possibility distribution on € x ... X £,, by combining them. There are different
ways to combine possibility distributions (see [20, 57| for overview). In this work, we
are interested in two forms of combination depending on the meaning of the possibilistic
scale. Indeed, in an ordinal setting, we use the minimum operator to combine different
distributions. However, in a numerical setting (if the definition makes sense in the
ranking scale), we use the product operator to combine different distributions since this

operator has no mean with values reflecting just an ordering between different states.
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1.4.2 Possibility and necessity measures

In probability theory, the quantity P(—¢) is fully determined by P(¢) since P(=¢) = 1—P(¢).

Hence, if ¢ is not probable, then —¢ is necessarily probable.

However, the expression "it is not possible that ¢ is true” not only implies that
"—¢ s possible” but it also leads to a stronger conclusion i.e. "it is necessary that —¢".
Moreover, the expression "it is possible that ¢ is true” does not entail anything about the

possibility nor the impossibility of ¢.

Thus, the description of uncertainty about the occurrence of ¢ needs two dual measures:
the possibility measure 11(¢) and the necessity measure N(¢) = 1 — II(—¢) due to the weak

relationship existing between these two quantities.

POSSIBILITY MEASURE: given a possibility distribution 7, we can define a mapping grading

the possibility measure of any subset ¢ C Q2 by:
II(¢) = maz,com(w). (1.14)

II(¢) is called the possibility degree of ¢, it corresponds to the possibility degree to have
one of the models of ¢ as the real world. This measure evaluates at which level ¢ is consistent

with our knowledge represented by .

For instance, let us consider that we receive an information about a new breed, in the north
pole, that the researches have named Glacyria. Thus for the question what is the possibility
that Glacyria has two legs ? we can say that it is fully possible (i.e. its possibility degree is
equal to 1) since we don’t know Glacyria and we have no information that contradicts the
fact that this animal has two legs. This response is consistent with our knowledge. Table 1.2

gives main properties of possibility measures.

NECESSITY MEASURE: the dual of the possibility measure of any subset ¢ C € is the

necessity measure defined by:
N(9) = 1~ TI(~¢) = mingge(l — (w)). (1.15)

N(¢) is called the necessity degree of ¢, it corresponds to the certainty degree associated
with ¢ i.e. the certainty degree to have one of the models of ¢ as the real world. In other
terms, this measure evaluates at which level ¢ is certainly implied by our knowledge repre-

sented by 7.
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Table 1.2: Possibility measure II (case of normalized possibility distributions)

II(¢) =1 and II(—¢) =0 ¢ is certainly true

II(¢) =1 and II(—¢) €]0,1[ | ¢ is somewhat certain

II(¢) =1 and II(—¢) =1 total ignorance (¢ is unknown)

II(¢) > II(v) ¢ is a priori more plausible than v
maz(I1(¢),II(—¢)) =1 ¢ and —¢ cannot be both impossible ( it is the

unique link existing between II(¢) and II(—¢))
II(¢ V ) = max(Il(¢),I1(¢)) | decomposability axiom (disjunction axiom)
II(¢ A ) < min(I1(¢),I1(¢))) | conjunction axiom

For instance suppose that I receive an e-mail from my colleague Foulen saying that he is
in Paris. Then, if someone asks me is Foulen here ? 1 will say no since it is impossible that he
is at the same time here and in Paris. This is equivalent to say that it is necessary (certain)

that he is not here.

Table 1.3 gives main properties of necessity measures. Note that, N(¢) > 0 = II(¢) = 1.
This means that an event is completely possible before being somewhat certain. This property

ensures the natural inequality N(¢) < II(¢).

Table 1.3: Necessity measure N (case of normalized possibility distributions)

N(¢)=1and N(—-¢) =0 ¢ is certain

N(¢) €]0,1][ and N(—¢) =0 | ¢ is somewhat certain

N(¢) =0and N(—¢) =0 total ignorance (¢ is unknown)

min(N(¢), N(=¢)) =0 the unique relation existing between
N(6) and N(~0)

N(p A1) = min(N(¢),N(v)) | conjunction axiom

1.4.3 Possibilistic conditioning

Conditioning is a crucial notion when studying independence relations. In the possibilistic
setting it consists in modifying our initial knowledge, encoded by the possibility distribution
7 by the arrival of a new fully certain piece of information e. Let us denote ¢ = [e] the
set of models of e. The initial distribution 7 is then replaced by another one denoted by
7 =7(. | ¢). Assuming that ¢ # 0 and that II(¢) > 0, the natural postulates for possibilistic

conditioning are:
Cy: if 7(w) = 0 then 7' (w) = 0,

CQ: Vw g ¢7W/(W) - 07
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Cs: 7 should be normalized,
Cy: le,WQ € ¢,7T(Lu1) > 71'(602) iff 71'/((«}1) > 7T/(CU2)

Cs: if II(¢) = 1, then Yw € ¢, 7 (w) = 7(w).

C; says that irrelevant states remain irrelevant after conditioning, Co confirms that ¢ is a
fully certain piece of information and Cgs says that the result should be a normalized possibil-
ity distribution. Moreover, C4 says that the new possibility distribution should not affect the
order between the states in ¢. Lastly, Cs says that if ¢ is already consistent with the beliefs
encoded by 7, then the possibility distribution remains unchanged on the models of ¢. This
is in agreement with the min-based combination mode which prevails in possibility theory; no

further normalization is needed since II(¢) = 1.

Postulates (C1-Cs) do not guarantee a unique definition of conditioning. Indeed, the effect
of the axiom Cs may result in a sub-normalized possibility distribution, as shown by Example
1.2.

Note that, if we consider all the postulates except Cg, then a possible definition of condi-

tioning can be the following one:

m(w) fwedg
m @) = 1.16
(e I ) 0 otherwise. ( )

Example 1.2 Let us consider two binary variables, relative to climatic conditions (CCdt) and
physiological accidents (PAcc), such that:

Dccar = {Good(g), Bad(b)}

Dpace = {Yes(y), No(n)} with the joint possibility distribution' given in Table 5.6.
Consider, now that we receive a fully certain piece of information indicating that there is a
physiological accident ([y] = ¢ = {bAy,g Ny} ). Then, using (1.16), the initial possibility
distribution will be transformed into the one given in Table 1.5 (see Figure 1.1). Note that the

resulting possibility distribution is sub-normalized.

Restoring the normalization, in order to satisfy Cs, can be done in two different ways

(when II(¢) > 0) depending on whether we are in a qualitative setting, where the scale [0, 1]

Lthe instances in tables are ranked w.r.t. variables and their values. For instance, if we handle two binary
variables A and B then the first (resp. second, third, fourth) instances corresponds to the first (resp. first,
second, second) instance of the first variable with the first (resp. second, first, second) instance of the second
one i.e. albl, albz, azbl,azbz.



Chapter 1: Introduction to Possibility Theory 21

Table 1.4: Initial distribution
cedt  pace  7(cedt N pace)

0.4
1
0.8
0.8

o o @

Y
n
y
n

Table 1.5: New distribution
cedt  pacc  7(cedt A pace | @)

g Y 0.4
g n 0
b Y 0.8
b n 0

is only used for encoding an ordering between degrees (which may form a finite set of values),

or if we are in a genuine numerical setting [54] (see Example 1.3):

e In an ordinal setting, we assign to the best elements of ¢, the maximal possibility degree

(i.e. 1), then we obtain:

1 if m1(w)=1I(¢) and w € ¢
(W lm @) =1 7w(w) if m(w) <II(¢)and w € ¢ (1.17)

0 otherwise.

This corresponds to the min-based conditioning.

e In a numerical setting (if the definition makes sense in the ranking scale), we propor-

tionally shift up all elements of ¢:

W)l iy e 10)
m(wl, @) =4 WP 1.18
( ‘p ) { 0 otherwise. ( )

This corresponds to the product-based conditioning.

These two definitions of conditioning satisfy a unique equation close to the Bayesian rule,
of the form:
Vw, m(w) = 7(w | ¢) @ II(). (1.19)

Figure 1.1: Subnormalized possibilistic conditioning
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respectively for ® are the minimum (for (1.17)) and the product (for (1.18)) operators.
The min-based conditioning (1.17) corresponds to the least specific solution of Equation (1.19)
first proposed by Hisdal [78]. If II(¢) = 0 then, by convention 7(w | ¢) = 7(w |, ¢) = 1.

Example 1.3 Let us consider the sub-normalized possibility distribution w(. | ¢) obtained in

FEzample 1.2. We have, [y] = ¢ = {bAy,g Ay}, then II(¢) = max(0.8,0.4) = 0.8.

e if we use the min-based conditioning expressed by (1.17), we obtain the possibility distri-

bution given in Table 1.6.

Table 1.6: Min-based conditioning
cedt  pacc  m(cedt A pacc |y, @)

0.4
0
1

0

>
S e 3Iw

o if we use the product-based conditioning expressed by (1.18), we obtain the distribution

given in Table 1.7.

Table 1.7: Product-based conditioning

cedt  pace 7(cedt A pace | @)

g Y 0.5
g n 0
b Yy 1
b n 0

The normalization constraint on conditional possibility distributions is defined as follows:

Let X and Y be two subsets of V', then for any fixed instances = and y:

max{Il(z | y),(-z |y)} = 1. (1.20)

1.4.4 Possibilistic Logic

Possibilistic logic [52, 91| handles qualitative uncertainty in a logical setting. A possibilistic
logic formula is a pair (p, «) where p is a propositional or a first-order logic formula and « its
uncertainty degree which estimates to what extent it is certain that p is true considering the

available incomplete information. More formally, (p, @) encodes N(p) > «. The higher is the
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weight, the more certain is the formula. Possibilistic logic is essentially qualitative since only
the pre-ordering on the formulas is important. Namely, N(p) > N(q) means that the formula

p is more certain than q.

A possibilistic knowledge base 3 is made up of a finite set of weighted formulas i.e.

= {(gﬁi,ai),i = 1, ..,n},

where «; is the lower bound on the necessity degree N(¢;). Formulas with «; = 0 are not

explicitly represented in the knowledge base.

Given a possibilistic knowledge base X, a unique possibility distribution is generated by

associating to each interpretation the level of compatibility with beliefs as follows:

1 if V(gbz, Oéi) S E,w S [gbz]
1 —max{a;: (¢i, ;) € X and w ¢ [¢;]}  otherwise.

Yw € Q, 7y (w) = {

(1.21)
This means that all the interpretations satisfying all the beliefs in ¥ will have the highest
possibility degree, namely 1, and the other ones will be ranked w.r.t the most certain belief

that they falsify.

Example 1.4 Letr and s be two propositional symbols which stands, respectively, for it rains,

it snows. Let ¥ = {(r,0.3),(r V s,0.5)}. Then,
ms(rAs)=ms(rA-s)=1,mx(-rAs)=0.7ms(-rA-s)=0.5.

The two states r As and r A—s are the preferred ones since they are the only ones which are
consistent with 3. Moreover, —r A s is preferred to —r A s, since the highest belief falsified by
—rAs (i.e. (r,0.3)) is less certain than the highest belief falsified by —r N—s (i.e. (rVs,0.5)).

The possibilistic inference in possibilistic logic is as efficient as in classical logic refutation

by resolution and has been implemented in the form of an A*-like algorithm [52, 91].

1.4.5 Kappa functions vs Possibility theory

Clearly, kappa-functions and possibility theory are very closed. Indeed, rather than associate
to each state w a degree between [0, 1], we associate to it an integer x(w) in the set of
natural numbers A. Given a kappa ranking «, the following equations show how to transform

kappa-functions into possibility measures:

Te(w) = 277 TI,.(¢) = 279 and N,(¢) = 2709, (1.22)
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These equations indicates that possibility transformations of kappa functions are valued
on particular rational subset in [0,1]. We can easily check that Il is a possibility measure.
Indeed:

I, (¢ U ) = 27F0) = gmmin(w(@)r(0)y = g (27K9) 277 (V)) = max(IL,(¢), I, (4)).

(1.23)
Moreover, the counterpart of Spohn’s conditioning in possibility theory is:
27FW) (W)
— 9 RwlP) — 9—r(w)—r(¢) — _ K
TFK(.|¢)(W) =2 =2 = ok(@) HN((ﬁ) ,Vw € ¢. (1.24)

which corresponds to the product-based conditioning (see (1.18)). Clearly, kappa-functions
can be recovered in possibility framework using the product-based conditioning. The converse
transformation is only possible when k(w) = —loga(7(w)) takes its value in the set of natural

numbers N.

1.4.6 Evidence theory vs Possibility theory

In the evidence theory framework, if the focal elements ¢y, ..., ¢, are nested (i.e., ¢; C ... C
¢n), then the belief function Bel is called a consonant belief function and for all ¢, C Q, we
have:

Bel(¢ A1) = min(Bel(¢), Bel(y)); and

PU(¢ V) = maz(PL(9), PI(1))

It is stated that in this case belief functions are necessity measures and plausibility func-

tions are possibility measures i.e. Bel = N and Pl =1L

However, it is important to note that in this case, the Dempster rule of conditioning
defined by (1.8) corresponds to the product-based conditioning defined by (1.18) and not to
the min-based one defined by (1.17). This means that Valuation Based Systems |116] using
belief functions can be used to encode possibilistic networks based on the product operator,

but not those based on the minimum operator.

1.5 Conclusion

In this Chapter we have proposed a brief overview on probability theory and several of non-
classical theories of uncertainty including ewvidence theory, Spohn’s ordinal conditional functions
and more particularly possibility theory which offers a natural model to handle qualitative

uncertain information. In next Chapter, we propose a qualitative uncertainty framework
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where uncertainty is represented by total pre-orders on possible states. Chapter 3 will detail

the notion of independence in possibility theory and in its underlying qualitative framework.
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Chapter 2

A New Qualitative Uncertainty

Framework

2.1 Introduction

Generally, it is easier for experts to provide a preferential relation relative to each possible
situation of the universe of discourse instead of exact numerical values as probabilities, pos-
sibilities, kappa functions etc. In this Chapter, we propose a new theoretical framework to
model the uncertainty in a qualitative way. The basic idea of this representation is to equip
the referential Q with a total pre-order, instead of using the interval [0,1]. This total pre-
order corresponds to a plausibility relation on  and simply enables us to express that some
situations are more plausible than others. Plausibility relations can be seen as qualitative

counterpart of possibility distributions.

This Chapter also introduces a further definition which will be helpful in easily defining
the notion of qualitative independence in Chapter 3, namely the notion of accepted beliefs.
The proposed qualitative framework, also also known as scale-based framework, recovers basic
definitions of classical possibility theory. We show, in particular, that the qualitative condi-

tioning extends the notion of possibilistic conditioning.

Section 2.2 introduces the notion of ordinal uncertainty and its representation by plausi-
bility relations. Then, Section 2.3 presents the qualitative conditioning. Section 2.4 defines
the notion of accepted beliefs associated with plausibility relations. Lastly, Section 2.5 studies
the major differences between the qualitative framework and the possibilistic one.

Proofs of this Chapter are given in Appendix A.

27
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Principle results of this Chapter are published in [2, 5].

2.2 Ordinal uncertainty

Possibility theory, presented in the previous Chapter, can be described in a qualitative way.

The basic idea of the qualitative representation of uncertainty is to equip the referential €2

with a total pre-order!, also called a weak order, instead of using the scale [0, 1]. This total

pre-order denoted >, corresponds to a plausibility relation, also called a comparative

possibility relation, on () and simply enables us to express that some situations are more

plausible than others. We denote =, (resp. >, <r) the equality (resp. inequality) relation

corresponding to >;. Namely, the relation w =, &’ (resp. w >, W', w <; w') means that w is

as plausible as (resp. more plausible than, less plausible than) w'.

We now give some definitions regarding to plausibility relations:

o Most plausible states: Given ¢ = {w1,..,w,} C €, the most plausible state(s) in the set

¢ is defined by max(p) s.t.

maz(p) = {w; 1 w; € p, Aw; € Y s.t. wj >r wi} (2.1)

Least plausible states: Given ¢ = {w1,..,w,} C €, the least plausible state(s) in the set
¢ is defined by min(y) s.t.

min(p) = {w; : w; € ¢, Aw;j € @ s.t. w; >x w;j}. (2.2)
Given a relation >, on 2, we can lift it to a plausibility measure relation defined on the
subsets of Q denoted >11 by (e.g., [43]):

¢ >n 1 iff Vw € 9, 30" € ¢ such that ' >, w. (2.3)

Namely, ¢ > ¥ holds if a best element in ¢ is preferred to best element(s) in ¢. In

other terms:

¢ >1 ¢ iff Jw € max(¢),w’ € maz(v) such that w >, '

The idea behind the relation >y is that the agent whose epistemic state is modeled by
the plausibility relation >, evaluates events by their most plausible state considering
that if ¢ occurs, then the expected situation is among the states in maxz(¢) because they

are normal states.

LA relation > on () is a total pre-order if > is reflexive, transitive and for all wi, w2, we have either w1 > w2

or wo > Wwi.
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This qualitative representation of uncertainty is also used in several non-monotonic for-
malisms like Lehmann’s ranked models [96], plausibility relations [75], possibility theory [60],
Spohn’s ordinal conditional functions [119, 120] and system of spheres of Lewis [74, 97]. In par-
ticular Spohn represents plausibility relations by means of well-ordered partitions {¢1, ..., ¢p}
such that:

Vie{l,..,phVw,w' € ¢ w=x
Vi<jst.oie€{l,.,p},j€e{l,...p},Vw € ¢;, V' € ¢ : w > W,

that is ¢1 = maz(Q), ¢, = min(Q?). Thus, ¢; contains the most plausible states of the world.

When ¢; = 2, the plausibility relation >, is uniform and expresses complete ignorance.

For any subset X C V', the projection of >, on Dx is denoted by fo and is defined by:
x >X 2! iff [z] > [2]. (2.4)

If the projection of >, on Dy is uniform, then the agent is ignorant about the subset of
variables X, or in other words, X is not informed, otherwise there is a proper subset ¢% C Dx

of plausible values of X, such that ¢% = max(Dx).

The plausibility relations satisfies the characteristic property [43]:

pznyY=oVeznyVe.

The dual necessity relation is defined by:
¢ >N Y il =) >y ¢ iff max(—) > max(—¢). (2.5)

¢ >n ¥ means that the agent is more certain about ¢ than about .

2.3 Qualitative conditioning

In the qualitative setting, conditioning consists in focusing a plausibility relation >, on a
subclass ¢ C €2, on the basis of a new piece of fully certain information about a case at hand.
A plausibility relation restricted to ¢, denoted by >4 and called conditional plausibility
relation, is obtained for answering questions on the case at hand for which only ¢ is known.
We denote =, (resp. >rj4, <q|¢) the equality (resp. inequality) relation corresponding to

>r¢- Natural postulates for qualitative conditioning are:
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Aq: le,wz S ¢,w1 > W2 iff w1 >7r\¢ w2,
Ag: Ywi € ¢,Vwy € ¢, w1 >rjp wa,
Az Vwi,we & ¢, w1 =q)p wa.

A, means that the new plausibility relation should not alter the initial order between
the elements of ¢. Ag confirms that each model of ¢ should be preferred to any model not
belonging to ¢. Finally, the last postulate A3 says that the elements not belonging to ¢ are

irrelevant and should be in the same equivalence class.

Regarding to postulates C1-Cj5 characterizing possibilistic conditioning (see Section 1.4.3),
C; and Cj3 have no counterparts within Ai-A3 due to the lack of the notions of normaliza-
tion and impossible states in the qualitative setting. Postulate C4 corresponds to A; and
postulates Co corresponds to A and Asz. Moreover, contrary to C;-Cs, the three postulates
A;-Aj determine in a unique manner the new conditional plausibility relation >, 4. Indeed,
<r|¢ is obtained from < by preserving the relative ordering between elements of ¢, forcing
elements which are outside ¢ to be equally plausible, but less plausible than any element of ¢.
More details on the differences existing between the possibilistic and qualitative frameworks

are given in Section 2.5.

The construction of conditional plausibility relations >4 is illustrated by the following

example.

Example 2.1 Let us consider two binary variables, relative to climatic conditions (CCdt) and
physiological accidents (PAcc), such that Docar = {Good(g), Bad(b)}, Dpacc = {Yes(y), No(n)}
with the following plausibility relation:

gAnN > bAy=rbAn>,gAy.

Consider, now that we receive a fully certain piece of information indicating that there is an
accident ([y] = {b ANy,g A y}), then the initial plausibility relation will be modified into the
following, unique, relation (see Figure 2.1): b Ay >r16 GNY >rjg AN =716 bAn. Indeed,
from Ao, we have bAy > gAn, bAYy >p6 bAN, gAY >p6 g AN and gAYy >q5 DA N.
Moreover, from As, we have bAn =4 g An. Then, from A1, we have bAyYy >4 gNY.

Note that we have a unique conditional plausibility relation contrary to the possibilistic case
(see Example 1.3).
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Figure 2.1: Qualitative conditioning

The conditional plausibility relation >4 induces a conditional plausibility measure rela-

tion >y between events simply defined as follows:
azne bt aNg>n fAe.

This kind of conditioning completely ignores the previous ordering between elements out-
side ¢. Viewed as a revision process, conditioning imposes that all states in —¢ become
impossible, because ¢ is learned to be absolutely true. This is different in what is usually
used in belief revision [67]. Indeed, for instance natural belief revision |26, 119, 120], considers
minimal change for taking ¢ into account. It simply consists in moving the best elements in

¢ to the top level, and leaving the order between other states unchanged.

In our example, Figure 2.2 illustrates natural belief revision. Indeed, b A y becomes the
more plausible state in the new relation, since it is the best one in the models of y. Then, the
second model g Ay takes the second place and then the counter models i.e. g An and bAn are
less plausible than the models of y but save their initial, intrinsic, ordering. Another example
of belief revision is Papini’s approach [101] which is obtained from Aj, Ay and the following

postulate: [A4l: Vwi,wa & ¢, w1 >r wo iff wi >4 wo.

In our example, this revision mode corresponds to Figure 2.3. Indeed, only the best model
of y (i.e. b Ay) becomes the more plausible one in the new relation, while other states save

their initial ordering.

Figure 2.2: Natural belief revision

Figure 2.3: Revision in Papini’s approach
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2.4 Accepted beliefs

We now introduce the notion of accepted beliefs which will be helpful for defining qualitative
independence in Chapter 3. This notion has been proposed in the context of default reasoning

in [58, 66]. We propose here a more detailed analysis.

2.4.1 Definitions

A proposition ¢ is said to be accepted by the agent with plausibility relation >, if and only if
¢ >N —¢ |48]. In particular, the set {¢ s.t. ¢ >xn ¢} is deductively closed under the classical
logic inference. In other words, the subclasses of {2 are splitted into three families: accepted
beliefs ¢ such that ¢ > ¢, rejected beliefs ¢ such that —¢ > ¢ and ignored beliefs ¢ such

that ¢ = —¢. This trichotomy can be encoded as follows:
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Definition 2.1 The acceptance function associated with a plausibility relation >, denoted by

Accs_ (.) assigns to each ¢ a value in {—1,0,1} in the following way:

1 if @ > ¢
Accs> (9) =4 —1 if-p>né (2.6)
0 4 ¢o=mn—¢.

When Accs, (¢) =1 (resp. Accs, (¢) = —1) we say that ¢ is accepted (resp. rejected).
Acc>, (¢) = Acc>, (—¢) = 0, corresponds to the situation of total ignorance concerning ¢,

i.e.,  and ¢ are equally plausible.

Lemma 2.1 The acceptance function is equivalently defined as follows:

1 if max(Q2) C ¢
Aces (¢) =1 —1  if maz(Q) C ¢ (2.7)

0 otherwise.

2.4.2 Properties of accepted beliefs

The following proposition summarizes the properties of the acceptance function Accs_:
Proposition 2.1 The properties of the acceptance function Accs_ are:

1. It is monotonic i.e. ¢ C 1 = Acc>, (¢) < Aces, (V).
2. Ace> (o NY) =1 iff Ace>, (¢) =1 and Ace>_(¢) = 1.

3. Acc>_ (¢ N p) = min(Aces, (¢), Acc>, (¢)) except if
Acc>_ (¢ ANp) = —1 and Accs, (¢) = Aces, () =0.

4. Accs_(—¢) = —Ace>_ ().

5. Acc>_ (¢ V ) = max(Aces, (¢), Accs, (V) except if
Acc> (¢ V) =1 and Accs, (¢) = Ace>, (¢) = 0.

Only the property 3 of this proposition is proved in the appendix A. Properties 1, 2 and

4 are obvious consequences of Lemma 2.1 and property 5 is trivial using properties 3 and 4.

Property 2 confirms that the logic of accepted unconditional events is classical logic since

the acceptance of ¢ and the acceptance of ¥ entails the acceptance of ¢ and 1.
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The function Acc>_ can be extended in order to take into account a given context. Then,

a conditional acceptance function denoted by Accs_(.|.) is defined by:

1 if ¢AY ST PAY
Accs (¢ |¥) =4 —1 if —~d A >nd A (2.8)
0 if pAY =AY

When Acc is defined on subsets of 2, we talk about plain beliefs, while when it is defined
on conditionals we talk about conditional beliefs. In a fixed context v, Ace>_(. | ¢) enjoys

the same properties as function Aces_ .

Example 2.2 Let us consider two binary variables A and B with the following plausibility
relation:

ai ANby >; a2 Aby > a1 Nby =5 as A bs,

then, for instance:

Acc> (a1) =1,Acc>, (a2) = —1,

Accs, (1) =1,Aces, (b2) = —

Accs (a1 | b1) =1,Ace> (a1 | b2) =0,
Acc> (az | b1) = —1,Acc>, (az | b2) = 0.

The plausibility relation >, determines Acc>, in a unique manner. The converse is not
true. Namely, many plausibility relations can generate the same set of plain beliefs, i.e, we can
have the same Acc>, on all events (including the states). Indeed, two plausibility relations
induce the same plain beliefs if and only if they share the same set of most plausible states,

as obviously stated by Lemma 2.1. The other parts of the relations may thus differ.

Counter-example 2.1 Let us consider the following values of Accs  relative to the two bi-
nary variables A and B:
Acc>_ (a1) = Aces_ (b)) =1,
Acc>, (a2) = Accs (by) = —
> (a1 Vb)) =1 Ace> (a2 Vb)) =1,

Acc>, (a1 Vb)) =1,Acc>, (az Vb)) = —1,

(ag ANby) = =1, Accs, (a2 Ab2) = —1,

( )=—1,Acc> (a1 Ab1) =

Acc>

Accs

AQCC>Tr a1 A by
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We can check that the two plausibility relations:
ai A\ by >;r as N\ by >;r ay N by :;r as A by, and
a1 AN by >;; as A\ by >;lr a1 A\ by >;; as N ba,

generate the same information on the accepted beliefs than those given above i.e:
Acc>, = Accsr = Acesr.

Note that the difference between >! and > concerns the ordering between the two elements

a1 A by and as A bs.

If we restrict the function Accs . to €2, we can distinguish three cases (we note Ace>, ({w}) =
Acc, (w)):

e Acc>, (w) = 1: in this case, w is the unique state such that w >, W', Vo' # w € Q. The
state w is then called the accepted state since {w} >y {w'} as well for any w’ # w. Note
that, if Jw such that, Ace>_ (w) = 1, then Vo' # w, Ace>, (W) = —1.

e When maz(Q2) contains more than one plausible instance then Aces (w) < 0,Vw € Q.

More precisely, Yw € maz(Q2), Aces, (w) = 0.
o Acc>_ (w) = —1 is equivalent to w & max(12), i.e. w is not a plausible state.

So, the function Accs> (w) on states only distinguish between the most plausible states

(i.e. Acc>, (x) > 0) and the less plausible ones (Acc>, (z) = —1).

Interestingly, the restriction of Acc>, on €2 enables the function Aces . to be reconstructed
on all subsets of . Indeed, maz(Q) = {ws.t. Ace> (w) = 1} U{w s.t. Aces, (w) = 0}
(one of the sets is empty), and then it is enough to apply Lemma 2.1. So, Accs, (w) =
Accs (w),Vw € Q, if and only if, Acc>, (¢) = Accx (¢),Vo C Q.

However, the set of all conditional beliefs determines in a unique manner a plausibility

relation on €2 constructed in this way:
W1 >x W2 iff ACCzﬁ({wl} | {CL)l,CL)Q}) =1. (2.9)

Example 2.3 Let us consider the following conditional beliefs relative to the two binary vari-
ables A and B:

Acc> (a1 | b1) =1,Acc> (a1 | b2) = 0,Accs, (az | b)) = —1,

Acc>_ (a2 | b2) =0,Acc>, (b1 | a1) =1,Aces (b1 | az) = —1,

Acc>_ (by | a1) = —1,Acc>, (b2 | a2) = 1.
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Using (2.8), these conditional beliefs induce:
a1 ANby > ag Aby, a1 ANba =5 ag Aba, a1 Aby > as Aby, ao ANby =5 a1 Aba, a1 Aby >, ay Abs,
as ANby > as ANby, ay Aby > a1 Nba, ag Aby >, as Aby.

We can check that these relations induce the following, unique, plausibility relation i.e. :
a1 ANby > a1 ANby =5 as Aby >, as A by.

Proposition 2.2 The acceptance functions Accs_(.) and the conditional acceptance function

Accs_ (.|.) are related by the following Bayesian-like equation:

Accx, (¢ ANY) = min(Aces (¢ | 1), Aces, () (2.10)

It may happen that Acc>_ (v) =1 but Acc> (¢ A1) =0or 1 or-1.

In the following, we use Acc(.) (resp. Acc(.|.)) instead of Acc>_(.) (resp. Acc>_(.|.))
when there is no ambiguity.
2.5 Possibilistic framework vs Qualitative framework
Each possibility distribution 7 generates a unique plausibility relation >, defined by:
w >, W iff m(w) > w(W). (2.11)

Example 2.4 Let w be a possibility distribution defined by Table 2.1. The plausibility relation

> relative to mw is:

as ANby > a1 ANby =5 ao Aby >, ag A be.

Table 2.1: Joint possibility distribution
a b waAnb) 7'(aAb)

a; b 0.9 0.7
al b2 0.2 0.5
az b 0.9 0.7
a9 b2 1 1

However, a plausibility relation corresponds to an infinity of possibility distributions as

shown by the following example.
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Example 2.5 We can check that the possibility distribution 7' given in Table 2.1 generates
the same plausibility relation than 7 (in the same Table) (i.e. >).

Note that if we define >, from 7 using (2.11) then:

¢ > ¢ iff I(¢) > II(¢).

We now focus on the major differences between the possibility theory and the qualitative
framework. There are at least three differences between using possibility distributions or

plausibility relations:

e Normalization: in possibility theory, fully plausible states receive the grade 1 (i.e. Jw €

Q s.t. m(w) = 1) while there is no counterpart of this notion in the qualitative setting.

e FExistence of impossible states graded to 0 in possibility theory, while all states are

somewhat possible in the qualitative setting.

o Commensurability between uncertainty levels, where all rankings reflect grades in the
same scale [0,1]. As we will show in next Chapter, the commensurability property is

crucial in the decomposition of some qualitative independence relations.

Note that these remarks are also true for other qualitative representation frameworks, like

Spohn’s ordinal conditional functions, and not only in the possibility theory.

The normalization and the existence of impossible states explain why there are several
definitions of possibilistic conditioning while there is a unique definition in the qualitative
setting. We now show that the qualitative conditioning extends the notion of possibilistic

conditioning in the case of positive possibility distributions.

Qualitative conditioning vs Possibilistic conditioning. Let 7 be a positive possibil-
ity distribution (i.e. Vw,w(w) > 0). Let >, be the plausibility relation derived from 7 using
(2.11) (> is unique). Let ¢ C Q be a new fully certain piece of information. Let us explain

the link between qualitative conditioning and possibilistic conditioning.

It is clear that when applying the possibilistic conditioning, we will not affect the order
between the models of ¢ (due to C4). In the same manner, the qualitative conditioning will
not alter the initial order between the models of ¢ (due to Aj). Moreover, the possibilistic
conditioning, will decrease the possibility degree of the elements not belonging to ¢ to the

degree 0 (due to C3). Hence, all models of ¢ are preferred to —¢. In the same manner, the
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qualitative conditioning will move the elements not belonging to ¢ in the same equivalence

class which will be less preferred than the models of ¢ (due to Ag and Asj).

The Possibilistic conditioning uses two additional postulates i.e. C; and Cs which have
no counterpart in qualitative conditioning. However their use will not affect the order of in-
stances in the new conditional possibility distribution. Indeed, C;, have no effect since we
consider only the case of positive possibility distributions. Moreover, Cs, means that the new
distribution should be normalized, thus if we use min-based conditioning (see (1.17)) we will
just assign to the best models of ¢ the degree 1 which will not alter its position in the new
possibility distribution. This is also true if we use product-based conditioning (see (1.18))
since we will just proportionally shift up the possibility degrees in in the new possibility dis-

tribution without modifying the order between instances.

Thus we deduce that when using possibilistic conditioning on a positive possibility dis-
tribution 7 (with the minimum operator or the product operator) the order of instances in
the new conditional possibility distribution is the same than in the conditional plausibility

relation computed from the plausibility relation induced from 7 (see Figure 2.4).

Figure 2.4: Qualitative conditioning vs possibilistic conditioning

Example 2.6 Let us continue Example 1.3. We can check that the plausibility relations in-
duced from the conditional possibility distributions obtained in Tables 1.6 and 1.7 (relative,
respectively, to min-based conditioning and product-based conditioning) are the same than the

one obtained using the qualitative conditioning (see Example 2.1).

2.6 Conclusion

In this Chapter, we have proposed a qualitative uncertainty framework where uncertainty is
represented by total pre-orders on possible states of the universe of discourse. We have also
introduced the notion of accepted beliefs which will be helpful in easily defining the notion
of qualitative independence in next Chapter. The proposed framework, recovers the classical
(numerical) possibility theory. In particular, we have shown that the notion of qualitative
conditioning extends the possibilistic conditioning.

Next Chapter studies different independence relations relative to the proposed qualitative
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framework and compares them to the ones already existing in possibility theory [38, 39, 62, 63].
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Chapter 3

Independence for Qualitative

Uncertainty Framework

3.1 Introduction

The study of independence relations is central in multiple criteria analysis [89], in relational
data decomposition [127], in uncertain reasoning based on Bayesian networks [84, 103] and in
logical reasoning [15, 33, 90, 92|. There has been a considerable interest in Artificial Intelli-
gence, in the last few years, for discussing independence in various representation frameworks,
due to the success of Bayesian networks. Conditional independence relations between variables
play an important role in the handling of uncertain information. From an operational point

of view, two forms of independence can be distinguished:

o decompositional independence which ensures the decomposition of a joint distribution
pertaining to tuples of variables into local distributions on smaller subsets of variables.

The reasoning machinery can then work at a local level without losing any information.

o causal independence for expressing the lack of causality between variables. This form of
independence is always characterized in semantic terms. Roughly speaking, a variable
(or set of variables) is said to have no influence on another variable (or set of variables)
if our belief in the value of the latter does not change when learning something about

the value of the former.

Contrary to the decompositional independence, causal independence relations are not nec-
essarily symmetric. In other words, if a variable A is independent of B, we are not sure that B
is independent of A. These two kinds of independence relations are not necessarily mutually

exclusive. Ideally, a good definition of independence expresses both the lack of causality (so

41
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it can be easily expressed by experts), and is useful for computations.

In the probabilistic framework, two variables A and B are said to be decomposably in-
dependent if the joint probability on the range of (A, B) is the product of the probability
distribution of A and the probability distribution of B, i.e., P(AA B) = P(A) - P(B). More-
over, A and B are said to be causally independent if the probability of B given A is the same
as the probability of B, i.e., P(B | A) = P(B). In this framework causal and decompositional

independence relations are equivalent.

In possibility theory, and more generally in total pre-orderings settings, the situation is
different since causal and decompositional relations are not always equivalent. In this Chapter
we investigate possible definitions of independence in two settings, using qualitative plausibil-

ity relations, or possibility distribution ranging on the scale [0, 1].

Different works have been achieved on independence relations: de Campos and Huete
[38, 39|, Fonck [62, 63], Studeny [121], de Cooman and Kerre [40], del Cerro and Herzig [41],
Vejnarovd [124]. However, results presented in this Chapter differ from the previous ones since
the proposed independence relations are only based on the qualitative plausibility relations

induced by possibility distributions.

This chapter is organized as follows: Section 3.2 proposes and investigates independence
relations in qualitative framework where only the plausibility relations underlying the possi-
bility distributions are used. Then, Section 3.3 presents the existing independence relations in
possibility theory. Section 3.4 studies the effect of the commensurability in the decomposition
of qualitative independence relations. Section 3.5 provides a comparative study between al-
ready known definitions of possibilistic independence and the ones proposed in this Chapter.
Section 3.6 studies the graphoid properties of different independence relations. Lastly, Section
3.7 proposes a software allowing to test independence relations satisfied by any possibility
distribution or plausibility relation.

Proofs of this Chapter are given in Appendix B.
Principle results of this Chapter are published in [2, 3, 4, 5, 6, 7].
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3.2 Qualitative independence

In this Section we propose several causal and decomposable definitions of qualitative inde-
pendence. We will see in Section 3.5 that contrary to the probabilistic case, the link between

these two kinds of independence is not always obvious.

3.2.1 Causal qualitative independence

In the qualitative setting, independence relations can be thought of either in terms of qualita-
tive plausibility relations, or in terms of acceptance measures. The two views can be related,
as shown below where we present two possible definitions of causal independence. Basically,
the variable set X is independent of Y if upon learning any instance of Y

- the agent’s beliefs on Dx i.e. the accepted (resp. rejected and ignored) instances of X are
preserved, or

- the relative ordering between instances of X is preserved.

Belief-preserving independence

The first notion of causal independence in the ordinal setting is concerned with the preservation
of accepted and rejected beliefs. A set of variables X can be considered as independent of Y
in the context Z, if the accepted and rejected beliefs pertaining to X, held in the context Z,

remain unchanged when some information about Y is obtained. Formally:

Definition 3.1 Let >, be a plausibility relation defined on Q@ = Dy and consider three mu-
tually disjoint subsets of variables X, Y and Z forming a partition of V. X is said to be
BP-independent (BP for Belief Preserving ) of Y in the context Z, denoted by Ipp(X,Z,Y),
if Vox C Dx,Vyy C Dy, Vpz C Dy,

Acc(dx | Yy A pz) = Acc(ox | vz). (3.1)

Compared with the notion of qualitative independence previously introduced [14, 45, 46],
this definition is stronger in two extents: in [14, 45| only particular events are concerned;
moreover the idea was (especially in reference [45]) to preserve accepted beliefs only and not

rejected ones.

Note that contrary to the situation in probability theory, BP-independence is not sym-

metric as shown by the counter-example below.

Counter-example 3.1 LACK OF SYMMETRY PROPERTY FOR Ipp
Let us consider two binary variables A and B with the following plausibility relation: ay ANby >,

a1 ANby >5 ag ANby >5 as A by.
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Table 3.1, shows that Ipp(A,D, B) is true, namely Ya,b, Acc(a | b) = Acc(a). However,
Ipp(B,0, A) is false, for instance Acc(by) =1 # Acc(by | az) = —1.

Tuble 3.1: Lack of symmetry property for Ipp

a b | Acc(al|b) Accla) | Ace(b|a) Acc(b)
aq b1 1 1 1 1
aj b2 1 1 -1 -1
a9 bl -1 -1 -1 1
a9 b2 -1 -1 1 -1

It is then clear that Ipp(X, Z,Y) means that fixing any instance z of Z, the set {z s.t. A
y A z is a plausible instance in Dx Ay A z} does not depend on y. Hence, knowing some

information about Y does not alter accepted beliefs about X in context Z.

Definition 3.1 is stated for all events defined by X, Y and Z, respectively, since Acc is not
a decomposable function. Nevertheless, it is enough to state it with instances of X, Y and Z

only as stated by the following proposition.

Proposition 3.1 Let >, be a plausibility relation defined on Q@ = Dy and consider three
mutually disjoint subsets of variables X, Y and Z forming a partition of V. The relation
Ipp(X,Z,Y) is true, iff, Vx,y, z,

Acc(z |y A z) = Acc(z | 2). (3.2)

We denote by Ippg the symmetrized version' of BP-independence relation; i.e. the variable

set X is said to be BPS-independent of Y in the context Z if:
(1)Acc(z | y A z) = Acc(x | z) and

(1i)Acc(y | z A z) = Ace(y | 2), Yz, y, 2. (3.3)

The BPS-independence relation preserves the plausible instances of X given Y and Y given
X in context Z, but does not preserve the relative ordering between instances of X (resp. Y)

in the context Y (resp. X) (except when restricting to binary variables).

Example 3.1 Let A and B be two BPS-independent variables with the following plausibility
relation >,: a1 ANby >r as ANby > ag3 Aby > a1 Aby >5 as A by =5 ag A bs.

By projection, the local plausibility relation relative to A is then a1 > ag >11 as.

'In what follows the suffix S is used to denote the symmetrized version of non symmetric relations.
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However, in the context by, we have a1 >t as =1 as, thus, the relative ordering between
instances of A is not preserved in all contexts of B since as > a3z while as =11 ag in the

context by.

Order-preserving independence

The causality-oriented definition that we propose now simply says that X is independent of
Y in the context of Z, if for all z € Dy, the local preferential ordering between the different

instances of X is preserved after the revision by any instance y of Y. More formally:

Definition 3.2 Let >, be a plausibility relation defined on three disjoint subsets of variables:
X, Y and Z. The variable set X is said to be PO-independent (PO for Preserving Ordering)
of Y in the context Z, denoted Ipo(X,Z,Y), if Vz € Dz,Vy € Dy:

Vo, x; € Dx, i ANz >nxj Az iff ei N\yANz > ANy Az (3.4)

Proposition 3.2 If X is PO-independent of Y in the context Z, then X is also BP-independent

of Y in the same context. The converse in not true.

Counter-example 3.2 Let us consider a ternary variable A and a binary variable B with the
following plausibility relation: a1 Aby >r ao Aby >5 az Aby >x a1 Aba >5 as Abs =5 ag A ba.
We can check that A is BP-independent of B, but not PO-independent of B since the local
plausibility relation relative to A is ay > ae > as. However, in the context ba, we have
ay =1 a3, thus the relation Ipo(A, 0, B) is false, since the ordering between as and as is not

preserved in context bo.
Note that this relation is not symmetric as shown by the following counter-example:

Counter-example 3.3 Let us consider two binary variables A and B with the following plau-

sibility relation: ay Aby > a1 Abgy > as Aby >5 as N by.

o The local plausibility relation relative to A is a1 >1 az. Moreover, in the context by
(resp. by), we have ay; >11 az since a; A by > ag Aby (resp. ay Abe >11 as A by). Thus,
the relation Ipo(A, 0, B) is true since the ordering relative to the different instances of

A is preserved for all instances of B.

o The local plausibility relation relative to B is by >11 ba. However, in the context ag, we
have by >11 b1, thus, the relation Ipo(B, 0, A) is false, since the ordering between by and

bo 1s mot preserved in the context as.
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We denote Ippg the symmetrized version of Ipp;i.e. X is said to be POS-independent of
Y in the context Z if Vz € Dy ,Vy € Dy,Vz € Dx:

(i) Vos,z; € Dx,xs Az>najAziff o, AyANz>r 25 Ay Az, and

(ii) Yyk,y1 € Dy, ys Nz >nyAziff x Ayp Az > x Ay A 2. (3.5)

The following proposition rewrites POS-independence in terms of Acc.

Proposition 3.3 X is POS-independent of Y in the context Z iff:
VD' C Dx,VD C Dy such that Dy # 0 and DY # 0 and Vz,y,z

Acc(z ANy | z, D, Dy) = min(Acc(x | z, D), Ace(y | z, DY)). (3.6)
From this rewriting, we deduce the following proposition:

Proposition 3.4 If X is POS-independent of Y in the context Z, then X 1is also BPS-

independent of Y in the same context. The converse in not true.

Counter-example 3.4 : Igpg DOES NOT IMPLY Ipog

Let us consider a ternary variable A and a binary variable B with the following plausibility
relation: a1 Aby > ao Aby >r a3 Aby > a1 Abs >, as ANby =5 ag A bs.
We can check that A is BPS-independent of B, but not POS-independent of B since the local
plausibility relation relative to A is ay > ae > az. However, in the context ba, we have
ay =11 a3, thus, the relation Ipos(A, 0, B) is false, since the ordering between as and as is not

preserved in the context bo.

We now compare the POS-independence relation to the well known independence relation

based on Ceteris Paribus (all else being equal) principle used in [27, 42] and defined by:

Definition 3.3 Let >, be a plausibility relation defined on three disjoint subsets of variables:
X, Y and Z. The variable set X is said to be CP-independent (CP for Ceteris Paribus) of Y
in the context Z, denoted Icp(X,Z,Y), if V2 € Dz, Va;,x; € Dx,Vyr, y1 € Dy,

TiNYR N2> T ANy N2 iff i Nyt Nz >p x5 Ny A 2. (3.7)
Proposition 3.5 CP-independence relation is equivalent to POS-independence relation.

3.2.2 Decompositional independence

This section proposes two classes of decompositional independencies, the first is based on belief

decomposition and the second on remarkable plausibility relations.
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Belief decompositional independence

The idea of this independence relation is to consider two variable sets X and Y as independent
in the context Z if for any instance z of Z, the acceptance of any instance (x Ay) of (X,Y)
is fully determined by the acceptance of z and y. One way to relate the acceptance of (z A y)

to the acceptance of x and the acceptance of y is:

Definition 3.4 Let >, be a plausibility relation defined on Q = Dy and consider three mutu-
ally disjoint subsets of variables X, Y and Z forming a partition of V. X and Y are said to be
PT-independent (PT for Preserving Top elements) in the context Z, denoted by Ipp(X,Z,Y),
iff Véx € Dx,Vyy C Dy, V&7 C Dz

Acc(px ANy | £2) = min(Acc(dx | €z), Acc(Yy | €z)). (3.8)

This definition is analogous to the one given in probability theory i.e. two variables A and
B are independent if the probability over A and B is fully determined by P(A) and P(B) (i.e.
P(AANB)=P(A)-P(B)).

Proposition 3.6 X and Y are PT-independent in the context Z as soon as Definition 3.4
holds for all instances of X, Y and Z only, that is:

Va,y,z, Ace(x Ay | 2) = min(Acc(z | z), Acc(y | 2)). (3.9)

It means that the set of plausible instances of a cartesian product of domains is a cartesian
product. In particular, if any of the two sets maxz(Dx) and maz(Dy) contains a simple
element then, obviously, X and Y are PT-independent. So PT-independent is a very weak
definition of independence (see Figure 3.1 in Section 3.5). In other terms, the acceptance of
one instance of X or of Y is enough to conclude the independence between these two variable

sets in the context Z:

Proposition 3.7 Vz € Dy, if 3x € Dx such that Acc(x | z) =1 or 3y € Dy such that
Acc(y | z) = 1, then the relation Ipp(X,Z,Y) is true.

In particular, if a plausibility relation >, contains exactly one preferred element then all

variables are pairwise PT-independent. Moreover, we have the following strong result:

Proposition 3.8 Let X, Y, Z be three disjoint subsets of variables, then Vx,y, z,
Acc(z Ny | z) # min(Acc(z | z), Acc(y | 2))

< Acc(x Ay | z)=—-1,Acc(x | 2) =0, and Acc(y | z) =0.
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The preservation of accepted beliefs, implicitly, implies the preservation of preferred in-

stances but the converse is not true as stated by the following proposition.

Proposition 3.9 If X is BPS-independent of Y in the context Z, then X and Y are also

PT-independent. The converse in not true.

Counter-example 3.5 : Ipr DOES NOT IMPLY Ippg

Let us consider two binary variables A and B with the following plausibility relation:
ai Nby > as ANby > a1 ANby =5 as A by,
we can check that A and B are PT-independent, but not BPS-independent.

Using Propositions 3.9 and 3.4, we deduce that if X is POS-independent of Y in the

context Z, then X and Y are also PT-independent and that the converse is not true.

Decompositional independence of remarkable plausibility relations

A natural way of defining decompositional independencies is to analyze the structure of the
plausibility relation >,. Indeed, a plausibility relation is said to be decomposable w.r.t. X
and Y in the context Z, iff > is a function of the local orderings on (X U Z) and (Y U Z).

The following introduces a well known principle, called Pareto-principle:

Definition 3.5 Let >, be a plausibility relation and u;, v; be two instances (not necessarily
different) of A;. Let W = (uq,...,up) and ¥ = (vy, ..., v,) be two vectors. Then, W is said to be
weakly Pareto-preferred to v, denoted by W >p v, if and only if: Yu;,Yv;,i € {1,..,n}, u; >11
v;. Moreover, W is said to be strictly Pareto-preferred to O, if and only if: @ >p U and
Jie{1,..,n} s.t. u; >m ;.

In general >p is only a partial order. Since we deal with plausibility relations which are
complete pre-orders, the following definition introduces a general class of plausibility relations

which are compatible with the Pareto-principle:

Definition 3.6 Let X, Y and Z be disjoint subsets of variables. A plausibility relation >,
is said to be Pareto-compatible (or monotonic) on X and Y in the context Z if Vz €
Dz, Vx;,xj € Dx,Vyi,yi € Dy, we have:

(xi Nz, ys Nz) >p (x5 Nz, y A z) implies (x; Ny N z) 25 (xj ANy A z)

Well known example of orderings used in the qualitative setting, which are Pareto-compatible

are the Pareto, the lezimin and the leximaz orderings that we briefly present now [98].
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Definition 3.7 Let @ = {u1,...,un} and ¥ = {v1,...,v,} be two vectors, and let o and T
be two permutations of indices such that Vi € {1, ..,n},ug(i) ST Ug(i41) ONA Vr(3) >T1 Vr(ig1)-
Then,

- W is said to be leximin-preferred to U, denoted by W >iepimin U, if and only if there erists
i such that ug;y >11 V7)) and Vj > i, Ug(j) =11 Ur(j)-

- is said to be leximin-equal to ¥, denoted by W =jepimin ¥, if and only if Vi, Ug(7) =TI Ur(4)-

The leximin ordering is a natural extension of the minimum operator which has been used
in different areas like in handling conflicts in knowledge bases [13, 95|, and in flexible constraint

satisfaction problems [47, 49, 50].

Definition 3.8 Let @ = {u1,...,un} and ¥ = {vy,...,v,} be two vectors, and let o and T
be two permutations of indices such that Vi € {1, ..,n},ua(i) ST Ug(i41) ANA V() >T1 Ur(ig1)-
Then,

- W is said to be leximaz-preferred to T, denoted by W >jezimaz U, if and only if there exists
i such that ug;y >11 vy and Vj <, Ug(j) =11 Vr(j)-

- is said to be leximaz-equal to T, denoted by W =jepimin U, if and only if Vi, Ug(5) =TI Vr(s)-
We now use these orderings to characterize plausibility relations:

1. A plausibility relation >, is said to be Pareto-decomposable on X and Y in the
context Z, if Vz € Dyz,Vx;,x; € Dx,Vyi, y1 € Dy, we have:
i Nyp Nz 27 x; Ay A z if and only if
riNz>nx; ANzand yp ANz >ny A z.

This definition is very strong, in the sense that >, is Pareto-decomposable along X and

Y if one of the groups of variables is not informed as stated by the following proposition:

Proposition 3.10 A plausibility relation >, is Pareto-decomposable on X andY if one

of the local plausibility relations on X or Y is uniform. The converse is not true.

Counter-example 3.6 Let us consider the following plausibility relation pertaining to

two binary variables A and B:
a1t ANby =z as Aby > a1 ANby >, as A by

We can check that the local plausibility relations on A is uniform (i.e. a1 =1 az) while

the plausibility relation on A and B is not Pareto-decomposable.
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2. A plausibility relation >, is said to be leximin-decomposable on X and Y in the
context Z, if Vz € Dyz,Vx;,x; € Dx,Vyi,y1 € Dy, we have:
-z ANyp Nz > xj Ay A z if and only if
(1) min(z; A 2,y A z) > min(zj A z,y; A z) or
(ii) min(xiAz, ypAz) =1 min(xj Az, yAz) and maz(x; Az, ypAz) > max(T; Nz, yAz).
-z ANyp N2 = xj Ay A z if and only if

min(x; Az, yp A z) =i min(z; Az, y A z) and maz(x; Az, yp A z) =1 maz(x; Az, yi A\ z).

3. A plausibility relation >, is said to be leximax-decomposable on X and Y in the
context Z, it Vz € Dyz,Vx;,x; € Dx,Vyi,y1 € Dy, we have:
-z ANyp Nz > xj Ay A z if and only if
(i) max(z; A z,yx A z) >0 max(x; A z,y; A z) or
(ii) maz(x; Az, yp ANz) =1 maz(xj Az, yAz) and min(z; Az, yp Az) > min(zj Az, yiAz).
-z ANyp N2 = xj Ay A z if and only if
min(z; Az, yp A z) =n min(x; Az, yi A z) and maz(x; Az, yp A z) =1 maz(x; Az, yi A\ z).

aifa>pnb

where max(a,b) =
b otherwise

Definition 3.9 X andY are said to be Pareto-independent (resp. leximin-independent,
leximazx-independent) in the context Z, denoted Ipgreto (T€Sp. Liegimin, Lieximaz), if the plau-

sibility relation > is Pareto-decomposable (resp. leximin-decomposable, leximaz-decomposable)
on X and Y in the context Z.

Proposition 3.11 If X and Y are Pareto-independent in the context Z, then they are leximin-
mdependent and leximaz-independent . The converse is false and leximax independence is not

comparable with leximin independence.

Counter-example 3.7 : Ijcrimin AND ljezimaz DO NOT IMPLY Ipgreto AND THEY ARE IN-
COMPRABLE

Let us consider the following plausibility relations pertaining to a binary variable A and

ternary variable B:
a1 ANby >5 a1 ANby >r as ANby > a1 Abg >5 as A by > as A bs,

a1 A by >;a1/\bg >;a2/\b1 >;a2/\b2 >;a1/\b3 >;a2/\b3,

with >, we can check that A and B are leximaz-independent but neither lezimin-independent,

since a1 A\ by >r as A by while min(ag,ba) > min(ay,bs), nor Pareto-independent, since
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a1 A\ bg >5 as A\ by while by >17 b3.

In addition with >!_ we can check that A and B are leximin-independent but neither leximaz-
independent since ag Aby >!. a1 Abs while maz(ai, bs) >1 maz(ag, be), nor Pareto-independent

since az A by >7 a1 A bg while a1 > ap.

Proposition 3.12 Pareto, leximin and leximaz independence imply POS-independence. The

converse is false.

Counter-example 3.8 : Ippog DOES NOT IMPLY Ijeximin, lieximaz AND Ipareto
Let A and B be two variables and >, > be the plausibility relations given in Counter

example 3.7.

o with >, we can check that A is POS-independent of B but thatl these two variables
are not leximin-independent since a1 A by >r ag A by while min(ag, be) > min(ay,bs).
Moreover, with >". we can check that A is POS-independent of B but these two variables

are not leximaz-independent since ag A be >! a1 A by while max(ay, bs) >’H maz(az, ba).
o with the following plausibility relation:

a1 Aby >5 a1 ANby >5 as Aby >5 as A bs,

we can check that the relation Ipos(A, 0, B) is true contrary to Ipareto(A, D, B).

However, there are particular cases where the independence relations POS, leximin and

leximax are equivalent:
e The first one concerns binary variables:
Proposition 3.13 If A and B are binary variables then A is POS-independent of B in

the context of a binary variable C' if and only if they are leximin-independent and if and

only if they are leximaz-independent.
e The second one concerns two-level distributions:
Proposition 3.14 If >, is a two-level distribution, then X is POS-independent of Y

in the context of Z if and only if they are lezimin-independent and if and only if they

are leximaz-independent.
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3.3 Independence in Possibilistic framework

In this Section we recall well-known definitions of the independence relations which apply to a
possibility distribution 7 [38, 39, 62, 63, 122, 129]. Clearly this distribution induces a unique
plausibility relation >, using (2.11); this will enable us to compare the independence relations
introduced in this section to the ones in the previous sections. The comparison results will be

presented in Section 3.5.

3.3.1 Possibilistic causal independence

The idea in defining possibilistic causal independence relation based on the possibilistic con-
ditioning is that X is considered as independent from Y in the context Z if for any instance
z € Dy, the possibility degree of any x € Dx remains unchanged for any value y € Dy . More

formally:

Iz |yAz) =1(z | 2),Vz,y, 2. (3.10)

Since possibility theory has two kinds of conditioning (see Section 1.4.3), this leads to two

definitions of causal possibilistic independence:

e Min-based independence relation obtained by using the min-based conditioning
(1.17) in (3.10). This form of independence called I/ is not symmetrici.e. Iy (X, Z,Y) #
In (Y, Z, X) where Z denotes the context variable, as pointed out by Fonck [63] and as

shown by the following Counter-example.

Counter-example 3.9 Let us consider three binary variables A, B and C with the
possibility distribution given in Table? 3.2. We can check that Tl(a | b A c) = Tl(a |
¢),Va,b,c i.e. Ini(A,C,B) is true but, TI(by | a1 Aecp) =1 £ (b | ¢1) = 0.7 i.e.
In(B,C, A) is not true.

Table 3.2: Possibility distribution on A, B and C
a b ¢ waAbAc)

al - - 0.6
as b1 ¢ 0.7
a9 b1 C2 0.8
a9 bQ C1 0.9
a9 b2 C2 1

2 The symbol - in the table replaces all the instances relative to the corresponding colummn.
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Let us denote Iss the symmetrized version of I; suggested in [62] (called MS-independence)
Vx,y, z:
(1) I(z |m y A z) =1I(z |m 2) and

(ii) Iy [m z A 2) = Iy |m 2). (3.11)
This relation is a very strong one since the MS-independence between two sets of vari-
ables X and Y requires full ignorance about one of them (uniform distribution) [38, 39|
i.e.
II(z) = 1,Vz € Dx or II(y) = 1,Vy € Dy.

e Product independence relation obtained by using the product-based conditioning

(1.18) in (3.10). We can rewrite this form of independence using:
Wz Ay lp2) =Mz |p2) - Wy |p 2), V2,9, 2, (3.12)
or equivalently,

M |y y A 2) = (x|, 2), Va,y, 2. (3.13)

Let us denote Ip,,q the product based independence relation. The equivalence between
(3.12) and (3.13) is true only for positive distributions. Moreover, Prod-based inde-
pendence, contrary to min-based independence, is symmetric. This definition can be
expressed in Spohn’s ordinal function framework [119, 120] using an appropriate trans-
formation from integers to the unit scale [0, 1]. Indeed, this can be checked by showing

that product-based conditioning is equivalent to Spohn’s conditioning [53, 56].

3.3.2 Possibilistic decompositional independence: non-interactivity

In the possibilistic framework, the standard decompositional independence between X and Y
in the context Z is represented by the non-interactivity relation introduced by Zadeh [129],
denoted by In7(X, Z,Y) (NI for Non-Interactivity) and defined by:

Iz Ay |m 2) =min(Il(z |m 2), (Y |m 2)), Ve, v, 2. (3.14)
Proposition 3.15 The non-interactivity relation can be expressed by [62]:
Iz Ay A z) =min(Il(z A 2),II(y A 2)), YV, y, 2. (3.15)
The following proposition relates existing independence relations in possibility theory.

Proposition 3.16 MS-independence relation implies Iny [64] and Ip,oq independence rela-
tions. The converse is false. However, NI and the Prod independence relations are incompa-

rable.
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Counter-example 3.10 : Ip,,q AND Iy; DO NOT IMPLY Ip;g AND THEY ARE INCOMPA-
RABLE

Table 3.3: Relation between Iproq, Iy and Ing
a b m(anb)| a b m(and)
aj b1 0.6 al bl 1
al b2 1 aj b2 0.8
as b1 0.56 a9 bl 0.8
as by 0.6 as by 0.8

Let us consider two binary variables A and B with the possibility distributions given in Table
3.3. We can check that in w1, the relation Ip,oq(A, 0, B) is true contrary to Iprs(A,0, B) and
Ini(A, 0, B). Moreover in o, the relation Inj(A, 0, B) is true contrary to Ips(A, 0, B) and
Iprod(A, 0, B)

3.4 Commensurability and the decomposition of plausibility re-

lations

The decomposition of a joint possibility distribution pertaining to tuples of variables into local
distributions on smaller subsets of variables allows to have a reasoning machinery working at

the local level without losing any information.

In the qualitative setting, forming a joint possibility relation from marginal ones is not im-
mediate due to the absence of commensurability assumption between the different orderings.
Indeed, different rankings are not expressing grades in the same scale and then it is impossible

to compare the states, which makes it possible to build joint possibility relations.

This problem can be solved with the help of ranking functions which make these relations
commensurable. Namely, in the possibilistic framework all the orderings are defined on the
same scale e.g. |0, 1], which is very important in the recomposition of joint distributions from

marginal ones.

Therefore, before decomposing the qualitative independence relations we have introduced
in this chapter i.e. Pareto, leximin, leximax, POS, BPS and PT independence, we will first

redefine them in the possibilistic framework as shown in subsection 3.3.1.

A natural way of defining decomposable independence relations is to analyze the structure

of the possibility distribution 7 defined on two independent variable sets X and Y in order to
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see if there is some function f such that:
m(z Ay) = f((2),11(y)), Yz, y.

3.4.1 Decomposition of Non-Interactivity and Product independence rela-

tions

The decomposition of the non-interactivity and the Product independence relations is trivial:

e The non-interactivity relation (see (3.14)) can be defined in a qualitative setting as it is

stated by the following proposition:

Proposition 3.17 Let w be a possibility distribution. Let >, defined by
w>rw iff m(w) > 7w(W). Then, X and Y are NI-independent iff:

TAyAz=nxANzorxAyAz=nyAzVr,y, 2. (3.16)

However, NI-independence is not interesting in a qualitative representation since it does
not allow for the recomposition of a unique global plausibility relation from local orders
defined on independent variables (due to the non-satisfaction of the commensurability

property), as shown by the example below.

Example 3.2 Let us consider two variables, relative to climatic conditions (CCdt) and
physiological accidents (PAcc), such that:

Dccar = {Bad(b), Good(g)}

Dpace ={Yes(y), No(n)} with the following local orderings:

(i) b>1n g and (i) y >m n.

There is no unique plausibility relation >, satisfying (i) and (ii) such that (CCdt) and
(PAcc) are Nl-independent. Indeed, it is sufficient to consider the two plausibility rela-
tions >, and >' :

bAYy>rgANy>zbAn=rgAn,
bAYy > ghy=LbAn=LgAn.
However, if the local orderings are encoded in possibility theory then we will have a

unique plausibility relation >r using w(ccdt N pacc) = min(w(cedt), m(pacce)),Veedt €
Dccat, Vpace € Dpace.
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Indeed, if we encode the plausibility relation >, by the possibility distribution given in
Table 3.4, we obtain the local distributions on the two variables (CCdt) and (PAcc) given
in Table 3.5. Then, from m(ccdt) and w(pacc) we can recover (i) and (i) in a unique

manner using the min operator.

Table 3.4: Decomposition of NI-independence

cedt  pace  7(cedt A pace)

b Y 1

b n 0.8
g Y 0.9
g n 0.8

Table 8.5: Decomposition of NI-independence
cedt  w(cedt) || pace  w(pacc)
b 1 Y 1
g 0.9 n 0.8

o Ip.,q relation enjoys the same properties as the independence relation proposed in the
probabilistic framework. In particular, we can decompose it, i.e. we can recover II(zAy |,

z) in a unique manner from II(x |, z) and I(y |, 2) using the product operator.

The importance of the commensurability assumption also appears in fuzzy set based mul-
ticriteria aggregation, especially when defining connectives between fuzzy sets. For instance,
French [65] questions the validity of the intersection definition of two fuzzy sets (using the
minimum operator to define the membership function associated with the intersection) when

no commensurability is assumed.

3.4.2 Decomposition of leximin and leximax independence relations

In the qualitative setting, even if a plausibility relation is leximin or leximax decomposable,
it cannot be decomposed without loss of information again due to the absence of commensu-

rability assumption.

Example 3.3 Let us consider two variables, relative to climatic conditions (CCdt) and main-
tenance (Maint), such that:

Dccar = {Bad(bc), Good(gc) }

Dijaint = {Good(gm), Medium(mm), Weak(wm)} with the following plausibility relation >

which is leximin decomposable:

bc A gm >, be A gm > gc Amm >; be ANwm >; gec A wm.
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We can easily check that this plausibility relation cannot be recovered from the induced local
orders on (CCdt) and (Maint) given by:

(1) bc >11 gc and (i) gm > mm > wm.
Indeed, it is sufficient to consider the following plausibility relation:
be A gm >!ge A gm >1be Amm >l ge Amm >!be Awm ST ge A wm,

which satisfies (i) and (i1) and which is also leximin-decomposable.

Such a problem can be solved when considering the scale-based setting. Indeed, in this
case the decomposition of leximin and leximax decomposable distributions is immediate since
we use weights represented by possibility degrees which allows the comparison between dif-
ferent interpretations. In other terms, if the plausibility relation >, relative to any joint
possibility distribution 7 is leximin or leximax decomposable then we can recover 7 from local
distributions. Without a common scale, the use of the leximin or leximax does not allow the

recovering of >.

Example 3.4 Let w be a possibility distribution encoding the plausibility relation >, given in
Ezample 3.3 (see Table 3.6). We can recover m from the local distributions on (CCdt) and
(Maint) and the numerical scale (1,.9,.8,.7,.3,.2) using the leximin ordering. Indeed, the use

of the leximin on the local distributions provides the plausibility relation relative to m i.e.
bc A gm > be Amm > gc A\ gm >p Amm >g gc A wm S5 ge A wm.

Thus, using the numerical scale we can recover the original distribution w. For instance, the

state bc \ gm corresponds to the possibility degree 1.

Table 8.6: Decomposition of leximin-independence

cedt  maint  7(cedt N\ maint)

bc gm 1

bc  mm 0.9
bc  wm 0.3
gc gm 0.8
gc  mm 0.7

gc  wm 0.2




o8 Chapter 3: Independence for Qualitative Uncertainty Framework

3.4.3 Decomposition of POS-independence relation

In order to decompose the causal relation Ippg, we should see if there exists a function f such
that for each possibility distribution 7 (encoding some plausibility relation) where X and Y

are POS-independent, we have Vx, 2’ € Dx,Vy,y' € Dy:

m(x Ay) > w(a’ Ay') i f(II(2),1I(y)) > f(II(2), 1I(y")).
The following counter-example shows that this is impossible in the general case.

Counter-example 3.11 Assume that the function f exists, then let us consider two variables,
relative to climatic conditions (CCdt) and maintenance (Maint), such that:

Deear = {Bad(be), Medium(mc), Good(gc)}

Diraint = {Weak(wm), Medium(mm), Good(gm)}

with the two possibility distributions w1 and mo given in Table 5.7.

Table 3.7: Decomposition of POS-independence

cedt  maint 1 (cedt A maint)  ma(cedt A maint)

be wm 1 1

bc  mm 0.9 0.9
be gm 0.5 0.5
me  wm 0.8 0.8
me  mm 0.5 0.8
mec  gm 0.2 0.1
gc wm 0.4 0.4
gc mm 0.1 0.2
gc gm 0 0

We have 111 (bc) = I (be) = 1,111 (mc) = Ia(me) = 0.8,111(gc) = a(ge) = 0.4,
IT; (wm) = Hy(wm) = 1,1 (mm) = s (mm) = 0.9, 11 (gm) = la(gm) = 0.5.

We can check that (CCdt) and (Maint) are POS-independent in both m and ma since
Ya;, a; € Decgt, Vb, € Dpgint, we have Hl(ai) > Hl(aj) iff m(ai N bk> > 7r(aj A bk),
for 1 = 1,2 (and the same when exchanging a and b).

Besides, m1 induces m (mcAgm) > w1 (geAmm), i.e. £(I1;(me), 1 (gm)) > (111 (ge), 1 (mm))
while ma induces ma(ge A mm) > ma(me A gm), i.e. {(Ila(gc), a(mm)) > {(I12(mc), a(gm)),

hence contradiction.

However, there are particular cases where decomposition can be achieved. The first con-

cerns binary variables, and the second two-level distributions. Indeed, in these two cases
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POS-independent is equivalent to leximin and leximax independence relations (see Proposi-
tions 3.13 and 3.14 then it can be decomposed using these two operators.
Note that the decomposition of two-level distributions can be useful for databases when the

existing tuples are preferred to absent ones.

POS-independence is a weak relation in the perspective of decomposition. The following

proposition makes the weakness of POS-independence explicit:

Proposition 3.18 X and Y are POS-independent in >, iff > is Pareto-compatible (i.e.,

monotonic) on X and Y.

3.5 Comparative study

In Sections 3.2 and 3.3, we have established the different links existing, on the one hand,
between scale-based possibilistic independence relations and, in the other hand, between in-
dependence relations expressed from plausibility relations. This Section compares all these
relations. Namely, given a joint possibility distribution 7, we will relate the relations Ipgreto,
Ipos, Liezimin and Ijezimaz Of Section 3.2 to the ones of Section 3.3 (i.e. Iny, Inss and Ippoq)

by considering the plausibility relation >, induced from 7 by using (2.11).

Using Proposition 3.10, we can show the equivalence between MS and Pareto independence

relations.

Proposition 3.19 Let © be a possibility distribution, and >, be its associated plausibility
relation. Then, X and Y are MS-independent in w if and only if they are Pareto-independent

m >,
Proposition 3.20, shows that the M-independence implies the PO-independence.

Proposition 3.20 If X is M-independent of Y in the context Z, then X is also PO-independent

of Y in the same context. The converse is not true.

Counter-example 3.12 : Ipp DOES NOT IMPLY Iy
Let us consider two binary variables A and B with the possibility distribution given in Table

3.8. We can check that the relation Ipo(A, D, B) is true contrary to Ip (A, 0, B).

Propositions 3.21 and counter-example 3.15 relate Prod-independence to POS, leximin and

leximax independencies.
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Table 3.8: Relation between Iy and Ipo

a b w(aAb)
al b1 1
al bg 0.8
as bl 0.5
as bg 0.7

Proposition 3.21 If X and Y are Prod-independent in a strictly positive possibility distribu-
tion w, then X is POS-independent of Y in the plausibility relation induced by w. The converse

1s false.
Counter-example 3.13 : Ippg DOES NOT IMPLY Ipyoqg

Table 3.9: Relation between Ipos and Ip,oq
a b wanb)| a b waAnbd)
al bl 1 as b1 0.8
al bg 0.9 a9 bQ 0.7
ap b 0.6 as bs 0.5

Let A and B be two wvariables with the strictly positive possibility distribution given in
Table 3.9. We can check that the relation Ipos(A, D, B) is true contrary to Ip.oq(A, 0, B)
since m(az A bz) = 0.5 # II(az) - II(b3) = 0.48.

Counter-example 3.14 Ip,,q IMPLIES Ippog ONLY WITH STRICTLY POSITIVE DISTRIBU-
TIONS

Proposition 3.21 is false for non strictly positive possibility distributions. Indeed, let us
consider two binary variables A and B with the non strictly positive possibility distribution

given in Table 3.10. We can check that Ip,oq(A, D, B) is true, contrary to Ipos(A, D, B).

Table 3.10: Relation between Ip,o,q and Ipog
a b waAnbd)

al b1 1
ay by 0
a9 bl 0
as by 0

In the general case, the leximin and leximax independencies are incomparable with Prod-

independence as shown by the following counter-example:
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Table 3.11: Relation between Iprod, Licximin and Legimaz
a b manb)| a b wand)| a b w(aAnbd)
al b1 1 as b1 0.5 as b1 04
al b2 0.8 a9 bg 0.4 as bz 0.52

Table 3.12: Relation between Iprod, Liczimin @74 Liezimaz
a b waAnb)| a b w(aAb)
al bl 1 a9 b1 0.8
a1 by 0.9 as by 0.3
aj bg 0.5 as b3 0.2

Counter-example 3.15 : [Ip,,q INDEPENDENCE IMPLIES NEITHER Ijcgimin NOR Iljezimaz
AND VICE VERSA
Let A and B be two variables,

o with the possibility distribution given in Table 3.11, we can check that Ip..q(A, 0, B)
is satisfied while Iegimin(A, 0, B) and Lezimaz (A, 0, B) are false. Note that the product
operator allows for compensation contrary to the leximin and leximax orderings. For
instance, if we have two pairs (II(z),(y)) and (II(z"),(y")) such that TI(x) > TI(z')
and TI(y') > W(y), then x Ay and &' Ny will be always strictly ranked using leximin
and leximaz principle. However, they can be equally ranked using the product operator
since it may happen that I1(z) - Tl(y) = I(2') - T(y'). This is the case in this example
since Il(az) = 0.5 > I(ag) = 0.4 and II(by) = 1 > II(b2) = 0.8 and II(az) - II(b2) =
II(asz) - II(by) = 0.4.

o with the possibility distributions given in Table 3.12, we can check that egimaz(A, 0, B)
is respected while Iproq(A,0, B) is false since mw(az A by) = 0.3 # Il(ag) - TI(b) =
0.72. Moreover, with the possibility distribution given in Table 3.6, we can check that
Liezimin (4, 0, B) is respected contrary to Iproq(A, D, B) since w(az A bs) = 0.5 # II(az) -
II(b3) = 0.48.

Proposition 3.22 relates Nl-independence to independence relations defined on plausibility

relations.

Proposition 3.22 Pareto independence implies Nl-independence relation (since Pareto is
equivalent to MS). Moreover, NI-independence implies PT-independence. However, this in-
dependence relation is incomparable with the other qualitative independence relations, namely

the leximin, leximaz, POS and BPS independencies.

Counter-example 3.16 : Iy IS INCOMPARABLE WITH Ijegimin, liezimaz, 1POS AND Ippg
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In the possibility distribution 7o given in Table 3.3, we can check that In;(A, D, B) is true.
Howewver in the plausibility relation induced by 7o (i.e., a1 Nby >r a1 Abs =5 ag Aby =5 agAby)
the relations Iiezimin(A, 0, B) and Liezimaz(A, 0, B) are false since a; A ba = az A by while
max(ay,be) > max(az,bs). Moreover, Ipos(A, D, B) is false since the local plausibility rela-
tion relative to A is a1 >11 ag while ay =1 ag in the context of by. Lastly, Ipps(A,(, B) is
false since Acc(ay | be) =0 # Acc(ar) = 1.

In Table 3.12, we can check that the relation Ijeyimar(A,0, B) is respected contrary to
Ini(A, 0, B) since m(ag A ba) = 0.3 # min(II(az),I(b2)) = min(0.8,0.9) = 0.8.

Lastly, in Table 3.9, we can check that Tepimin(A, 0, B) is respected contrary to Iny(A, 0, B)
since w(ag A ba) = 0.7 # min(Il(a2),II(b2)) = min(0.8,0.9) = 0.8. Then we can deduce that
in m the relations Ipos(A,0,B), Ipps(A,0, B) and Ipr(A,D, B) are true contrary to NI-
independence since Ljeyimin implies these three independence relations (from Propositions 3.9,
3.4 and 3.11).

This counter-example shows that if we start with a complete order, and map it to a scale
(e.g. [0,1]) then if X and Y are NI-independent (which implies that the distribution is de-
composable with the minimum operator), then it is always possible to recompose the initial
ordering from local ones defined on X and Y. This is possible because we can store the total
pre-order by mapping it to a totally ordered scale. However, the case where the commensura-
bility is crucial is when the expert provides local orders on X and Y and the fact that these
sets of variables are NI-independent. Then, it is no longer possible to construct the global

distribution.

Figure 3.1: Links between symmetric (a) and non-symmetric (b) independence relations

Figure 3.1 (a) illustrates the links existing between the different symmetric independence
relations. Figure 3.1 (b) concerns non-symmetric independence relations. The arrows show
the inclusion between independence relations (transitivity is not explicit for sake of clarity).
The absence of arrows implies the incomparability of the independence relations. Note that
Inss and Ipgreto are the strongest independence relations since MS (or equivalently, Pareto)
independence between two sets of variables imply a lack of information on one of them. How-

ever, Ipr is the weakest one, since it is sufficient to satisfy any independence relation in order
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to confirm that this relation is true as stated by Proposition 3.7. Finally, we remark that
Iy is implied by Insg and Ipgreto and that it implies Ipp but it is incomparable with the
other independence relations. Unsurprisingly, there are several decompositional independence
relations according to the chosen decomposition mode. However, there is only one natural
causality-oriented independence which is POS-independence relation. Fortunately, all of de-
compositional independence relations (except Iyy) are also meaningful from a causality point

of view.

3.6 Graphoid properties

The independence relations can be characterized by some properties which have been initially
established for probabilistic conditional independence |25, 37, 103, 104]. These properties are

as follows:

o P1: Symmetry : 1(X,Z,Y) = I1(Y,Z, X)
This relation asserts that in any state of knowledge Z, if Y tells us nothing new about

Y, then X tells us nothing new about Y.

o P2: Decomposition: I(X,Z,Y UW) = I(X,Z,Y) and I(X,Z, W)
This relation asserts that if (Y and W) are irrelevant to X then Y (resp. W) is irrelevant
to X.

o P3: Weak union: I(X,Z,Y UW) = I(X,ZUY,W)
This relation asserts that the learning of an irrelevant information W, cannot transform

an irrelevant information Y into a pertinent one for X.

o Pj: Contraction: [(X,ZUY, W) and I(X,Z,Y) = I(X,Z,Y UW)
This relation asserts that if W is irrelevant to X after receiving irrelevant information
Y, then W should be also irrelevant to X knowing Y. Together, the weak union and
this property state that irrelevant information should not modify the relevance of other

propositions.

o P5: Intersection: I(X,ZUW,Y) and (X, ZUY, W)= I(X,Z,Y UW)
This relation states that if Y is irrelevant to X when W is known and if W is irrelevant

to X when Y is known, then neither W, nor Y, nor their combination is relevant to X.

Any independence structure that satisfies the properties P1-P4 is called a semi-graphoid. If
it also satisfies property P5 it is said to be a graphoid. It has been shown that the probabilistic

independence relation is a semi-graphoid, and it is a graphoid if the considered probability
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distribution is strictly positive (i.e. p >0) [103].

We first recall existing results on graphoid properties in possibilistic framework. Indeed,
Fonck [63] has shown that In; and Ip,.q relations are semi-graphoids. Indeed Iy; does not
satisfy the intersection property, while Ip,,q satisfies this property only if we consider strictly
positive distributions. I;; independence relation satisfies all graphoid properties except the
symmetry and its symmetrized version 179 is a graphoid. This implies that Ipg,eto is a graphoid

too since these two relations are equivalent as stated by Proposition 3.19.

The following propositions establish the graphoid properties of proposed independence

relations.

Proposition 3.23 Ipp independence relation satisfies all graphoid properties except the sym-

metry.

For the lack of symmetry see Counter-example 3.3. Note the unexpected result: the

addition of symmetry to Ipo leads to the loss of contraction and intersection properties.

Proposition 3.24 Ipog relation is not a semi-graphoid, since it satisfies the symmetry (by
definition), the decomposition and the weak union but neither the contraction nor the inter-

section properties.

Counter-example 3.17 : LACK OF CONTRACTION PROPERTY FOR Ippg

Let us consider three binary variables A, B and C with the following plausibility relation:
as Nbo ANy >raa ANbo Aoy >ras Aby Acp >paa Abi Aco >ra1 Abo Aep >r a1 Aby Aep >x
a1 ANba Acog >5 a1 Aby A cs.

It can be checked that:

Vb, c,Va,a' € Da,aANb>pd ANbiffaNbAec>rad ANbAc and
Ipos(A, B,C) is true since 4 . i "
Va,b,Ve,d € Do,c ANb>pd AbiffchaANb>c ANaAb
Vb,Va,a' € Da,a > ad iff aNb>pgad Ab and
Va,Vb,b' € D, b>n b iff bAa>nb Na
However, Ipos(A, 0, BUC) is not verified since by A ca >11 b1 A ¢1 while in the context a1, we

Ipos(A, D, B) is true since

have by A\ c1 >11 ba A ca.

Counter-example 3.18 : LACK OF INTERSECTION PROPERTY FOR Ipog
Let us consider the plausibility relation given in Counter-example 3.17. It can be checked

that:
Vb, c,Ya,a' € Da,aNe>pd ANeiffaNbAe>rd ANbAc and

Ipos(A,C, B) is true since
Va,c,Yb,b/ € Dg,bAc>nb AciffbAaNec>b NaAc
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Vb, c,Va,a' € Da,aNb>pd AbiffaNbAce>ra ANbAc and

Va,b,Ve,d € Do,e ANb>nd AbiffchaANb>c NaAb
Howewver, Ipos(A, D, BUC) is not verified since ba A\ co >11 by A ¢q while in the context ay, we

Ipos(A, B, C) is true since

have by A\ c1 >11 ba A ca.

Proposition 3.25 [ imaz relation only satisfies the symmetry and the decomposition but not
the other graphoid properties i.e. weak union, contraction and intersection. Ilieyimin relation

satisfies the same properties than lierimag-

Some properties may be recovered in particular cases. For instance in the case of two-level
distributions, ljczimaz and Liezimin relations satisfy the weak union since they are equivalent

to Ipos (see Propositions 3.13 and 3.14).

Counter-example 3.19 : LACK OF WEAK UNION PROPERTY FOR Iljepimaz

Let us consider three variables A, B and C with the following plausibility relation:
apr ANbi ANt >raa AbyANeg >r a1 AbaAcg >razg Abi Act =r a1t Abit Ao >r a1 Abay Aep >x
as ANbo Ao >ras ANby ANeg > aa ANbo Ay >r a3 ANbag Aeg >r a3 Aby Acg >5 a3 Aby Acy.
It can be checked that Ijepimaz(A,0, BUC) is true since ay =m by A ¢y >11 ag > as =
bi Aca >11 baAer >11 baAca. However, Teyimar (A, B, C) is false since ag ANbaAer >11 azAba Aco

while max(ag A ba, by A c2) >11 maz(az A by, ba A cq).

Counter-example 3.20 : LACK OF CONTRACTION PROPERTY FOR Ijczimaz

Let us consider three binary variables A, B and C' with the following plausibility relation:
apr ANbaANer >pr a1 AbaANco =g as ANba ANep > aa ANbaoANeg >r a1 ANby Aecg > a1 ANby Aep =«
as ANbi Acg > as ANbp N cq.
It can be checked that Tjerimar (A, 0, B) and Legimaz (A, B, C) are true since a; =11 by >11 ag >
b1 and a1 ANby =1 ba Aci >1mas Aby =1 ba Acg > a1 Aby =1 b1 Acg > a9 Aby =1 b1 Acy.
However, liezimaz(A, 0, BUC) is false since a1 Aby Ac1 =x az Aby Aca while maz(ay,by Acy) >11

maz(az, by A c2).

Counter-example 3.21 : LACK OF INTERSECTION PROPERTY FOR Ijczimaz

Let us consider three binary variables A, B and C' with the following plausibility relation:
ar AbiANcr =g a1 AbaANcg >r a1 ANbaANer >r a1 Aby Aeg > aa ANbao Acg >raa ANby Aep >
as ANba Ay >x as A by A co.
It can be checked that Ijerimar(A, C, B) and Ljezimaz(A, B,C) are true since a; A ¢1 =11 a3 A
co=r1b1Aci =np ba Ay > baAeg > biAes >11asAeg >0 asAep and ap Aby =11 a1 Aby =1
by Ay =11 ba Acg >11ba Ay >11 by Acag >11ag Aby >11 ag Aby. However, Liepimaz (A, 0, BUC)
is false since az Aba A co >11 az A by A ¢1 while max(ag,be A c2) =1 max(az,by A c1) and

min(ag, ba A c2) =1 min(ag, by A c1).
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The main results regarding graphoid properties are summarized by Table 3.13 where we
have grouped the established properties concerning Iny, Inr, Inrs, and Ipoq and the new ones

concerning Ipareto, Lo, 1PoS; Lieximaz and Ljegimin.-

Table 3.13: Graphoid properties

Relation Symmetry Decomposition Weak union Contraction Intersection

Ing yes yes yes yes no
Iy no yes yes yes yes
Iys yes yes yes yes yes
Iprod yes yes yes yes yes if 1 >0
Ipareto yes yes yes yes yes
Ipo no yes yes yes yes
Ipos yes yes yes no no
Liezimaz yes yes no no no
Liczimin yes yes no no no

Note that only the decompositional independence relations based on the product and the
minimum operator (i.e. Ip.o,q and Iny) are "reasonable" relations with good properties since
they are semi-graphoids. Indeed, the min-based causal independence relation Ipsg has good

properties but is too strong (see Figure 3.1) to be practically used.

The property of semi-graphoid is crucial when developing graphical approaches in uncer-

tain reasoning as we will detail in Part II of this work.

In Part III we exploit the fact that even if the NI-independence relation is not a graphoid
(lack of intersection) it satisfies the specific property of idempotence of the minimum operator

which is useful for simplifying the calculus during the propagation process.

3.7 Software for testing independence relations

In this section, we propose a software implementing the possibilistic and qualitative indepen-
dence relations studied in this Chapter. This software uses Matlab 6.0. and allows to test
independence relations satisfied by any possibility distribution or plausibility relation. It can
be incorporated in other softwares as a module for testing independence relations.

Figure 3.2 is relative to qualitative independence relations, it allows to test:

e Belief-preserving independence,

e Belief-preserving independence in its symmetrized version,
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Figure 3.2: Qualitative independence relations

Figure 3.3: Possibilistic independence relations

Order-preserving independence,

Order-preserving independence in its symmetrized version,

Belief decompositional independence,

Pareto independence,

Leximin independence,
e Leximax independence.
Figure 3.3 is relative to possibilistic independence relations, it allows to test:
e Min-based independence,
e Min-based independence in its symmetrized version,
e Product-based independence,
e Non-interactivity.

Once one of these independence relations is selected, we should define the number of vari-
ables and their cardinalities (the size of their domains). Then we should define the plausibility
relation or the possibility relation relative to these variables. Finally, we should specify the
sets X, Y and Z and the software tests the validity of the chosen independence relation be-

tween X and Y in the context Z.

The following dialog boxes are relative to the independence relation studied in Counter-
example 3.5. Indeed, Figure 3.4 defines the number of variables and their cardinalities (i.e. two
binary variables). Then, Figure 3.5 defines the plausibility relation (i.e. a; Aby >r ag Aba >r
a1 Aby =x az A by). Finally Figure 3.6 specifies the sets X, Y and Z (i.e. X ={A}, Y ={B}
and Z = )) and 3.7 displays the result (i.e. the relation Ipp(A, 0, B) is true).
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Figure 3.4: Definition of the number of variables and their cardinalities

Figure 3.5: Definition of the plausibility relation

3.8 Conclusion

In this Chapter, we have defined the notion of qualitative independence, and related it to the
basic existing independence relations in possibility theory. Two kinds of independence have
been investigated: causal and decompositional ones. We can observe that the independence
relations which can be used for the decomposition of a joint distribution in possibility theory
is not unique, contrary to probability theory where only the product-based independence is
used. In possibility theory, alternative operators-based independence, like leximin or leximax,
can be used as well.

The notions of independence proposed in this Chapter extend previous works in default rea-
soning [14], and belief revision [45] on independence between events to the case of variables
which are not necessarily binary.

We have shown that the use of common scale (for instance the interval [0,1]) is important
for decomposing distributions. In addition, we have provided a comparative study between
already known definitions of possibilistic independence and the ones proposed in this Chapter.
This study, have shown that all of decompositional independence relations (except Iyy) are
meaningful from a causality point of view.

We have also studied the graphoid properties of proposed independence relations.

Lastly, we have proposed a allowing to test independence relations satisfied by any possibility
distribution or plausibility relation.

Results of this Chapter will be used for designing possibilistic counterparts of local propagation

algorithms in causal networks. This is the aim of Parts II and III of this thesis.

Figure 3.6: Definition of X, Y and Z (here Z = ()
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Figure 3.7: Result of testing I(X, Z,Y)
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Introduction Part 11

Directed causal possibilistic networks, which are possibilistic counterparts of Bayesian net-
works, present a new promising area of research. Indeed, they offer a natural way to handle
structured knowledge, with non-binary variables, using independence relations between vari-

ables.

Existing works on possibilistic graphical models are either a direct adaptation of proba-

bilistic approach or a way to perform learning from imprecise data.

In possibility theory there are two different ways to define the counterpart of Bayesian
networks. This is due to the existence of two definitions of possibilistic conditioning: product-
based and min-based conditioning [38, 39, 54, 78|. In the rest of this thesis we investigate

these two kinds of networks.

In this part, we first present probabilistic Bayesian networks and their propagation algo-
rithms (Chapter 4). Then, we propose possibilistic counterparts of Bayesian networks based
on the minimum and the product operators and discuss the coherence problem in the case of
min-based possibilistic networks (Chapter 5). Finally, we propose a possibilistic adaptation
of exact probabilistic propagation algorithms for product-based and min-based possibilistic

networks (Chapter 6).
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Chapter 4

Probabilistic Graphical Models

4.1 Introduction

Graphical models are knowledge representation tools commonly used by an increasing number
of researchers. Most of graphical models refer to probability theory. Namely, Bayesian net-
works |84, 103, 94|, decision trees [106]|, Influence diagrams [107, 108, 81] and a more general
framework is Valuation Based Systems (VBS) [111, 112, 113, 114, 115].

Bayesian networks are used in several real world applications. For instance, they have
been implemented in some of Microsoft’s products. One of the most famous applications
is the one used by LUMIERE project which focused on the construction and integration of
Bayesian models of a user’s needs for assistance. LUMIERE research led to the Office As-
sistant, a Bayesian help system in Office’97 [80]. Moreover, Bayesian networks are also used
in industry. For instance, in [76] an expert diagnostic system (FIXIT) has been proposed
for liberating users from burdensome information-retrieval activities while incurring minimal
system-development and runtime costs. Several applications of Bayesian networks in the med-
ical field have also been proposed. We can mention the QMR-DT (Quick Medical Reference
Decision Theoretic) network which is a two-level graphical model where the top level of the
graph contains nodes for the diseases, and the bottom level contains nodes for the findings
[77, 83].

In a graphical model, we can distinguish two components, i) a graphical component which
can be a directed or undirected graph, where nodes represent variables characterizing the given
domain and links (edges or arcs) the causal relations between these variables. This graphical
component can be provided by experts or learned from data bases, i) a numerical component

which quantifies different links and corresponds to a numerical representation of uncertainty
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depending on the graph structure.

In this Chapter, we are, in particular, interested in Bayesian networks which are Directed
Acyclic Graphs where uncertainty is encoded with conditional probabilities. We address the

propagation problem consisting in updating the network when new observations arrive.

Section 4.2, presents the basic notions and notations about DAGs. Section 4.4 introduces
Bayesian networks. Then, Section 4.6 presents Pearl’s propagation algorithm in singly con-
nected DAGs [103, 105] and Section 4.7 is dedicated to the more general case of propagation
in multiply connected DAGs [84]. Finally, Section 4.8, gives a brief presentation of Valu-
ation Based Systems (VBS) which are more general graphical models proposed by Shenoy
[111, 112, 113, 114, 115].

4.2 Background and notations on graphs

Let V.= {A, B,C,...} be a finite set of variables. Let E be a part of V x V. Then, G= (V, E)
is said to be a graph on V and E corresponds to the set of edges connecting some pairs of
nodes in V. If the edges in E are oriented then they are called arcs and G= (V, F) is said to
be a directed graph.

e for each arc AB, the node A is called its origin and B its end.

e in an arc AB, the node A is the parent of B and the node B is the child of A,
e a root is a node with no parents (in Figure 4.1(a) A is a root),

e a leaf is a node with no children (in Figure 4.1(a) B and D are leaves),

e two nodes linked by an edge (resp. arc) are said to be adjacent,

e a path in a directed graph is a sequence of nodes from one node to another using the

arcs,

e a chain in a graph is a sequence of nodes from one node to another using the edges (in
Figure 4.1(c) ACB is a path),

e a cycle is a path visiting each node once and having the same first and last node (in
Figure 4.1(b) ACDBA is a cycle),

e a loop is an undirected cycle (in Figure 4.1(c) ABCA is a loop),
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e a DAG is a Directed Acyclic (without cycles) Graph (Figures 3.1(a) and (b) are DAGs
while Figure 4.1(b) is not a DAG since it contains the circuit ABDCA).

e A singly connected DAG or polytree is a DAG which contains no loops, in this case

the graph obtained by dropping the directions of the links is a tree (see Figure 4.1(a)).

e A multiply connected DAG is a DAG which can contains loops (see Figure 4.1(c)
which contains a loop ABCA).

For any node A € V of a DAG G corresponds the following sets:

e U, is the parent set of A,

X 4 the descendant set of A, such that there is a path from A to each X; € X4,

Y4 the child set of A,

Z 4 the non-descendant set of A, such that Z, =V — X 4.

Figure 4.1: Examples of oriented graphs

When there is no ambiguity we use U, X, Y and Z. We use a, ua, x4, ya and z4 to
denote, respectively, possible instances of A, Ua, X, Y4 and Z4. When there is no ambiguity

we use u, x, y and z.

Example 4.1 Let us consider the node A in the DAG of Figure 4.2, then we have:
Us={B,C}, Xa={G,H,J,K,l,M}, Ya={G,H} and Z4 ={B,C,D,E,F,1}.

Figure 4.2: Fxample of DAG

4.3 Conditional independence in DAGs: d-separation

The DAG structure encodes independence relations without taking into account any numerical
values evaluating its links. Pearl, Verma and Geiger [70, 71, 103, 125| have investigated the
problem of determining exactly what independencies are implied by the DAG structure in a

causal network. The main results are presented in the following subsections:
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4.3.1 DAGSs topology

Given two variables A and B € V in a DAG G= (V, E), if there exists an arc (4, B) between
A and B, then the dependency relation is evident. However, if there exists a unique chain
between A and B containing an intermediary variable C', then we can face one of the following

three configurations:

Figure 4.3: DAGs topology

e Head-to-head: if we know the value of C| then A can give a supplementary information
on B and vice versa, so A and B are not independent in the context C (see Figure 4.3(a)).
For example, Physiological accidents (A), are independent of fire (B). However, if the
land yield decreases (C), we can think that it is the effect of any physiological accident
(A). Nevertheless, if we receive an information about several successive fires in the same

region, our belief about physiological accidents (A) decreases.

e Head-to-tail: if we know the value of C, then A will be irrelevant to C and consequently
to B, so A and B are independent in the context C (see Figure 4.3(b)).
For example, if the climatic conditions (A) are favorable to the corn culture, then the
production will be plentiful. Moreover, if the production is plentiful (C'), then the corn
price (B) will decrease. If we know that the production is plentiful (C), then any

information about climatic conditions (A) is irrelevant to the corn production (C).

e Tail-to-tail: if we know the value of C', then A will be irrelevant to B and vice versa,
so A and B are independent in the context C (see Figure 4.3(c)).
For example, if the grass of my garden is wet (A), I can think that it rained yesterday
(C) and that the grass of my neighbor garden is wet too (B). However, if I'm sure that
it rained yesterday (C), I can claim that the grass of my neighbor garden is wet (B) and

any information about the state of the grass in my garden (A) has no influence.

4.3.2 d-separation criterion

The three cases presented above, enable us to determine, which nodes are concerned by the
arrival of any observation. This can be very helpful, especially for updating networks having

complex structure.
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Definition 4.1 Let G = (V,E) be a DAG, Z CV and let A and B be two nodes in V — Z.
Then, a chain p, between A and B is said to be blocked by Z if we are in one of the following

situations:

e case 1: there is a node Z; € Z on the chain p, such that the arcs which determine that

Z; is in p meet tail-to-tail at Z;.

e case 2: there is a node Z; € Z on the chain p, such that the arcs which determine that

Z; is i p meet head-to-tail at Z;.

e case 3: there is a node Z; € V on the chain p such that:
Z; and none of its dependents are in Z, and

the arcs which determine that Z; is in p meet head-to-head at Z;.

Using this definition, we can define a general rule describing where an information is

blocked or not, known as the d-separation criterion:

Definition 4.2 d-separation:

i) Let G = (V,E) be a DAG, Z CV and let A and B be two nodes in V —Z. Then, A and B
are said to be d-separated by Z if every chain between A and B is blocked by Z. We denote
this property by: < A | Z | B >g.
i1) Let G = (V,E) be a DAG, and let X, Y and Z be disjoint subsets of V.. Then, X andY are
said to be d-separated by Z if for every node X; € X and Y; € Y, X; and Y; are d-separated
by Z.

Example 4.2 In the DAG of Figure 4.4 we can detect the following d-separation relations:

e the chains FBAC and FGEC are blocked by A, since:
- the chain FBAC' contains the node A such that the arcs AB and AC meet tail-to-tail
to A,
- the chain FGEC contains the node G such that the arcs FG and EG meet head-to-head
at G, in addition, neither G nor its descendants ({H}) are in A (see Figure 4.4(a)).
S {(F} [ {4} [ {C} >g .

e all the chains starting from {A, B, D} to {E,G, H} meet head-to-tail the set {F,C} (see
Figure 4.4(b)).
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Figure 4.4: Example of d-separation

4.4 Bayesian networks

The following introduces the definition of Bayesian networks when a joint distribution is

available

Definition 4.3 Let p be a joint probability distribution on the set V, and G = (V,E) be a
DAG. (G,p) is said to be a Bayesian network if each variable A € V is conditionally indepen-

dent of its non-descendants (Z4) given its parents (Uy).

However, in practice, a numerical representation of p(Ay,.., Ay) is rarely available, thus

we should use local distributions on each node.

A Bayesian network over a set of variables V' consists of two components:
- A graphical component composed of a directed acyclic graph (DAG) G reflecting the causal
relations relative to the modeled domain.
- A numerical component consisting in a quantification of different links in the DAG by
a conditional probability distribution of each node A in the context of its parents (Uga).
Such conditional probabilities should respect the following normalization constraints for each

variable A:

o if Uy =0 (i.e. Aisaroot), then the a priori probability relative to A should satisfy:

o if Uy # 0, then the relative conditional probability relative to A in the context of its
parents U4 should satisfy:

ZP(a |ug) = 1.
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4.4.1 Probabilistic chain rule

Given a Bayesian network, the global joint probability distribution over the set V= {41, ..., Ay}
can be expressed as a product of the N initial conditional probabilities via the following prob-

abilistic chain rule:
pc(Ah ...,AN) = H ]D(AZ ‘ UAL) (41)
i=1..N
The subscript c in p. is used to mark that the joint distribution is computed via the chain

rule.

Example 4.3 Given the Bayesian network represented by the DAG of Figure 4.5 and the a
priori and conditional probabilities given in Tables 4.1 and 4.2. The joint probability dis-
tribution is defined by: pc.(a ANbAc) = P(c | a ANb)- P(a) - P(b),Yabc. For instance,
P.(a; Aby Acr) =0.99-0.01-0.001 = 0.0000099.

Table 4.1: A priori probabilities
a Pla)| b P(b)
aj 0.01 bl 0.001
as 0.99 | ba 0.999

Table 4.2: Condilional probabilities
¢c a b Plclanb)|fec a b Plc|laAnb)
Cc1 aq bl 0.99 Co2 Qi b1 0.01

c1 ai bg 0.9 Co Qi b2 0.1
C1 Qa9 bl 0.5 Co a9 bl 0.5
C1 a9 bQ 0.1 Co Qa9 b2 0.99

Figure 4.5: Example of a DAG (V = {A,B,C})

4.4.2 Recovering independence relations

In this Section, we present an important property of the probabilistic chain rule concerning
the recovering of the independence relations implied by the DAG structure. We first present
general definitions given by Pearl [103].

Definition 4.4 A joint distribution M defined on V is said to be a dependency model if it
1s equipped with an independence relation Iy allowing to test for any three subsets of variables

(X,Z,Y) of V the validity of the assertion "X is independent of Y given Z".
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It is clear that any probability distribution is a dependency model since we can test for
any three subsets of variables (X, Z,Y") the validity of the assertion "X is independent of Y

given Z" using the probabilistic independence relation Ip,., presented in Section 1.3.1.

Definition 4.5 Let G be a DAG and let M be a dependency model. The DAG G is said to be
an I-map (Independency map) of M if all the independence relations implied by its structure
are valid in M. More formally:

< X|Z|Y >¢= In(X,Z,Y). (4.2)

We will see later that this property is important especially when developing propagation
algorithms since we will use the d-separation relations implied by the DAG structure G to
simplify different calculus which is impossible if these relations are not valid in the joint
distribution M. To test I-mapness, for any couple (G, M), Pearl proposes the following

fundamental theorem [103]:

Theorem 4.1 Let M be any dependency model such that In; is a semi-graphoid' and let G
be a DAG. If each variable A € V, is conditionally independent of its non-descendants (Z4)
given its parents (Uy), then G is a minimal I-map of M.

The probabilistic independence relation, Ip,., is a semi-graphoid [103]. Moreover, in
any joint distribution p, computed using the chain rule (4.1), each variable is conditionally
independent of its non-descendants (Z4) given its parents (Ua) [103]. In other terms, any in-
dependence relation implied by the DAG structure can be recovered from the joint distribution

relative to the Bayesian network and computed via the probabilistic chain rule (4.1).

4.5 Propagation in Bayesian networks

Given a joint probability distribution on the variable set V' = {A;, ..., Ax}, we can determine
how the realization of specific values of some variables affects the probabilities of the remain-
ing variables by marginalization. Unfortunately, assuming that we handle binary variables,

we would need to compute 2" probabilities, which is not realistic, even for small values of n.

Bayesian Networks simplify this problem by taking advantage of existing causal connec-
tions between nodes. Indeed, instead of computing the whole joint distribution relative to a
Bayesian network, in order to compute for any variable of interest A; the probability P(A; | e)

(where e is the total evidence), it is possible to perform local computations using probabilistic

Lie. satisfies symmetry, decomposition, weak union and contraction (see Chapter 3).
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inference or propagation algorithms.

The task of calculating posterior marginals on nodes in an arbitrary Bayesian network is
known to be NP-complete [30] except for singly connected graphs. Many algorithms where
developed to perform propagation in Bayesian networks [32, 34, 84, 93, 94, 100, 103, 105] but

we can partition them into two classes:

o Exact algorithms: The fundamental algorithm for exact probability propagation is the
one proposed by Kim and Pearl [87] and Pearl [102, 103|. In this algorithm, the impact
of each new piece of evidence is viewed as a perturbation that propagates in parallel
through the network, via a message passing mechanism, between neighboring variables.
In the case of singly connected networks this algorithm converges to the correct marginals
in a number of iterations equal to the diameter? of the graph. A centralized version of
this algorithm was proposed by Poet and Shachter [105] and converges in two iterations.
However, as Pearl pointed [103], the same algorithm will not give the correct beliefs for
multiply connected networks i.e. when loops are present. Approximate methods derived
from this algorithm such as loopy belief propagation [100] where proposed for multiply
connected networks.

There are also a number of related propagation algorithms that operate on undirected
graphs, namely the Lauritzen and Spiegelhalter algorithm [94]. The principle of this
algorithm is to transform the initial graph into a junction tree which is a tree of clusters of
variables. The messages will be transmitted between clusters allowing the computation
of marginal distributions in two passes. A refinement of this algorithm leads to HUGIN

propagation proposed by Jensen and al. [84].

e Approximate algorithms: Many models of interest, such as those with repetitive
structure, as in multivariate time-series or image analysis, make exact inference very
slow. In such cases, we should resort to approximation techniques which gives results
approaching the exact solutions. Unfortunately, approximate inference is NP-complete
[32], but we can nonetheless come up with approximations which often work well in prac-
tice. As examples of approximate methods we quote, sampling (Monte Carlo) methods
[29], loopy belief propagation [100], which entails applying Pearl’s algorithm to the origi-
nal graph, even if it has loops, bounded cutset conditioning based on instantiating subsets

of the variables, in order to break loops in the graph etc.

%a diameter of a graph is the maximum length of shortest paths between two vertices in the graph. For
most regular graphs, it is a function of the number of nodes in the graph, but in general its value has to be
computed.
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In what follows, we focus on the most used exact propagation algorithms in singly and

multiply connected DAGs.

4.6 Propagation in polytrees

In this Section, we briefly present the centralized version of Pearl’s algorithm [87, 103] for
probabilistic propagation in polytrees proposed in [105]. In this algorithm the impact of
each new piece of evidence is viewed as a perturbation that propagates in parallel through the
network via a message passing between neighboring variables. Local communication between
variables is based on two kinds of messages, called A-messages and p-messages® circulating,

respectively, from children to parents and from parents to children.

4.6.1 Notations

Let E be the subset of instanciated variables and e be its corresponding instance. The instance
e corresponds to the total evidence in the graph. Considering any node A in the graph, the
set E can be partitioned into the instanciated variables upstream of A denoted by E:{ and all
the rest denoted by £ i.e. the instanciated variables below A and A itself if it is instanciated

(see Figure 4.6). These two sets are defined by:

o By ={FEa, Eyy,, - Exy, |,
where FE 4 corresponds to the node A and E,Zy,- the instanciated variables below the arc

from A to Yj,

e EX=E/E, = {E[JJFIA, ...,Ef}nA},

where E(Z 4 denotes the instanciated variables above the arc from U; to A.

ejg and e denote , respectively, the evidence attached to the nodes in EZ and E4. ea

denotes the evidence attached to the node A i.e.
a if A is instanciated to a (e4 = a) or A is not instanciated
eq =
() otherwise (A is instanciated to eq # a)
In the same manner, ezyj_ denotes the evidence relative to EZY], and more precisely, the
evidence below the edge from A to Y;. Moreover, e?}i 4 denotes the evidence relative to Efjl_ A

and more precisely, to the evidence above the arc from U; to A.

Example 4.4 Let us consider the DAG represented in Figure 4.2 and suppose that the in-

stanciated variables are as follows: D =di, F = fo, A =as, [ =i, J = jo, M = mj.

3we use p instead of m, usually used in the literature, to avoid confusion with possibility distribution

notation.
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Figure 4.6: Partitioning of the evidence E with respect to the node A

Then, E = {A,D,F,1,J, M}, EX = {EEA’EéA} = {D, F}, E, = {EA’EZG’EZH} =
{A7 J7 Ia M}7 €= {a37d1af2a7;27j27m1}7 €X = {€§A765A} = {d17f2}; e;l = {€A76;1G762H} =

{a37j27i27 ml}-

4.6.2 Summary of propagation messages

The following summarizes the different definitions of messages* and values relative to a par-
ticular node A € V. Each node is characterized by its conditional probability measure based
on the total evidence, denoted by Bel(A). This value depends on the A-value and p-value
relative to the node A (denoted, respectively, by A(A) and u(A)).

The values of A(A) and p(A) are computed from the A-messages received from the children
of A and p-messages received from its parents (denoted, respectively, by Ay, (A) and pa(U;)
where Ay, (A) is the message that A receives from its child Y; and pa(U;) is the message that

A receives from its parent U;).

We now give the different expressions which will be used later in the propagation algorithm.

e Ya € Dy, the current conditional probability measure of a based on the total evidence
e is defined by:
Bel(a) = P.(a | e) = a-Aa) - p(a), (4.3)
where o = m%el(a is a normalization factor.

)

e The X value relative to each instance a € D, is defined in the following way:

Ma) = Pe(a] €3) = Ma(a) - [T Ay, (a), (4.4)
j=1

where A4 (a) denotes local evidence related to the node A such that:

0 if eq # a (A is instanciated to (eq # a)
Aa(a) =q 1 otherwise (A is instanciated to a (e4 = a)

or A is not instanciated).

“Proofs of these expressions are given in [103].
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This means that the local evidence is stored within each node and that it is integrated
in the A value which is used for computing the A\-messages that each node sends to its

parents.

e The p value relative to each instance a € D4 is defined in the following way:
pla) = P.(a|el) = ZPa|u HMA u;). (4.5)
e The X\ messages from A to its parent U;, (i € {1,..n}) when U; = u; is defined by:
Na(u) = Polega lu) = B A@L Y Plalw - [[patu)),  (46)
a ug:k#i k#i
where [ is a normalization constant.

If the graph is a rooted tree (each node has a unique parent), then this message is

simplifies to:

BZA P(a|u).

e The ;1 messages from A to its child Y}, (j € {1,..m}) when A = a is defined by:

py;(@) = Pe(a | ehy) =a-Aala) - [[ Avila) - ula). (4.7)

i=1..m,i#j
These formulae are only slightly modified from those in Pearl [103] since local evidence
Aa(A) (lambda from self) is stored within each node instead of creating dummy or evidence
and must be included in the formulae for each node. Note that, contrary to [105], all these

messages are normalized since the y message is defined by P.(a | e}) instead of P.(a A e}).

4.6.3 Propagation algorithm

Poet and Shachter [105] have proposed a revised polytree algorithm (centralized version) de-
veloped in a manner similar to the propagation algorithms in undirected graphs. Indeed, in
the polytree algorithm proposed by Pearl [103] each node is visited at most one for each piece
of evidence. The revised version decreases the number of messages since each node is visited
at most twice no matter how much evidence is observed. Since the number of arcs in a singly
connected graph is less than the number of nodes, this means that the number of messages
used in the revised algorithm is less than twice the number of nodes. Let s be the size of the
largest conditional probability table and N be the number of variables, then the theoretical
complexity is O(s x N).

This makes it particularly easy to implement. The main steps of this algorithm are as

follows:
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e Choosing the root of propagation. In this step, we should choose an arbitrary node within

the smallest connected set of nodes containing the observed nodes, denoted by S.

o [nitialization. In this step, all A and p values and messages are initialized to the degree
1. For each root A, Va € D4 the value p(a) is initialized to P(a). For each observed
node A, if A is instanciated to a, then A4(a) is initialized to the degree 1, otherwise it

is initialized to the degree 0.

o (Collect-evidence. During, this phase each node in S first computes its A and p values
using (4.4) and (4.5), then it passes a message to its adjacent node in the pivot direction.
If this node is a parent, then the message is computed using (4.6), otherwise (i.e. it is
a child) the message is computed using (4.7). The collect evidence starts with the node

farthest from the pivot in S.

o Distribute-evidence. During, this phase each node first computes its A and p values
using (4.4) and (4.5), then it passes messages to its adjacent nodes away from the pivot
direction, beginning with the pivot itself until reaching the leaves. The computation to
the messages to sent to adjacent nodes depends on their type. Indeed, if the treated
node is a parent, then the message is computed using (4.6), otherwise (i.e. it is a child)

the message is computed using (4.7).

o Marginalization. For each node A, compute Bel(A) = P.(a | e) using (4.3).

Example 4.5 Let us consider the DAG given in Figure 4.7(a) and suppose that we receive a
certain information about E i.e. E = e3 and about A i.e. A = ay, then the observed nodes
are E and A which means that S = {A,B,C, D, E}. Suppose that the pivot node is E, then

the message passing is summarized by Figure 4.7(b).

Figure 4.7: Example of propagation on a singly connected DAG

4.7 Propagation in multiply connected DAGs

The algorithm presented in the previous Section is only adapted for polytrees. Indeed, as Pearl
noted [103], the same algorithm will not give the correct beliefs for multiply connected net-
works. Thus, in this Section we present a more general established method for exact inference

in Bayesian networks (with singly or multiply DAGs) known as the probability propagation in
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Junction trees. This method was developed by Lauritzen and Spiegelhalter [94] and refined by
Jensen [84] and it is the basis of HIGIN propagation software. The principle of this propaga-
tion method is to process on a new graphical representation derived from the initial Bayesian

network called junction tree and denoted by J7T [84].

Each node in J7T is a set of variables called clusters and denoted by C; and each edge is
labeled with the intersection of the adjacent clusters C; and C called separator and denoted
by S;j; ¢; and s;; denote, respectively, the possible instances of the cluster C; and the separator
Sij; ¢i[A] denotes the instance in ¢; of the variable A. For each cluster C; (resp. separator
Sij) of JT, we assign a local joint distribution relative to the variables in the cluster (resp.

separator), called potential. and denoted by ¢, (resp. Vs, ).

From J7T, we can associate a unique global joint probability distribution denoted by ps7
and defined by:

Definition 4.6 The joint distribution associated with JT is expressed by:

i=1 Vs

where m is the number of clusters in JT .

Definition 4.7 Let C; and C; be two adjacent clusters in a junction tree JT and let S;; be

their separator. Then, the link between C; and C; is said to be stable or consistent if:
Ci\Si; Cj\Sij

If all links in a junction tree are consistent, then the junction tree is said to be globally

consistent.

Jensen has shown that if a junction tree is globally consistent, then the potential of each

cluster C; satisfies:

Yo, = Pe(Ch). (4.10)

Using this fact, we can compute the probability distribution of any variable A, using any

cluster C; containing it by marginalizing ¢, on A as follows:

Ci\A
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Figure 4.8: Case of multiply connected DAG

4.7.1 Building junction trees

Given a Bayesian network with a DAG G, it is possible to construct many junction trees cor-
responding to G. However, it is important to note that the computational time required for

propagation depends on clusters size in the junction tree.

The building procedure depends on the DAG structure. Indeed, if the DAG is singly con-
nected then it is easy to construct its junction tree by forming for each node (except roots)
a cluster containing it with its parents. Then, between any two clusters with a non-empty
intersection, we should add a link with the intersection as a separator. If the resulting graph
contains cycles, then they can be broken by removing any of their links since all separators

on the cycle contain the same variable.

In the case of multiply connected graphs the situation can be more complicated as illus-

trated by the following example.

Example 4.6 Let us consider the DAG of Figure 4.8 (a), then if we apply the procedure
described for singly connected DAGs, we obtain the graph of Figure 4.8 (b) and we can see

that the cycle cannot be broken.

Before presenting the general procedure of building junction tree, we give further defini-

tions:

Definition 4.8 Given o DAG G, the moral graph corresponding to G, denoted by MG, is
obtained by marrying parents of each node in G and by dropping the direction of edges.

Definition 4.9 A moral graph MG is said to be triangulated if and only if every cycle of

length four or greater contains an edge that connects two non-adjacent nodes in the cycle.

The general procedure that allows the construction of a junction tree for any DAG struc-
ture can be performed via the following three steps [82]:
- Moralization of the initial DAG G,
- Triangulation of the moral graph,

- Building a junction tree from the triangulated moral graph.
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We will see that steps 2 and 3 are non-deterministic which explains the fact that different

junction trees can be built from the same DAG.

Step 1: Constructing the moral graph. Given a DAG G, the moral graph MG

corresponding to G is obtained through the following procedure:

Algorithm 4.1: Constructing the moral graph

begin
- Create the undirected graph UG from G by dropping the directions of the arcs;
- Create MG from UG by connecting the parent set of each nodes
(by adding edges to UG);

end

Example 4.7 Figure 4.10 represents the moral graph corresponding to the DAG of Figure
4.9. The edges added to G are shown as dashed lines (i.e. the arc between D and E parents

of F).

Figure 4.9: A Direct Acyclic Graph

Figure 4.10: Moral Graph of the DAG in Figure 4.9

As shown in Example 4.6, the moralization can induce unbroken cycles, that is why we

should ¢riangulate the moral graph in order to avoid them.

Step 2: Triangulating the moral graph and identifying clusters. 1t is possible to
have different triangulations of a moral graph. In particular we can simply construct a unique
cluster containing all the variables. However such triangulation is not interesting since it does
not allow local computations.

The task of finding an optimal triangulation is stated as an NP-complete problem [30] and
several heuristics where proposed. We now present a triangulation procedure using a node
selection criterion which is a greedy polynomial-time heuristic that produces high-quality
triangulations in real world settings [88]. The following procedure also identifies the cluster
set (denoted by Cluster_set) using Golumbic algorithm [73] which ensures that this set should

not contain any cluster properly contained in a largest one.
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Figure 4.11: Triangulation of the moral graph in Figure 4.10

Algorithm 4.2: Triangulating the moral graph and identifying clusters

begin

Cluster set « 0;

MG" + MG;

while there are still nodes left in MG’ do

if there exists a node A such that all its adjacent nodes are connected then
- Form a cluster C' containing A and its adjacent nodes;

| - Delete A from MG’

else
- Find a node A with the smallest number of adjacent nodes;
- Add edges to connect all of these adjacent nodes;
- For each added edge to MG’, add the same corresponding edge to MG;
- Form a cluster C' containing A and its adjacent nodes;
| - Delete A from MG’

| if C ¢ Cluster_set then Cluster _set <— Cluster _set U{C};

end

Example 4.8 Figure 4.11 represents the triangulated graph, as obtained from the moral graph
wn Figure 4.10. The dashed lines indicate the edges added to triangulate the moral graph. The

eliminating ordering is represented in Table 4.5.

Table 4.3: Eliminating ordering

Eliminated Induced Added Cluster_set
node cluster  edges
F DEF  none {DEF}
C ACE (A, E) {DEF, ACE}
B ABD (A, D) {DEF,ACE,ABD}
D DAFE none {DEF,ACE,ABD,DAE}
E EA none {DEF,ACE,ABD,DAE} (EAC ACE)
A A none {DEF,ACE,ABD,DAFE} (AC ACE)

Step 3: Building an optimal junction tree. To build an optimal junction tree, we
should connect the clusters identified in the previous step such that all clusters on the path
between any two clusters C; and C; should contain C; N C;. The optimality criterion is useful

to minimize the computational time required for propagation. Indeed, if the triangulation
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generates clusters with a high weight, then the computations will be very complex and even

impossible to perform.

Given a set of m clusters (i.e. Cluster set), we can build a junction tree by iteratively

inserting separators between pairs of clusters (denoted by Separator set) as follows:

Algorithm 4.3: Building an optimal junction tree

begin
for i + 1 to mdo
Separator_set < 0);
C; < Cluster_setli];
for j < i to (m-1) do
Cj « Cluster_set|j|;
Create a candidate separator S;; for C; and Cj;
Separator_set < S;j;
Select a separator S;; from Separator set according to the criterion
specified in the sequel;

Insert the separator S;; between the clusters C; and Cj;

end

Choosing the appropriate separators: In order to describe the criterion for selecting sep-
arators (in the algorithm above), we need the following definitions:
- The weight of a node A is the number of its values.
- The weight of a cluster C; is the product of the weights of its variables.
- The mass of a separator S;; is the number of variables it contains, or the number of variables
in C; NCj.

The cost of a separator S;; is the product of the weights of its variables.

To ensure that the resulting junction tree satisfies the junction tree property, we should
choose the candidate separator with the largest mass. When two or more separators of equal
mags can be chosen, we can optimize the inference time on the resulting junction tree by

choosing the candidate separator with the smallest cost [85].

Example 4.9 Let us continue Example 4.8 and suppose that the variables are binary variables.
Thus, using Cluster _set={ABD, ACE, ADE, DEFE} identified above, we obtain the values in
Table 4.4. Then, we will choose the connecting separators DE, AE and AD to built the

Junction tree tllustrated in Figure 4.12.

In the following, we denote by wtci the potential of the cluster C; at a step t of the
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Table 4.4: Choosing the appropriate separators
Clusters  Candidate Mass Cost Choosen

separator separator
DEF, ACE L 1 2
DEF, ABD 0 - -
DEF, ADE DE 2 4 *
ACE, ABD A 1 2
ACE, ADE AE 2 4 *
ABD, ADE AD 2 4 *

Figure 4.12: Junction tree of the DAG in Figure 4.9

propagation. ¢t = I (resp. t = C) corresponds to the initialization (resp. global consistency)
step.
4.7.2 Propagation algorithm

Given the transformation of the DAG into a junction tree, the main steps of probability

propagation in junction trees with no evidence are as follows:
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Step 1: Initialization. The first step in the propagation is to initialize the junction tree

using the initial conditional distributions:

Algorithm 4.4: Initialization

begin
For each cluster C;: wéi +— 1
For each separator S;;: wgij +— 1
For each variable A, choose a cluster C; containing {A} U Ugy: wéi — wéi -P(A|Uy);

end

The resulted potentials encode the joint distribution relative to the junction tree. Namely,

pe = Py, (4.12)

where p, is the joint distribution encoded by the Bayesian network (using 4.1) and pIJT is
the joint distribution encoded by J7 (using (4.8)).

The initialized junction tree can be inconsistent since this initial assignment does not
guarantee the global consistency requirement of Equation (4.9). Thus, we should run the the

second step of global propagation which ensures global consistency.

Step 2: Global propagation. The global propagation is performed by a message passing
mechanism between clusters until reaching the global consistency of the junction tree. Given a
junction tree with m clusters, the global propagation algorithm begins by choosing an arbitrary
cluster to be the pivot node and then performing 2 x (m — 1) messages passes, divided into two

phases:

e A collect-evidence phase in which each cluster passes a message to its adjacent cluster in
the pivot direction, beginning with the clusters farthest from the pivot (which correspond

to leaves). The order in which messages are sent is denoted by the postorder of the pivot.

o A distribute-evidence phase in which each cluster passes messages to its adjacent clusters
away from the pivot direction, beginning with the pivot itself. In this phase messages
circulate from the pivot until the leaves are reached. The order in which messages are

sent is denoted by the preorder of the pivot.

Example 4.10 Suppose that in the Bayesian network given in Frample 4.6, we receive a
certain information on C and E. Then, we can choose the cluster ACE as the pivot, in this
case Postorder = [ABD, DEF,ADE, ACE] and Preorder = [ACE, ADE,DEF, ABD]| and

the message passing is represented by Figure 4.13.
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Figure 4.13: Message passes during global propagation
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In both phases of collect and distribute evidence, if a cluster C; sends a message to its

adjacent cluster Cj, then the potentials of C;, C; and their separator S;; are updated as

follows:

1. Save the same potential for C;

t+1 t
th <_wci'

2. Assign a new potential to S;;

t+1 t
q/JSij = Z /l/]Ci'

Ci\S;j
3. Assign a new potential to Cj:
t+1
e

b
Vs,

t+1 t

The outline of the global propagation procedure is as follows:

Algorithm 4.5: Global propagation

begin
Choosing the root of propagation

distribute-evidence phase (the last node is the pivot);

collect-evidence phase (the first node is the pivot);
Collect-evidence

for i < 1 to length(Postorder)-1 do

C; < Postorderli|;

C; « adjacent cluster of C; in Postorder;

Distribute-evidence

for i < 1 to length(Preorder) do

C; < Preorderlil;

Below < adjacent clusters of C; in Preorder;
for j < 1 to length(Below) do

L C; < Belowlj[;

end

- Let Pivot be an arbitrary cluster C; to represent the root of propagation;
- Let Postorder be the vector containing the order in which messages are sent in the

| Post a message from C; to C; using (4.13), (4.14) and (4.15);

Post a message from C; to C; using (4.13), (4.14) and (4.15);

(4.13)

(4.14)

(4.15)

- Let Preorder be the vector containing the order in which messages are sent in the
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In this message passing algorithm, a cluster passes a message to an adjacent cluster only
after it has received messages from all its other adjacent clusters. This condition ensures

global consistency of the junction tree when global propagation is completed [84].

Step 3: Marginalization. Using the consistent junction tree obtained from the previous

phase, we can now compute for each variable of interest A, the probability P.(A) as follows:

Algorithm 4.6: Marginalization

begin
Identify a cluster C; containing A;
Compute P.(A) by marginalization of 1/182 on A: Pe(A) < Xcna 1/}87,

end

Handling the evidence. When treating the more general problem of computing P.(A |
e), where e is the total evidence, the initialization procedure will be extended by these two
additional steps:

- For any instanciated variable A, encode the observation A = a as a likelihood A 4 defined by:

1 if A is not instanciated
Aa(a) =4 1 if Ais instanciated for a (4.16)

0 if A is instanciated but not for a.
- Identify a cluster C; containing A: 1/)&_ — min(wéi, Ay).

By entering the observation set, the junction tree encodes p77(V Ae) instead of p 77 (V).
Then, when we marginalize any cluster potential 1/}81_ into a variable A (s.t. A C Cj) (see

(4.11), we obtain the probability of A and e:

P.(ANe) = Z @Dgz

Ci\A
However, our goal is to compute the conditional probability P.(A | e), this value can be

easily obtained from P.(A A e) as follows:

_ P(Ane)  P(ANe)
P.(Ale) = Pl SaP(Ane) (4.17)

4.8 Valuation Based Systems

In this Section, we give a brief presentation of Valuation Based Systems (VBS) which are

more general graphical models proposed by Shenoy [111, 112, 113, 115, 114] allowing the
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representation of both decision and uncertain problems. The Framework of Valuation Based
Systems [116] is sufficiently abstract to include different formalisms as probability theory,
belief functions, kappa functions and possibility theory using only the product operator [112].

. A Valuation Based System over a set of variables V' consists of two components:

e a graphical component called a valuation network. In a valuation network:
- circular nodes represent random variables,
- rectangular nodes represent decision variables,
- triangular nodes represent potentials,
- diamond-shaped nodes represent utility functions,
- edges (i.e. undirected lines) linking variables to potentials and utility functions denote
the domains of these functions,
- arcs (i.e. directed lines) between variables define the information constraints in the
sense that an arc from a random variable A to a decision variable B means that the
true value of A is known at the time an act from D4 has to be chosen and an arc from
a decision variables B to a random variable A means that the true value of A is only

revealed after an act from D4 has been chosen.

e o numerical component representing our knowledge by functions called valuations. Val-
uations are functions that assign values to the elements or frames for sets of variables and
they can be combined or marginalized. Valuations can be interpreted as probabilities,

possibilities, belief functions etc.

4.8.1 Combination and marginalization

Let V denote the set of all valuations. The inference in VBS uses the two basic operations of

combination and marginalization defined as follows:

e A combination is a mapping ® :VxV—)V, such that

1. if p is a valuation on X and o is a valuation on Y, then p ® o is a valuation of
XUY,

2. if either p or o is not a nonzero valuation, then p ® ¢ is not a nonzero valuation,

3. if p and o are both nonzero valuation, then p ® o may or may not be a nonzero

valuation.

e A marginalization is a mapping | (X \ {A}) :Vx — Vx\(a}, such that

1. if o are valuations X, then o* X \A4Y is a valuation for (X \ {4}),

2. o' X\AD is a nonzero valuation iff o is a nonzero valuation.
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4.8.2 Inference in a VBS

In a VBS the combination of all valuations is called the joint valuation. Given a VBS the
inference is made by computing the marginal of the joint valuation for each variable in the
system. We first present three axioms that enable local computation of marginals of the joint

valuation [116]:

e Al: Commutativity and associativity of combination

Given three valuations p, o, and 7 relative, respectively, for X, Y, and Z then,
pRo=0c@pand pR(oRXT)=(pR0o)XT).

This axiom implies that the order in which the combination is made is not important.

e A2: Order of deletion does not matter
Suppose o is a valuation for X, and suppose A, B € X, the:

(Ui(X\{A}))i(X\{A,B}) - (ai(X\{B}))i(X\{AvB})_

This axioms implies that the order in which the variables deleted is not important.
However, different deletion sequences may involve different computational efforts. Note
that the task of finding an optimal deletion sequence has been shown as an NP-complete

problem [1]. But, there are several heuristics for finding good deletion sequences [88].

o A3: Distributivity of marginalization over combination
Given two valuations p and o relative, respectively, to X, Y, and Z and a variable
Anot € Y, and A € X then,

HXUY)\{A}) Hx\{a})
(p®o) pR (o ).

This axiom is crucial to make local computations since it implies that we can compute
(p @ o)HEXY) =AY without computing p ® o The combination operation in p ® o is on

XUY)—{A})

the frame for X UY whereas the combination operation in (p® )4 is on the

frame for (X UY) — {A}.

Given a VBS, {{o1,...,0m},®, ]} with n variables and m valuations. Suppose we have to
compute the marginal of the joint valuation for a variable A, (0] ® ... ® 0y, )" {4}, The basic
idea of the fusion algorithm is to successively delete all variables but A from the VBS. The
variables maybe deleted in any sequence (see Axiom AZ2), but different deletion sequences

may involve different computational costs. When we delete a variable, we have to do a fusion
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operation on the valuations.

Let 01, ..., 01 be a set of k valuations, such that o; is a valuation for the subset of variables
X;. Let Fusx{o1,...,01} denote the collection of valuations after fusing the valuations in the

set {o1,...,0%} w.r.t the variable A. Then,
Fusx{o1,...,o0} = {c*¥ D} U fo; | A ¢ X,}, (4.18)

where 0 = ®@{0; | A€ X;} and X = J{X; | 4 € X;}.

Given the sequence of deletion Ay, Ao, ..., Ay,—1, Shenoy shows that
(019 ... ® o) = @{Fusa,  {..Fusa,{Fusa, {o1,.....om}}}}. (4.19)

After fusion, the set of valuations is changed such that all valuations that bear on A are
combined and the resulting valuation is marginalized. The other valuations (that do not bear

on A) remain unchanged.

4.9 Conclusion

In this Chapter we have presented basic definitions related to probabilistic Bayesian networks.
Moreover, we have detailed exact propagation algorithms in these networks. Namely, Pearl’s
propagation algorithm [103, 105] and propagation in junction trees [84]. Pearl’s propagation
is polynomial but only deals with singly connected DAGs while the junction tree algorithm is
NP-complete but deals with any DAG structure.

Chapters 5 presents possibilistic counterparts of Bayesian networks. Then, Chapter 6 gives
the adaptation of the centralized version of Pearl’s propagation and propagation in junction

trees, for product-based and min-based possibilistic networks.
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Chapter 5

Basic Definitions of Possibilistic

Networks

5.1 Introduction

As mentioned in Chapter 1, the possibilistic logic [52] has been well defined contrary to pos-
sibilistic networks. Indeed, only few works exist on directed causal possibilistic networks.
Indeed, existing works on possibilistic graphical models are either a direct adaptation of prob-
abilistic approaches (without any care to knowledge representation) or a way to perform learn-
ing from imprecise data [69, 24]. Regarding the possibilistic propagation, we can mention the
possibilistic propagation in hypergraphs proposed by Dubois and Prade [55], the adaptation
of Pearl’s algorithm by Fonck [63]. Gebhardt, Kruse and Borgelt have proposed a software for
possibilistic propagation in undirected possibilistic networks, called POSSINFER [22, 68, 69].
Shenoy [112] has also proposed a possibilistic version of the propagation algorithm in Valuation
Based Systems using only the product operator. Cano, Delgado and Moral [28] have presented
a propagation system in singly connected graphs encoded by valuations. A generalized version

of this algorithm, to the case of multiply connected DAGs, has been proposed by Fonck [63].

The possibility theory offers two definitions of conditioning (see Section 1.4.3) one based
on the minimum operator and the other based on the product operator. This leads to two
possible definitions of directed causal possibilistic networks:

- product-based possibilistic networks: this kind of networks are very close to the probabilistic
ones, as it will be explained later.
- min-based possibilistic networks: such networks have a different behaviour when comparing

them to probabilistic ones. One major difference concerns the so called coherence problem

99
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which is the non-recovering of initial data. We show that this problem should not be seen as

a drawback especially on independence relations.

This Chapter presents these two kinds of networks. Section 5.2 defines directed causal
possibilistic networks. Section 5.3 investigates product-based possibilistic networks and Sec-
tion 7.2 deals with min-based possibilistic networks and treats, in particular, the coherence
problem.

Proofs of this Chapter are given in Appendix C.

Results on coherence in min-based possibilistic networks are published in [9].

5.2 Definition of directed causal possibilistic networks

As in probabilistic Bayesian networks, a directed causal possibilistic network over a set of
variables V is characterized by:

- A graphical component composed of a Directed Acyclic Graph (DAG) G. The DAG structure
encodes a set of independence relations exactly as in the probabilistic case. The choice of
independence relation depends on the way used in combining local conditional possibilities.

- A numerical component consisting in a quantification of different links in the DAG using
the conditional possibilities of each node in the context of its parents. Such conditional

distributions should respect the following normalization constraints for each variable A:
o if Uy =0 (i.e. Aisaroot), then the a priori possibility relative to A should satisfy:

maxgll(a) = 1,Va € Dy,

o if Uy # (), then the conditional distribution of A in the context of its parents should
satisfy:
mazgll(a | ua) =1,Ya € Da,ua € Dy,.

If A is a binary variable, then max(Il(a | ua),I(—a | ug)) = 1.

5.3 Product-based possibilistic networks

A product-based possibilistic graph over a set of variables V', denoted by IIG), is a possibilistic
graph where conditionals are defined using product-based conditioning (1.18), namely,
LICIRR TN
w(wlp ) = { My 1€

0 otherwise.
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Product-based possibilistic networks are appropriate for a numerical interpretation of the

possibilistic scale.

The joint distribution relative to product-based possibilistic networks, denoted be 7, can
be computed in the same manner that in Bayesian networks via the following product-based

chain rule:

Definition 5.1 (Product-based chain rule) Given a product-based possibilistic network
I1G,, the global joint possibility distribution over the variable set V= {A1, Ag, ..., AN} can be
expressed as the product of the N initial a priori and conditional possibilities via the following
product-based chain rule:
(A1, ..., Ay) = H II(A; | Ua,), (5.1)
i=1..N
where [] 4s the product operator.

The product-based chain rule is obtained from the (product) independence relations in-

duced by the DAG structure and local product-based conditional degrees.

Indeed, we recall that the Prod-independence relation, introduced in Section 3.3.1, is de-
fined by II(z | y A z2) = II(z | 2),Vx,y,z to express that the variable sets X and Y are
Prod-independent in the context Z. We also recall that in the DAG "each node is indepen-

dent of its non-descendants in the context of its parents".

Therefore, the product-based chain rule can be explained in the following way:
Let d = (Aj, ..., Ax) be an ordering of the variables in V such that VA;, Ua, C {Aiy1,..., AN}
Then, using product-based conditioning we have:
(A1, ..., An) =11(A1 | Ag, ..., An) - TI(Ag, ..., AN)
=1I(A;1 | Ua,) - II(Ag, ..., An) (since A; is independent of its non-descendants in the context
of its parent set Uy, )

Iterating the same operation on the rest of variables leads to (5.1).

Example 5.1 Let us consider the product-based possibilistic causal network presented by the
DAG of Figure 5.1 and the a priori and conditional possibility distributions given in Table 5.1.
Using the chain rule (5.1), we obtain the joint possibility distribution given in Table 5.2.

The chain rule relative to any causal network should satisfy some important properties,
especially concerning the recovering of initial data and of independence relations encoded by
the DAG structure. In what follows, we study these two properties regarding the product-

based independence relation.
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Figure 5.1: DAG of example 5.1

Table 5.1: Initial distributions

b D) || ¢ )| a b ¢ Ha|bAc)|a b ¢ a|bAe)| d a II(d]|a)
b1 1 C1 1 aq bl C1 1 a9 b1 C1 0.2 d1 aq 1
b2 0.3 C9 0.7 aj bl C9 0.6 a b1 Co 1 d1 a 0.2
aq b2 C1 1 a9 b2 C1 0.1 d2 aq 0
a; by o 0.2 as by ¢ 1 dy ao 1

5.3.1 Recovering initial data

The following proposition shows that, like the probabilistic case, the product-based chain rule
allows the recovering of initial local distributions. In other terms, when we compute the joint

possibility distribution using (5.1) we always recover the initial values provided by experts.

Proposition 5.1 Let m, be the global joint possibility distribution of 11G), computed using
(5.1). Let II(a | ua) be the conditional distribution given by the expert on the node A and

II,(a | ua) be the conditional possibility computed from m,. Then,
y(a|ua) =1(a | ua). (5.2)
The proof of this Proposition uses the following technical Lemma [16]:

Lemma 5.1 Let X be a strict subset of V and x be a fized instantiation of X. Let Z =V/X.
Then,

ma:L'Z{H{H(a |ua):a € z,us CzAz}} =1 (5.3)

This Lemma means that the marginalization always provides normalized distributions.
In particular, if we consider that the set X is empty (i.e. Z = V) then, the global joint

distribution is normalized.

Table 5.2: Global joint distribution using product-based chain rule (5.1)

a b ¢ d maNbAcANd)| a b ¢ d mpaAbAcAd)
a1 by ¢ dy 1 as b1 ¢ db 0.04

aj b1 C1 dQ 0 a9 bl C1 d2 0.2

aj b1 Co d1 042 as bl C9 d1 0.14

aj b1 Co dg 0 a b1 C9 d2 0.7

al b2 C1 d1 0.8 a9 bQ C1 Cl1 0.006

al b2 C1 dg 0 a b2 C1 dg 0.03

al bz (&) d1 0. 042 a9 b2 (&) d1 0. 042

aj b2 Co dQ 0 a bQ C9 d2 0.21
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Example 5.2 Let us consider the joint distribution m, calculated in Example 5.1. We first
illustrate Lemma 5.1. Let X = {A,B,C},x = a1 Aba A ca, and Z = {D}, then we can check
that max(Il(dy | a1),(d2 | a1)) = maz(1,0.2) = 1.

Using mp, we can also check that I1,(a1 | by Aca) = (aq | by Acg) = 0.6, since Il(aq | by Acg) =

Hp(a1Abincz) _ 042 _ () g
,(biAcy)  — 07 — U0

5.3.2 Recovering independence relations

As shown in the previous Chapter, the DAG structure encodes many independence relations
via the d-separation relations, thus we should check that these relations can be recovered
from the joint distribution computed using (5.1). This property is important especially when

developing the propagation algorithms, as we will see in Chapter 6.

In other terms, we should check that for any three disjoint subsets of V', X, Y and Z, if X
and Y are d-separated by Z, then X and Y are Prod-independent in the context Z (since we

use the product independence as independence relation relative to IIG)).

As mentioned in Chapter 4, Pearl [103] states that to satisfy this condition the indepen-
dence relation should be a semi-graphoid (i.e. satisfies symmetry, decomposition, weak union
and contraction). Moreover, in the joint distribution computed via the chain rule, each variable

A € V should be conditionally independent of its non-descendants (Z4) given its parents (Uga ).

These two conditions are satisfied by the Prod-independence relation. Indeed, as mentioned

in Chapter 3, this relation is a semi-graphoid [63], moreover it satisfies the following proposition

Proposition 5.2 Let I1G, be a product-based possibilistic network. Let m, be the joint possi-
bility distribution computed using 5.1. Then, each variable A € V| is Prod-independent of the
variables in Z 4 given its parent set Uy i.e. Ya € Dy,Yua € Dy, ,Vza € Dz, :

My(a|za ANua) =Iy(a | ua). (5.4)

The proof of this proposition is similar to the one relative to the probabilistic independence

relation [103] since the Prod-independence is expressed in the same manner than this relation.

Example 5.3 Let us consider the node D in the 11G,, given in Example 5.1. We can check,
for instance, that D is Prod-independent of Zp = {A, B,C} in the context of Up = {A}.
Indeed, Va,b,c,d,I1,(d | a NbAc) =11,(d | a) as shown in Tables 5.3 and 5.4 derived from
Table 5.2.
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Table 5.3: Conditional distribution of D in the context of A, B and C

a b ¢ d I(d|anbAc)| a b ¢ d Iy(d|laNbAc)
al b1 C1 d1 1 a b1 C1 d1 0
aiq b1 C1 d2 0.2 a9 b1 C1 dg 1
al bl C2 dl 1 a b1 C9 dl 0
aq bl C2 d2 0.2 a9 b1 (&) d2 1
al b2 C1 dl 1 as bQ (&) dl 0
ai b2 C1 d2 0.2 a9 bQ C1 d2 1
air by ¢ dy 1 as by co di 0
ai b2 C2 dg 0.2 a9 bQ Co d2 1

Table 5.4: Conditional distribution of D in the context of A
d a II,(d]|a)

d1 al 1
dl a9 0
d2 al 0.2
dg a9 1

Thus, using Proposition 5.2 and Corollary 4.1, we can give the following fundamental

proposition:

Proposition 5.3 Let IIG), be a product-based possibilistic network. Let m, be the joint dis-
tribution relative to 11G,. Let X, Y and Z be three disjoint subsets of V. If X and Y are
d-separated by Z in G, then X and Y are Prod-independent in the context of Z in m,. More
formally:

< X|Z|Y >¢g= Iproa(X, Z,Y). (5.5)

In other terms, any independence relation implied by the DAG structure of a product-
based possibilistic networks IIG),, can be recovered from the joint distribution relative to I1G,,

computed via the product-based chain rule (5.1).

5.4 Min-based possibilistic networks

A min-based possibilistic graph over a set of variables V', denoted by IIG,,, is a possibilistic

graph where conditionals are defined using min-based conditioning (1.17), namely,

1 if 1(w)=T1(¢) and w € ¢
T(Wlm @) =9 mw) if m(w) <I(¢) and w € ¢

0 otherwise.
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min-based possibilistic networks are appropriate for an ordinal interpretation of the pos-

sibilistic scale.

The joint distribution relative to min-based possibilistic networks, denoted by 7, can be

computed via the following min-based chain rule:

Definition 5.2 (min-based chain rule) Given a min-based possibilistic network I1G,,, the
global joint possibility distribution over the variable set V.= {A;, Aa, ..., AN} can be expressed
as the minimum of the N initial a priori and conditional possibilities via the following min-

based chain rule:

Tm (AL, .., AN) = zian}VH(AZ | Ua,). (5.6)

The min-based chain rule is derived from the (minimum) independence relations induced

by the DAG structure and local min-based conditional degrees.

Indeed, as shown in Chapter 3, several definitions of independence are based on the mini-
mum operator. In what follows we use the non-interactivity independence relation (introduced
in Section 3.3.2) in different algorithms related to the min-based possibilistic graphs. Recall
that the non-interactivity is defined by:

Mz Ay |z)=min(Il(z | 2),(y | 2)),V,y, z,

to express that the variable sets X and Y are NI-independent in the context Z.
We also recall that in the DAG "each node is independent of its non-descendants in the context

of its parents".

Therefore, the min-based chain rule can be explained in the following way:
Let d = (Ai, ..., An) be an ordering of the variables in V' such that VA;, Ua, C {Aiy1,..., AN}
Let Rq, =V — Uy,. Then, we have by definition:
Tm (A1, ..., An) = min(II(A1, Ra, | Ua,),11(U4,))
= min(min(II(Ay | Ua,),II(Ra, | Ua,)),I1(Uy,)) (since A; is a leaf (i.e. R4, = Z4,) and A;
is independent of its non-descendants (i.e. Z4,) in the context of its parent set Uy, )
=min(II(A; | Ua,),II(RA, | Ua,),I1(U4,))
=min(II(A; | Uay ), min(II(Ra, | Ua,),I1(Uy,)))
= min(II(A; | Ua,),I1(A2, ..., An)) (by definition)
Iterating the same operation on the rest of variables leads to (5.6). Note that this construction

is not similar to the product-based one.
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Example 5.4 Let I1G,, be a min-based possibilistic network defined by three variables A, B
and C' (see Figure 5.2) and the a priori and conditional possibility distributions given in Table

and 5.5. Using the min-based chain rule (5.6) we obtain the joint possibility distribution given
i Table 5.6.

Figure 5.2: Example of a singly connected DAG

Table 5.5: Initial distributions

a I(a)|| b TIB)|| a b ¢ Tc|lanb)| a b ¢ Hlc|aAb)
al 1 b1 0.8 al bl C1 0.4 a9 bl C1 0.1
as 0.2 | by 1 ar by ¢ 1 as by co 1

ai bg C1 0.8 a9 bQ C1 1

a1 by o 1 as by co 0.1

Table 5.6: Global joint distribution using min-based chain rule (5.6)

a b ¢ mulaANbAce)| a b ¢ mplaNbAc)
a1 b1 0.3 as b1 ¢ 0.1
al b1 Co 0.8 a9 bl C2 0.2
ay bg C1 0.3 as bQ C1 0.2
al bg C9 1 a b2 C9 0.1

The min-based chain rule does not share the same properties than the product-based one.
Indeed, it may happen that the joint distribution associated with the network do not recover
the initial data. Nevertheless, we show that unrecovered data correspond to redundant data

that can be ignored and that they have no influence on independence relations.

5.4.1 Recovering initial data

A min-based possibilistic network I1G,, is said to be coherent if the application of the chain
rule (5.6) allows the recovering of the initial data provided by the expert i.e. IL,(a | ua) =

II(a | ua) where II,(a | wa) is the conditional possibility degree computed from m,, and

II(a | uyg) is the initial degree.

As pointed out by Fonck [62] such equality does not always hold as shown by the following

counter-example:
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Counter-example 5.1 Let us reconsider the min-based possibilistic network given in Example
5.4. From Table 5.6, we can check that

y(er | ar Ab) =1 #T(er | a1 Abr) = 0.4 since I, (a1 A by A cr) = Iy(ar Aby) = 0.3.
This is due to the fact that the initial values provided by the expert are not coherent with the
azxioms of possibility distributions. Indeed, using (1.17) we always have if (p | q) # 1 then
II(p | q) =(pAq) < I(q). However, in our example II(c; | a3 Aby) = 0.4 > II(ay Aby) = 0.3.

The following proposition goes one step further and compares the exact value of I, (a | u4)
with respect to the initial local distribution i.e. II(a | u4). It generalizes the result given in

[16] to the case of non binary variables.

Proposition 5.4 Let m,, be the global joint possibility distribution of 11G,, computed using
(5.6). Let II(a | ua) be the conditional distribution given by the expert on the node A and
I, (a | uag) be the conditional possibility computed from m,,. Then,

either I, (a | ug) =(a | ug) or Wy (a | ua) = 1.

Moreover if I, (a | ug) =1 # (a | wa), then I(a | ua) > Iy (ua).

The proof of this proposition needs the following technical Lemma [16] (similar to Lemma
5.1).

Lemma 5.2 Let X be a strict subset of V' and x be a fized instantiation of X. Let Z =V —X.
Then,

mazx {min{ll(a | ua) :a € z,us CzAzx}} =1 (5.7)

Proposition 5.4 means that the computed joint distribution either preserves the initial
values or push them up to 1. For instance, in Example 5.4, II,,(c1 | a1 A by) is equal to 1

instead of the original value II(c; | a3 A by) = 0.4.

However, this should not be viewed as a drawback. Indeed, this simply means that the
experts give useless data which are aggregated by the min-based chain rule with more specific
(precise) ones. The following proposition shows that the initial unrecovered data can be

ignored without any effect on the global joint distribution.

Proposition 5.5 Let A € V be a variable in G, s.t. I,(a | ua) # (a | ua). Let ), be
a new joint distribution obtained from I1G,, by only substituting the value Il(a | uq) by the
degree 1. Then,

~

= Tp. (5.8)
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The idea of the proof of this proposition is to show that for any variable A; with an initial
incoherent local distribution (i.e. II(a; | ua;) < 1 and Tl(a; | ua;) > y(ua;)), the joint
distribution is equal to the minimum between all initial local distributions except the one
relative to A; (i.e. mp(v) = ming—1 N, (a; | ua,)). Indeed, when considering an ordering
d = (Ay,...,An) of the variables in V such that VA;,Ua, C {Ai41,..., An}, we prove that the
initial incoherent local distribution relative to A; is greater than the minimum between all

initial local distributions relative to Ajy1,.., Ay (i.e. (a; | ua;) > min—; 1.y I(a; | ua,))

Example 5.5 Let us continue Example 5.1. If we compute the possibility distributions relative
to A, B and C by marginalization of the joint distribution given by Table 5.6, we can check that
we recover all the initial values except II(cq | a1 Abe) since I, (c1 | a1 Ab2) is equal to 1 instead

of 0.4. However, we can recover the original possibility distribution using 11, (A),IL,(B) and

I1,,(C | A, B) (see Table 5.7).

Table 5.7: New joint distribution
a b ¢ Iyla) pb) Iy(c]land) x,(aANbAc)

al bl C1 1 0.8 1 0.3
aj bl Co 1 0.3 1 0.3
al bg C1 1 1 0.3 0.3
a1 by co 1 1 1 1

as bl C1 0.2 0.8 0.1 0.1
as b1 Co 0.2 0.3 1 0.2
as bg C1 0.2 1 1 0.2
a9 bg (&) 0.2 1 0.1 0.1

This behavior also exists in possibilistic logic [16], namely a possibility distribution asso-
ciated with a possibilistic base do not guarantee to recover the exact value of the knowledge
base. for instance, it is enough to consider a knowledge base ¥ = {(a, 0.8), (aVVb, 0.4)}. Then,
ms(aAb) = mn(aA—b) = 1, (—aAb) = 0.2, 15 (—aA—=b) = 0.2. Thus N(aVb) =1-0.2 =0.8.
This is due to the fact that (a Vb, 0.4) is strictly subsumed by (a, 0.8).

5.4.2 Recovering independence relations

We now show that the NI-independence relation (used as independence relation relative to
I1G,,) recovers the whole independence relations implied by the DAG structure, exactly as in
Bayesian networks and that the initial unrecovered data have no effect on this independence

property.
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As mentioned in Chapter 4, to satisfy this condition the independence relation should be
a semi-graphoid. Moreover, in the joint distribution computed via the chain rule, each vari-
able A € V should be conditionally independent of its non-descendants (Z4) given its parents
(Ua). These two conditions are satisfied by the NI-independence. Indeed, as mentioned in

Chapter 3, this relation is a semi-graphoid [62].

Moreover, In [16] it has been shown that in a IIG,, composed of binary variables, each
variable is NI-independent of each of its non-descendants (Z4) given its parents, in the joint
distribution induced from initial conditional distributions. The following Proposition gener-
alizes this result to the case of non binary variables and to the whole set of non-descendants

instead of only one variable pertaining to it.

Proposition 5.6 Let I1G,, be a min-based possibilistic network. Let ., be the joint possibility
distribution computed using 5.6. Then, each variable A € V, is NI-independent of the variables
n Za given its parent set Uy i.e. Ya € Dy,Vug € Dy, ,V2z4 € Dy, -

y(aANug | za) = min(Iy,(a | uag), My (ua | z4)). (5.9)

Example 5.6 Let 11G,, be a min-based possibilistic network defined by the DAG of Figure
5.1 and the initial possibility distributions given in Ezample 5.1. We can for instance check
that D is Nl-independent of Zp = {A, B,C} in the context of Up = {A}. Indeed,

Va,b,c,d, I, (a NbA e Ad) =min(Il,(a Ad), I, (a ANbAc)) as shown in Tables 5.8 and 5.9.

Table 5.8: Joint distribution using min-based chain rule

a b ¢ d mpaANbAend)| a b ¢ d mplaAbAcAd)
aq b1 C1 d1 1 a b1 C1 d1 0.2
al b1 c1 dg 0 a9 b1 C1 dg 0.2
ai bl C9 Cll 0.6 as b1 C9 dl 0.2
al b1 C9 dg 0 a9 b1 (&) d2 0.7
ar by ¢ di 0.3 as by ¢ di 0.1
al bg C1 d2 0 a9 bQ C1 dg 0.1
air by co di 0.2 as by co dy 0.2
al bg C9 dg 0 a9 bQ Co dg 0.8

Thus, using Proposition 5.6 and Corollary 4.1, we can give the following fundamental

proposition:

Proposition 5.7 Let 1IG,, be a min-based possibilistic network. Let m,, be the joint distri-
bution relative to l1G,,. Let X, Y and Z be three disjoint subsets of V.. If X and Y are
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Table 5.9: Local joint distributions

a b ¢ munl@nbAce)| a b ¢ mplaAbAC) || a d mm(and)
ai b1 C1 1 a9 b1 C1 0.2 aj d1 1

al bl C2 0.6 a9 b1 C2 0.7 al d2 0

aj b2 C1 0.3 a9 bg C1 0.1 a d1 0.2

al bg C2 0.2 as b2 C2 0.8 a9 d2 0.7

d-separated by Z in G, then X and Y are Nl-independent in the context of Z in mp. More
formally:

< X|Z|Y >g= INi(X,2,Y). (5.10)

In other terms, any independence relation implied by the DAG structure of a min-based
possibilistic networks I1G,,, can be recovered from the joint distribution relative to I1G,, com-

puted via the min-based chain rule (5.6).

It is clear that there is no need to have a coherent network to satisfy this Proposition
since the initial unrecovered data have no effect on the value of the joint distribution due to

Propositions 5.4 and 5.5.

However, we have to mention that this Proposition is not available if MS-independence! is
used instead of NI-independence, then we can check that the independence relations implied
by the DAG structure are not always recovered, using the min-based chain rule, as shown by

the following counter-example:

Counter-example 5.2 Let us consider the min-based possibilistic network given in Example
5.6. We can, for instance, check that the independence relation < D|\Up|Zp >g is not recov-
ered. Indeed, D is not MS-independent of Zp = {A, B,C} in the context of Up = {A} since
from the joint distribution given in Table 5.8 we can check that T, (dy | ag ANba Aey) =1 #
I, (dy | a2) = 0.2.

'we recall that Inrs, presented in Section 3.3.1, is defined by I(z | y Az) = (2 | 2) and H(y | A 2) =
II(y | 2),Vx,y, z to express that the variable sets X and Y are MS-independent in the context Z.
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5.5 Conclusion

In this Chapter, we have presented possibilistic counterparts of Bayesian networks. Namely,
product-based possibilistic networks and min-based possibilistic networks. We have shown
that when we use the product form of conditioning we get possibilistic networks very close to
the probabilistic ones.

Besides, networks based on Spohn’s ordinal conditional functions [35, 72] and those based
on the theory of evidence (in the case of nested focal elements) encode product-based possi-
bilistic networks since they use the same conditioning (as noted in Chapter 1). In addition,
Shenoy has treated the case of possibilistic VBS using only the product operator [112].

This means that most of existing works which encodes possibilistic networks use the prod-
uct operator and hence share same theoretical and practical results than probabilistic networks.

This is not the case with min-based networks which differ from product-based networks
since they do not satisfy the coherence property. Indeed, it may happen that the joint distri-
bution associated with the possibilistic network do not recover the initial data provided by the
experts. Nevertheless, we have shown that unrecovered data correspond to redundant data
which can be ignored and that they have no influence on independence relations.

Chapter 6, proposes an adaptation of probabilistic propagation algorithms to min-based
and product-based networks and shows that unrecovered data have no influence on the prop-
agation process too.

The last part of this thesis exploits specific properties of the minimum operator and pro-

poses a new propagation algorithm for min-based networks.
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Chapter 6

Possibilistic Adaptation of
Probabilistic Propagation Algorithms

6.1 Introduction

The most common task we wish to solve using possibilistic networks is possibilistic inference
or propagation which corresponds to determine how the realization of specific values of some
variables affects the remaining variables. Adaptations of well known probabilistic propagation
algorithms have been proposed in [23, 63, 69|. For instance, Fonck has proposed an adaptation
of the original version of Pearl’s algorithm [63]. In this Chapter, we adapt the centralized ver-
sion of this algorithm (proposed by Poet and Shachter [105]) to possibilistic networks. Then

we study the possibilistic propagation in the more general case of junction trees.

This Chapter is composed of two main sections. Section 6.2 presents propagation in
product-based possibilistic networks. Section 6.3 studies propagation in min-based possibilistic
networks. Moreover, it shows that in such networks the initial unrecovered data have no effect
on the propagation process.

Proofs of this Chapter are given in Appendix D.

6.2 Propagation in product-based possibilistic networks

6.2.1 Product-based propagation in polytrees

We now propose a product-based possibilistic adaptation of probabilistic propagation algo-
rithm in polytrees presented in Section 4.6. This algorithm is based on local communication

via two kinds of messages, called A-messages and p-messages circulating, respectively, from

113
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children to parents and from parents to children. This massage passing is performed in a

similar way than in Pearl’s algorithm [87, 103].
In the following, we use exactly the same notations than in Chapter 4 (see Section 4.6).

We now give expressions of different messages (Bel(A), A(A), u(A), Ay;(A) and pa(U;)).

e Ya € D4, the current conditional possibility measure of a based on the total evidence e
is defined by:
Bel(a) =TL,(a | ¢) = a - Aa) - u(a), (6.1)

1

where oo = ama Bel(a)

e The X value Va € D4 is defined by:

Aa) =TL(a | e3) = Aa(a) - [[ Ay, (a), (6.2)
j=1

where \4(a) denotes local evidence related to the node A such that:

0 ifeq # a (A is instanciated to (eq # a)
Aa(a) =< 1  otherwise (A is instanciated to a (e4 = a)
or A is not instanciated).

e The p value Va € D4 is defined by:

n

pla) = Ty(a | ) = maxT(a | w) - T] palu). (6.3)
=1

e The X\ message from A to its parent U;, (i € {1,..n}) when U; = u; is defined by:
Aa(ui) = p(ey, 4 | ui) = Bm(?X/\(a)[uI:}g;(.H(a | w) - 1T peaCur)), (6.4)
ki ook

where § is a normalization constant.

If the graph is a rooted tree (each node has a unique parent), then this message is
simplifies to:
A(u;) = fmax A(a) - II(a | u).
a

e The 4 message from A to its child Y}, (j € {1,..m}) when A = a is defined by:

py(a) =Iy(a | ehy) =a- @) I wila) - ula). (6.5)
i=1..m,ij
Note that these formulas are similar to those corresponding to Bayesian networks presented

in Section 4.6 but use the maximum operator instead of the addition.
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Propagation algorithm

The first step is to select an arbitrary node within the smallest connected set of nodes contain-
ing all of the modified nodes (denoted by S), to be the pivot node. Then, a message passing

starts via two phases:

o A collect-evidence phase, in which each node in § passes a message to its adjacent nodes
in the pivot direction (each node has only one adjacent node in the pivot direction),

beginning with the node farthest from the pivot in S.

o A distribute-evidence phase, in which each node in the graph passes messages to its
adjacent nodes away from the pivot direction, beginning with the pivot itself until the

leaves in the DAG are reached.

The outline of this algorithm is as follows:

Algorithm 6.1: Product-based propagation in polytrees

begin
Choosing the root of propagation
- Let S be the smallest connected set which contains the observed nodes;
- Let Pivot be an arbitrary node within S representing the root of propagation;
- Let Postorder be the vector containing the order in which messages are sent in the distribute-
evidence phase (the last node is the pivot);
- Let Preorder be the vector containing the order in which messages are sent in the collect-
evidence phase (the first node is the pivot);
Initialization
- Set all A and p values and messages to 1;
- For each root A, u(a) < I(a),Va € Dy;
- For each observed node A, set Aa(a) to 1 if A is instanciated to a and to 0 otherwise;
Collect-evidence
for i < 1 to length(Postorder)-1 do
A « Postorderli];
B «+ adjacent node of A in Postorder);
Compute A(A) using (6.2), Compute p(A) using (6.3);
if B is a parent of A then post a A message from A to B using (6.4) else post a y message
from A to B using (6.5)

Distribute-evidence

for i < 1 to length(Preorder) do

A < Preorderli;

Below < adjacent node of A in Preorder;

Compute A(A) using (6.2), Compute p(A) using (6.3)

for j + 1 to length(Below) do
B «+ Belowlj];
if B is a parent of A then post a A message from A to B using (6.4) else post a u
message from A to B using (6.5)

Marginalization
For each node A, compute Bel(A) =1I,(a | €) using (6.1);

end
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This algorithm is developed with the same complexity as the probabilistic one i.e. O(s*N)
where s is the size of the largest conditional possibility table and N the number of variables.
Indeed, this adaptation is also based on a two message passing and ensures that in each
direction only one message need to be sent on any arc, thus it converges in two iterations (one
for the collect and the other for the distribution) and the number of messages is less than

twice the number of nodes.

6.2.2 Product-based propagation in multiply connected DAGs

The principle of this propagation method is similar to the probabilistic propagation in junction
trees presented in Chapter 4. Indeed, it is based on the transformation of the initial DAG into

a junction tree which will be used during the propagation process.

The proposed adaptation has the same complexity than the probabilistic case and remains
NP-complete since the transformation step of the initial DAG into a junction tree remains the

Same.

Junction trees (denoted by JT) are defined and constructed in the same manner than in
the probabilistic case (see Section 4.7) since this procedure is completely independent of the

numerical values.

For each cluster C; (resp. separator S;;) of JT we assign a local joint distribution, called

potential and denoted by 7¢, (resp. 7g;;).

From J7T, we can associate a unique global joint possibility distribution denoted by, 777
defined by:

Definition 6.1 The joint distribution associated with JT is expressed by:

m
L T

7 yr(Ar, . Ay) = AB=LTC (6.6)
j:l 77515

where m is the number of clusters in JT .
We now give some definitions regarding to junction trees:

Definition 6.2 Let C; and C; be two adjacent clusters in a junction tree JT and let S;; be

their separator. Then, the link between C; and Cj is said to be stable or consistent if:

max m¢, = 7§, = max mc., (6.7)
Ci\Si; ! Ci\Sij ’
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where maxc,\s,; Tc; 18 the marginal distribution of Si; defined from mc,.

If oll links in a junction tree are consistent, then the junction tree is said to be globally

consistent.

The following proposition shows that when a junction tree is globally consistent, then the
potential of each cluster corresponds to its local joint distribution computed from the initial

network.

Proposition 6.1 If g junction tree is globally consistent, then the potential of each cluster C;
satisfies:

7o, = IL,(C)). (6.8)

Using this proposition, we can compute the possibility distribution of any variable A € V
in a globally consistent junction tree, using any cluster C; containing A by marginalizing its
potential on A as follows:

I1,(4) = max .. (6.9)

In the following, we denote by 7th1, the potential of the cluster C; at a step t of the
propagation. t = I (resp. t = C) corresponds to the initialization (resp. global consistency)

step.

Possibilistic propagation

Once the transformation of the DAG into a junction tree is performed, the propagation pro-
cess starts and it will be possible to compute for any variable A € V, the possibility degree
II,(A). The more general problem of computing II,,(A | e), where e is the total evidence, is
addressed is addressed later. We now present the principle steps of possibility propagation in

junction trees with no evidence.

Step 1: Initialization. The first step in the propagation is to initialize the junction tree.

In this phase we quantify the junction tree using initial possibility distributions as follows:

Algorithm 6.2: Initialization
begin
For each cluster C; : Wé«i — 1;
For each separator S;; : Wéij — 1
For each variable A choose a cluster C; containing {A} U Ugy:
ﬂéi — ﬂéi (A | Ug);

end
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The following proposition, shows that the initialized junction tree encodes the same dis-

tribution than the initial network.

Proposition 6.2 Let I1G), be a product-based possibilistic network. Let JT be the junction
tree corresponding to I1G,, generated by the above initialization procedure. Let m, be the joint
distribution encoded by IIG, (using (5.1)) and 7% be the joint distribution encoded by JT
(using (6.6)). Then,

Tp = To7 (6.10)

The initialized junction tree can be inconsistent since this initial assignment does not guar-
antee the global consistency requirement of Equation (6.7). Thus, we should run the second

step of global propagation which ensures global consistency.

Step 2: Global propagation. Once the junction tree is initialized, the global propagation
is performed in order to make it globally consistent. The global propagation is performed via
a message passing mechanism between each cluster C; and its adjacent cluster C; divided into

two phases starting from an arbitrary cluster as a pivot node:

o A collect-evidence phase in which each cluster passes a message to its adjacent cluster
in the pivot direction, beginning with the clusters farthest from the pivot. In this phase
messages are starting from the leaves. The order in which messages are sent is denoted

by the postorder of the pivot.

o A distribute-evidence phase in which each cluster passes messages to its adjacent clusters
away from the pivot direction, beginning with the pivot itself. In this phase messages
circulate from the pivot until the leaves are reached. The order in which messages are

sent is denoted by the preorder of the pivot.

In both phases if a cluster C; sends a message to its adjacent cluster C;, then the potentials

of C;, C; and their separator .S;; are updated as follows:

1. Save the same potential for C;

o T (6.11)
2. Assign a new potential to .S;;
t+1
Mo~ 4= max m 6.12
SU Ci\Sz] Cz ( )
3. Assign a new potential to Cj:
t+1
41 ¢ Sij
TH T . 6.13
Cj C] ﬂ_g ( )
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The outline of the global propagation procedure is as follows:

Algorithm 6.3: Global propagation

begin
Choosing the root of propagation
- Let Pivot be an arbitrary cluster C; to represent the root of propagation;
- Let Postorder be the vector containing the order in which messages are sent in the
distribute-evidence phase (the last node is the pivot);
- Let Preorder be the vector containing the order in which messages are sent in the
collect-evidence phase (the first node is the pivot);
Collect-evidence
for i < 1 to length(Postorder)-1 do
C; < Postorderli[;
C; «+ adjacent cluster of C; in Postorder;
| Post a message from C; to C; using (4.13), (4.14) and (4.15);

Distribute-evidence
for i < 1 to length(Preorder) do
C; < Preorderlil;
Below <« adjacent clusters of C; in Preorder;
for j < 1 to length(Below) do
C; < Belowlj|;
L Post a message from C; to C; using (4.13), (4.14) and (4.15);

end

The following proposition shows that at each level of the global propagation procedure,

the junction tree encodes the same joint distribution:

Proposition 6.3 Let 71'577- be the joint distribution relative to a junction tree JT at level t.
Let 71'?71- be the resulted joint distribution after the modification of a cluster C; using the above
procedure. Then,

= 7rf7+71- (6.14)

From Propositions 6.2 and 6.3 we deduce that from the initialization to the global consis-

tency level, the junction tree encodes the same joint distribution.

Proposition 6.4 Let m, be the joint distribution encoded by I1G, (using (5.1)). Let 75
be the joint distribution encoded by JT after the global propagation procedure (using (6.6)).
Then,

Tp = 157 (6.15)

The following proposition shows that the collect and distribute phases are enough to make

the junction tree globally consistent.
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Proposition 6.5 The global consistency is reached after the collect and distribute phases.

Step 3: Marginalization. Using the consistent junction tree obtained from the previous
phase, we can now compute for each variable of interest A, the possibility measure II,(A) as

follows:
Algorithm 6.4: Marginalization

begin
Identify a cluster C; containing A;
Compute II,(A) by marginalization of ﬂgi on A: II,(A) + maxc,\ 4 ng;

end

Handling the evidence

We now show how to generalize the above propagation algorithm in order to compute for any
variable A € V, II,(A A e) where e is the total evidence. This evidence will be encoded by
using a likelihood A defined by:

1 if A is not instanciated
Aa(a) =4 1 if A is instanciated for a (6.16)

0 if A is instanciated but not for a.

To handle the evidence e, we should extend the propagation procedure by transforming the
initialization step so that to incorporate any certain information. Indeed, we should encode
the evidence e as a likelihood (using (6.16)), then, we incorporate it into the junction tree by
adding these two steps to the initialization procedure:

- For any instanciated variable A, encode the observation A = a as a likelihood A4 using
(6.16).

- Identify a cluster C; containing A: ﬂéi — Wéi -Ag.

By entering the observation set, the junction tree encodes II(V A e) instead of II(V'), and
all subsequent probabilities derived from it are probabilities of events that are conjoined with

evidence e.

Through global propagation and under the assumption that we have an evidence e, the
potential of cluster C; encodes II,(C; A e). Then, when we marginalize any cluster potential
ﬂgi into a variable A (s.t A C C;) using (6.9), we obtain the possibility measure of A and e:

I,(ANe) = 1512\11}4(71'8; (6.17)
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However, our goal is to compute II,(A | e), this value can be easily obtained from II,(AAe)

by applying the definition of product-based conditioning as follows:

I,(Ane)  TI(AANe)
My(e)  maxaIl,(AAe)

II,(Ale) = (6.18)

6.3 Propagation in min-based possibilistic networks

In this Section, we first present an adaptation of the centralized version of Pearl’s propagation
algorithm. We show that the initial unrecovered data have no effect on the propagation pro-

cess. Then, we present an adaptation of the probabilistic junction tree propagation algorithm.

6.3.1 Min-based propagation in polytrees

We now propose a min-based possibilistic possibilistic adaptation of probabilistic propagation
algorithm in polytrees presented in Section 4.6. This adaptation is slightly different from the
one proposed for product-based networks. More precisely, it needs one additional step which

concerns the transformation of initial conditional distributions into local joint ones.

From graphs with conditionals to graphs with local distributions

The use of the conditional distributions is not appropriate when we want to derive the ex-
pression of the updating messages. Then, an alternative way is to use joint distributions of
each variable in the context of its parents. This is possible since the NI-independence can be
expressed in a conditional or joint form (see (3.14) and (3.15)). Thus, the question is how to

proceed in order to transform the original conditional possibilities into joint ones 7

The global joint distribution computed via the min-based chain rule (5.6) depends only on
the values which are less than the degree 1 (since we use the min operator). Moreover, (1.17)
implies that for each variable A;,Va; € Dy,,Vua, € DUAZ. :

M(ai ANua,)  if (a; | ua,) < (ua,)

(a; | ua,) = )
1 otherwise.

Then, in the transformation process we can only consider the conditionals which are less
than 1 and ignore the rest i.e. the conditionals equal to 1 by maintaining their initial values.
Namely, we preserve the initial conditional values by considering them as joint local distri-
butions. Once the transformation is performed, one can compute the global joint possibility
distribution over the variable set V' based on the local joint distributions derived from the

initial conditional ones using the following chain rule which is equivalent to (5.6):
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N
ﬂ'm(Al,..,AN) :Igil{lH(AlAUAl) (619)

Corollary 6.1 The joint distribution obtained from initial a priori and conditional distribu-

tions using (5.6) is equivalent to the one obtained from derived local joint distributions using

(6.19).

The proof of this corollary is immediate since for each variable A;, we replace II(a; | u4,)
by II(a; A ua,). However, it is not possible to encode the uncertainty, in a direct manner, by
local joint distributions of each node in the context of its parents. Indeed, we can lose some

independence relations as shown by the following counter-example.

Counter-example 6.1 Let us consider the min-based possibilistic network 11G,,, composed
of the DAG of Figure 5.2 and the initial possibility distributions given in Table 6.1. Using
(6.19), we can compute the global joint distribution given in Table 6.2.

Table 6.1: Initial distributions

a Ia)| 6 (b)) a b ¢ IaAnbAc)| a b ¢ I(aAbAc)
aj 1 b1 1 aj b1 C1 0.5 a b1 C1 1
a9 1 b2 1 al b1 (&) 0.5 a9 bl (&) 1

aq bg C1 1 a9 b2 C1 1

al bQ (&) 1 a9 b2 C2 1

Table 6.2: Global joint distribution

a b ¢ mplanbAe)] a b ¢ mplaAbAC)
ay bl C1 0.5 a9 bl C1 1
al b1 C9 0.5 a b1 C9 1
aq bg C1 1 a9 bQ C1 1
aq bg (&) 1 a9 bQ (&) 1

From the DAG structure it is clear that A and B are independent. However from the global
joint distribution given in Table 6.2 these two variables are not NIl-independent since

I, (a1 A b)) = 0.5 # min(Il,(a1), (b)) = 1.

We now give some notations and technical lemmas relative to independence relations in

min-based possibilistic networks and useful in the development of the propagation algorithm.

Independence relations

In the following, we use exactly the same notations than in Chapter 4 (see Section 4.6).
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Proposition 6.6 summarizes independence relations in a singly connected min-based net-
work (based on Nl-independence relation) regarding a particular node A. This proposition
is needed to develop different expressions of values and messages used in the propagation

process.

Proposition 6.6 (Independence relations in a singly connected min-based network)
1: In the context of any node A, the two sets Ej and £ are NI-independent.

2: VY; €Y, the node A d-separates E gy, from {Eyy. ... Eqy } (see Figure 6.1).

3: The set Ej and the node A are NI-independent in the context U.

4: YU; € U,U; and {Ui41,...,Up} are NI-independent in the context EX (see Figure 6.2).

5. VU; € U,U; and {E(ZHA?---?E(JJF”A} are Nl-independent in the context E(JJ::A (see Figure
6.3).

6: VU; e U, EZJJ:-A is d-separated from {E[JJFHIA, ...,E§HA}.

7: Given a node A with two parents U; and V' (see Figure 6.4), then the two sets E‘J}A and
E, are Nl-independent in the contest of the nodes {A,U;, V'}.

8: Given a node A with two parents U; and V (see Figure 6.5), then the two sets E, and
U ={U;,V} are NI-independent in the context of A.

9: Given a node A with two parents U; and V', then the two sets E‘J/FA and {U;, A} are NI-
independent in the context of V.

Figure 6.1: A d-separates Ey. from {EZYZ,H, o Bxy )

Figure 6.2: U; and {U;41, ..., Uy} are Nl-independent in the context EX
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Figure 6.3: U; and {ElJJ:HA’ s E[J}nA} are NI-independent in the context E;}Z_A

Figure 6.4: Ej;, and E are Nl-independent in the context of {A,U;,V'}

Computing the messages

We now give the expression of different values and messages used during the propagation

process described later.

Our goal is to compute for each node A its conditional possibility measure based on the
total evidence. In other terms, for each instance a of A, we should compute Belggi(a) = I, (a |
e). This value can be easily obtained from the joint distribution Beljoini(a) = Il (a A e).

Thus, we will first compute Bel joint(a).

Lemma 6.1 (Computing joint possibility measure)

Ya € Dy, the current joint possibility measure of a based on the total evidence e is defined by:
Bel joint(a) = I, (a A e) = min(\(a), u(a)) (6.20)
where N(a) = I, (a Aey) and p(a) = Iy, (a A ef).

Then Va € D4, we can compute Belcgi(a) = I, (a | €) using Bel joint(a) = Il (a A e) by
applying the definition of min-based conditioning (1.17) as follows:

II,(ane) ifIl,(aAne) <Ily(e) =maxeep, Hn(aAe)

1 otherwise.

Belcgi(a) = p(a | e) = {
(6.21)

The expression of Bel jyint(a), depends on the A-value and p-value relative to the node
A (denoted, respectively, by A(A) and p(a)) which depend on the A\-messages received from

its children and p-messages received from its parents (denoted, respectively, by Ay,(A4) and

Figure 6.5: E, and U = {U;, V'} are Nl-independent in the context of A
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pa(U;) where Ay, (A) is the message that A receives from its child Y and pa(U;) is the message
that A receives from its parent U;). We now detail the expression of A\(A) and p(a).

Lemma 6.2 (Computing \-value)
The A\ value Ya € D 4 is defined by:

Aa) = In(a A e3) = min(Aa(a), lﬁ? Ay, (). (6.22)

where minj’ Ay, (a)) corresponds to the minimum between the \-messages received from the

children of A and Aa(a) denotes local evidence related to the node A such that:

0 ifea#a (A is instanciated to (e # a)
Aa(a) =< 1 otherwise (A is instanciated to a (e4 = a)

or A is not instanciated).

Lemma 6.3 (Computing u-value)
The 1 value Ya € D 4 is defined by:

n
pla) =y (aNel) = max min(Il(a A u), mi{l pa(ug)). (6.23)
1=
where min}'_; pa(u;)) corresponds to the minimum between the p-messages received from the

parents of A.

The following lemmas give the expressions of A-messages received from children and pu-

messages received from parents.

Lemma 6.4 (Computing \-message)
The X message from A to its parent Uy, (i € {1,..n}) when U; = u; is defined by:
M) = T,/ ) = g minl(a), s (min[la A ) inpa())). - (624)
If the graph is a rooted tree (each node has a unique parent), then this message is simplifies
to:

Aa(u;) = max min[A(a), I(a A u)).

Lemma 6.5 (Computing u-message)
The (1 message from A to its child Y;, (j € {1,..m}) when A = a is defined by:
ny; (@) = m(a A efy,) = min(Aa(a), _min Xy, (a), u(a)). (6.25)
Note that these expressions are similar to those corresponding to Bayesian networks [103]
but use the maximum (resp. minimum) operator instead of the addition (resp. product).
Moreover, they are based on initial joint distributions rather than conditional ones. Contrary

to the probabilistic case all theses messages are sub-normalized except Belcgy.
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Propagation algorithm

The propagation algorithm is basically similar to Algorithm 6.1 by using (6.20) (reps. (6.22),
(6.23), (6.24), (6.25)) instead of (6.1) (reps. (6.2), (6.3), (6.4), (6.5)). However, we should use
an additional step in the initialization phase in order to transform initial conditional distri-
butions into joint ones. We should also add a supplementary step of normalization (after the

marginalization) which allows to compute Belcgg(A) from Bel jyint(A) using (6.21).

This algorithm is developed with the same complexity as the probabilistic one i.e. O(s*N)
where s is the size of the largest conditional possibility table and N the number of variables.
Indeed, this adaptation it is also based on a two message passing and ensures that in each
direction only one message need to be sent on any arc, thus it converges in two iterations (one
for the collect and the other for the distribution) and the number of messages is less than

twice the number of nodes.

Effect of initial unrecovered data

In the previous Chapter, we have shown that the initial unrecovered data have no influence
neither on the global joint distribution obtained from the min-based chain rule, nor on the
independence relations. In the following we show that these values have no effect either on

the propagation process.

Indeed, the propagation is equivalent to applying the min-based conditioning on the global
joint distribution, taking into account the total evidence, in order to compute the posterior
distribution relative to each variable. This is equivalent to say that the interesting values in the
propagation process is the joint distribution, which is independent on the initial unrecovered

data as stated by proposition 5.5, and the total evidence.

Example 6.1 Let us reconsider the min-based possibilistic graph 11G,, given in Example 7.1
and suppose that we receive a certain information about B (i.e. B = by ), then the initial joint
distribution m,, (see Table 6.8) obtained from the min-based chain rule (5.6) is transformed
into 7, (see Table 6.3). Then, from w ., we can compute the impact of the certain information

on A and C: Bel joint(A)=[0.3 0.2], Bel joint(C)=[0.3 0.3]. Then, using these values we can
compute the conditional possibilities using (1.17): Beloa(A)=[1 0.2], Belca:(C)=[1 1].

The same phenomena is observed with our propagation algorithm. Indeed, each variable
A will compute at least one time its p value defined by (6.23). It is clear that the value of this

message is based on the minimum between the initial conditional distribution relative to A
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Table 6.3: Joint distribution with evidence (B = by)
a b ¢ mmlaANbAc) m(aANbAcAe)

al bl C1 0.8 0.8
aj bl Co 0.3 0.3
al b2 C1 0.3 0
al bg Co 1 0
as b1 C1 0.1 0.1
a9 b1 (6] 0.2 0.2
a9 b2 C1 0.2 0
a9 b2 C2 0.1 0

(since we take II(aAu) = II(a | u)) and the messages obtained from its parents (min]_pa(u;)).

To illustrate this relation let us consider that A has a single parent B which is a non
instanciated root then p(a) = min(Il(a A b), pa(b)).
Moreover, from (6.25) we have, p4(b) = min(Ag(b), u(b)) = min(1,11(b)) = II(b).

Indeed, Ap(b) = 1 since B is non instanciated and u(b) = I1(b) since it is a root.

This implies that p(a) = min(II(a A b),11(b)). Then, if the initial conditional distribution
on A does not respect the axioms of possibility distribution i.e.
Ja,3b s.t H(a | b) # 1 > II(b), then II(a A b) > II(b) (since we take II(a A u) =II(a | u)).
which implies that p(a) = min(II(a A b), II(b)) = I1(b)
This means that the unrecovered initial data (here II(a A b)) are eliminated by the minimum

operator in (6.23) and has no effect in the propagation process.

Example 6.2 Let us apply our propagation algorithm in the min-based possibilistic network

G, given in Example 6.1:

e Choosing the root : S < {B}, Pivot < B, Postorder < [B], Preorder < [B,C, A

o Initialization
1. Transformation of II(C' | A, B) into II(C, A, B)

2. Set all X and p values and messages to 1

3. The root nodes are A and B, then: p(A)=[1 0.2/, n(B)=[0.3 1]
4. The observed node is B (B = by) then: Ag(B)=[1 0]

o (Collect-evidence: We can escape this phase since the only instanciated variable is the

prvot
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e Distribute-evidence: The messages are passed from the pivot node to the rest of the
network with the following values:
1. Preorder[1] =B: n(B)=[ 0.3 1], A\(B)=[1 0]
Post a pu message from B to C: A\c(B)=/0.3 0]
2. Postorder[2] =C: n(C)=[0.3 0.3], \(C)=[1 1]
Post a X\ message from C to A: \c(A)=[0.53 0.3]
3. Postorder[3] =A: u(A)=[1 0.2], A\(A)=/0.3 0.3]

o Marginalization: Bel joint(A)=[0.3 0.2], Bel joint(C)=[0.3 0.3]
o Normalization: Belog(A)=[1 0.2], Belca:(C)=/1 1].

Note that we find the same values than in Example 6.1. It is clear that initial unrecovered
distribution I1(c1 | a1 Aby) (see Example 5.1) has no effect on updated values since it has been
eliminated when computing p(C). Indeed:
p(c1) = maz[min(Il(ay, by, c1), min(uc(ar), pe(b1))), min(I(aq, be, 1), min(puc(a1), pe(b2))),
min(I(az, by, c1), min(pc(az), po(b1))), min(Il(az, b, c1), min(uc(az), pe (b2)))]
= maxz[min(0.4, min(1,0.3)), min(0.1, min(1,0)), min(0.3, min(1,0.3)), min(1, min(1,0))]
= maz[0.3,0,0.3,0] = 0.3

6.3.2 Min-based propagation in multiply connect DAGs

The principle of this propagation method is similar to the probabilistic propagation in junction
trees presented in Chapter 4. Indeed, it is based on the transformation of the initial DAG into

a junction tree which will be used during the propagation process.

Junction trees relative to min-based possibilistic networks are defined and constructed in

the same manner than in product-based networks (see Section 6.2.2).

The proposed adaptation has the same complexity than the probabilistic case and remains
NP-complete since the transformation step of the initial DAG into a junction tree remains the

same. In Chapter 7, we propose a new algorithm which avoids this step.

Given a junction tree J 7T, we can compute a unique global joint possibility distribution
denoted by, w77 defined by:
Definition 6.3 The joint distribution associated with JT is expressed by:

w7 (A1, ., AN) = zinft}\/ TC;, (6.26)
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where m is the number of clusters in JT .

Proposition 6.7 shows that when a junction tree is globally consistent!, then the potential

of each cluster corresponds to its local joint distribution computed from the initial network.

Proposition 6.7 If o junction tree is globally consistent, then the potential of each cluster C;

satisfies:

e, = I (C). (6.27)

Using this proposition, we can compute the possibility distribution of any variable A in
a globally consistent junction tree, using any cluster C; containing A by marginalizing its

potential on A, as follows:

IL,(A) = ) 2
(A) maxme; (6.28)

Possibilistic propagation

Once the transformation of the DAG into a junction tree is performed, the propagation pro-
cess can start and it will be possible to compute for any variable A € V', the possibility degree
I1,,(A). The more general problem of computing IT,,(A | e), where e is the total evidence, is
addressed in Section later. We now present the principle steps of possibility propagation in

junction trees with no evidence.

Step 1: Initialization. The first step in the propagation is to initialize the junction tree.

In this phase we quantify the junction tree using initial possibility distributions as follows:

Algorithm 6.5: Initialization

begin
For each cluster C; : ﬂ‘éi — 1
For each separator S;; : Wéij — 1;
For each variable A choose a cluster C; containing {A} U Ua:
Wé«i — min(ﬂ'éi,H(A | Ua));

end

The following proposition, shows that the initialized junction tree encodes the same dis-

tribution than the initial network.

Proposition 6.8 Let 11G,, be a min-based possibilistic network. Let JT be the junction tree

corresponding to I1G,, using the above initialization procedure. Let mp, be the joint distribution

!consistency is defined in the same manner than in product-based junction trees (see Definition 6.2).
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encoded by IIG,y, (using (5.6)) and 7’ be the joint distribution encoded by JT (using (6.26)).
Then,
Tm = T (6.29)

The output of this step can be an inconsistent junction tree since this initial assignment
does not guarantee the global consistency requirement. Thus, we should run the second step

of global propagation which ensures global consistency.

Step 2: Global propagation. Once the junction tree is initialized, the global propaga-
tion is performed in order to make it globally consistent. The global propagation is performed
via a message passing mechanism between each cluster C; and its adjacent cluster C; in the

same manner than in probabilistic junction trees.

If a cluster C; sends a message to its adjacent cluster C;, then the potentials of C;, C; and

their separator S;; are updated as follows:

1. Save the same potential for C;

o T (6.30)
2. Assign a new potential to .S;;
t+1
T ™ 4— max T . 6.31
G max oty (6:31)
3. Assign a new potential to C}:
ﬂ'tc'? — min(wtcj,ﬂfgzl). (6.32)

The global propagation algorithm is similar to Algorithm 6.3 by using (6.30) (reps. (6.31),
(6.32)) instead of (6.11) (reps. (6.12), (6.13)).
The following proposition shows that at each level of the global propagation procedure,

the junction tree encodes the same joint distribution:

Proposition 6.9 Let 7Tf77— be the joint distribution relative to a junction tree JT at level t.
Let wf%l— be the resulted joint distribution after the modification of a cluster C; using the above
procedure. Then,

oy = wlil, (6.33)

From Propositions 6.8 and 6.9 we deduce that from the initialization to the global consis-

tency level, the junction tree encodes the same joint distribution.
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Proposition 6.10 Let m, be the joint distribution encoded by IIG, (using (5.6)). Let n5
be the joint distribution encoded by JT after the global propagation procedure (using (6.26)).
Then,

Tm = 757 (6.34)

The following proposition shows that the collect and distribute phases are enough to make

the junction tree globally consistent.
Proposition 6.11 The global consistency is reached after the collect and distribute phases.

Step 3: Marginalization. Using the consistent junction tree obtained from the previous
phase, we can now compute for any variable of interest A, the possibility measure II,,,(A) as

follows:
Algorithm 6.6: Marginalization

begin
Identify a cluster C; containing A;
Compute I1,,,(A) by marginalization of 7782, on A: I, (A) < maxc,\ 4 7782,;

end

Handling the evidence

The above algorithm can be easily extended to handle evidence so that to compute for any
variable A € V', the possibility degree II,,(A A e) where e is the total evidence. This evidence
will be encoded by using a likelihood A expressed by (6.16). To handle the evidence e, we
should extend the propagation procedure by transforming the initialization step so that to
incorporate any certain information. Indeed, we should encode the evidence e as a likelihood
(using (6.16)), then, we incorporate it into the junction tree by adding these two steps to the
initialization procedure:

- For any instanciated variable A, encode the observation A = a as a likelihood A4 using
(6.16).

- Identify a cluster C; containing A: Wéi — mz‘n(wa, Ag).

Through global propagation and under the assumption that we have an evidence e, the
potential of any cluster C; encodes II,,(C; A e). Then, when we marginalize any cluster
potential ﬂ'gi into a variable A (s.t A C C;) using (6.28), we obtain the possibility measure of
A and e:

II(ANe) = max 718 (6.35)

i
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However, our goal is to compute I, (A | ), this value can be easily obtained from II,,,(AAe)
by applying the definition of min-based conditioning as follows:
M,(AANe) ifIL,(AAe)<Il,(e) =maxaIl,(AAe)

IL,,(A|e) = 6.36
(Afe) 1 otherwise. ( )

6.4 Conclusion

In this Chapter, we have proposed a possibilistic adaptation of exact probabilistic propaga-
tion algorithms for product and min based possibilistic networks. The complexity of these
algorithms is the same than the probabilistic ones.

Moreover, we have shown that the initial unrecovered data have no effect on the propa-
gation process in the case of min-based possibilistic networks. This result is complementary
with the one obtained in Chapter 5 on the coherence problem, where we have shown that
unrecovered data correspond to redundant data.

This adaptation reinforces our first conclusion about the similarity between product-based
possibilistic networks and Bayesian networks and shows that this is not exactly the case for
min-based possibilistic networks where the adaptation is not direct and needs some transforma-
tions, notably on initial data since we should handle joint distributions instead of conditional
ones.

The proposed algorithms have been implemented in a software called Possibilistic Networks
Toolbox (PNT) presented in Chapter 8.
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The study of different adaptations of probabilistic propagation algorithms for the possibilistic
framework has shown that min-based propagation can be seen differently from the classical
approaches since the minimum operator has different properties from the product operator

(used in both Bayesian and product-based networks) like the idempotency property.

Therefore, we propose, in this part, a new propagation algorithm for min-based possibilis-
tic networks which is not a direct adaptation of classical approaches. In particular, we will
avoid the transformation of the initial network into a junction tree which is known to be a
hard problem [30]. This is the aim of chapter 7.

Chapter 8 provides experimental results regarding the quality of our propagation algorithm

comparing with classical approaches. Moreover, it proposes a Possibilistic Networks Toolbox

(PNT) allowing the propagation in both min-based and product-based possibilistic networks.
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Chapter 7

Anytime Propagation Algorithm for
Min-Based Possibilistic Networks

7.1 Introduction

In the previous Chapter we have shown that product-based possibilistic networks are very close
to Bayesian networks since conditioning is defined in the same way in the two frameworks.
This is not the case with min-based networks. Indeed, the minimum operator has different
properties from the product operator like the idempotency property. Hence, we propose, in
this Chapter, a new propagation algorithm for such networks which is not a direct adaptation
of probabilistic propagation algorithms, as we have done in previous Chapter. In particular,
we will avoid the transformation of the initial network into a junction tree which is known to

be a hard problem [30].

The proposed algorithm is an anytime algorithm. It is composed of several steps, which
progressively get close to exact possibility degrees (i.e. converges to exact values). The first
step, consists in transforming the initial possibilistic graph into an equivalent undirected graph,
called here for simplicity moral graph, where each node (called cluster) contains a variable from
the initial graph and its parents. The clusters are quantified by local joint possibility distri-
butions instead of the initial conditional ones. Then, several stability procedures are used in
order to guarantee that joint distribution relative to any cluster is in agreement with those of

its adjacent clusters.

We start by a simple stability procedure which ensures that any cluster agrees with each of

its adjacent clusters on the distributions defined on common variables. This procedure does
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not guarantee exact marginals. Thus, we propose to improve it by using a multiple nodes sta-
bility procedure which ensures that any cluster agrees on the distributions defined on common
variables computed from 2, 3,.., n adjacent clusters. We will consider, the case where nodes
are all neighbors and also the cases where nodes are restricted to parents, children and parents
with children. We also consider a best multiple nodes stability procedure which ensures that
only best instances in the distribution of each cluster agree with the best instances in the dis-
tribution computed from several of its adjacent clusters. Finally, we propose two consistency
procedures which ensures exact marginals. The first one is based on adding some links in the

moral graph while the second procedure is based on constructing best global instances.

As we will see in Chapter 8, our algorithm provides better results than the direct adapta-

tion of junction tree algorithm (proposed in Chapter 6).

The rest of this Chapter is organized as follows, Section 7.2 introduces the notion of
a-normalized min-based possibilistic networks. Section 7.3 introduces the basic ideas of our
propagation algorithm. Section 7.4 describes the initialization procedure. Section 7.6 details
the simple stability procedure. Section 7.7 presents the multiple nodes stability procedure.
Section 7.8 details the best multiple nodes stability procedure. Section 7.9 describes the selection
of stability procedures. Section 7.10 proposes the two consistency procedures. Finally, Section
7.11 considers the case of integrating the evidence.

Proofs of this Chapter are given in Appendix E.
Main results of this Chapter are published in [8, 10, 11].

7.2 a-normalized possibilistic networks

We first need to introduce the notion of a-normalized possibilistic networks which will be
used later to represent sub-normalized possibility distributions. This notion is an extension

of possibilistic networks introduced in Chapter 5.

Definition 7.1 An a-normalized min-based possibilistic network over a set of variables V,
denoted by ollG,,, is composed of a DAG (Directed Acyclic Graph) where nodes represent

variables and arcs encode the link between the variables as follows:

o ifUs=0 (i.e. Aisaroot), then the a priori possibility relative to A should satisfy:

maz,Il(a) = a,Va € Dy,
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o if Uy # 0, then the conditional distribution of A in the context of its parents should
satisfy:

mazyIl(a | ua) = a,Ya € Da,us € Dy, .
If A is a binary variable, then max(Il(a | ua),(—a | ua)) = a.

When o = 1, we recover classical min-based possibilistic networks introduced in Chapter 5.

Given all the a priori and conditional possibilities, the joint distribution relative to the set

V', denoted by m,, is defined , exactly as in classical min-based possibilistic networks, by the

min-based chain rule (5.6) expressed by:

An important property of a-normalized networks is expressed by the following proposition:

Proposition 7.1 Let ollG,, be an a-normalized min-based possibilistic network. Lel

be the joint distribution computed from (5.6). Then, my, is a-normalized (in the sense of
Definition 1.12). Namely:

h(mm) = a. (7.1)

Example 7.1 Let us consider the a-normalized min-based possibilistic network ollG,, com-

posed by the DAG of Figure 7.1 and the initial distributions given in Tables 7.1 and 7.2.

Table 7.1: Initial distributions

a I(a)|| b a I(b|a)| ¢ a Ic|a)
a1 1 b1 a1 1 c1 ap 0.3
a9 0.9 b1 as 0 C1 a9 1

by aq 0.4 co ap j)

b2 as 1 Cy a9 0.2

Table 7.2: Initial distributions

d b ¢ Id|bAe)| d b ¢ T(d|bAc)
d1 bl C1 1 dg b1 C1 1

d1 b1 (&) 1 d2 b1 Co 0

d1 bQ C1 1 dg bg C1 0.8

d1 bg (&) 1 dg bg Cc2 1

These a priori and conditional possibilities encode the joint distribution relotive to A, B, C
and D using (5.6) as follows: Va,b,c,d, mm(a NbAcAd) =min(Il(a),I1(b | a),II(c | d),II(d |
bAc). For instance (a1 Aba Aca Ady) = min(1,0.4,1,1) = 0.4. Moreover we can check that
h(mm) =1 (see the distribution m,, given in Table 7.3).
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Figure 7.1: Multiply Connected DAG of Example 7.1

Next Section, proposes basic ideas of our new propagation algorithm developed for o-

normalized min-based possibilistic networks.

7.3 Basic ideas

Given an a-normalized min-based possibilistic network ollG,,, our propagation algorithm
provides for each variable the set of its most plausible instances. It also allows the computation
for any instance of interest a, relative to a subset of variables, its possibility degree II,,(a)
inferred from ollG,,. To compute II,,(a), we first define a new possibility distribution

from 7, as follows:

m if w[A] =
ralw) = Tm(w) ifw[d]=a (72)
0 otherwise
Then, from ., it can be checked that:
I, (a) = h(m,) = max Ta(w). (7.3)

Indeed, I1,,,(a) is the marginal distribution relative to the instance of interest a. By defi-
nition this value is computed by marginalization of the joint distribution m,, on the instance
a, thus:
= II,,(a) = max,, ™, (w) if w[A] =a
= max,, m(w) (using (7.2))
= h(m,) (using (1.12)).

Note that, in general, 7, is sub-normalized i.e. h(m,) < 1.

Example 7.2 Let us continue Example 7.1. The initial distributions encode the joint distri-
bution m, given in Table 7.3 using (5.6).

Suppose that we are interested with the value of I1,,(D = dg). From the joint distribution m,y,,
we can compute the new possibility distribution w4, using (7.2) (see Table 7.3). Computing
IT,,(D = ds) is then immediate since it is sufficient to take the mazimal value in this new
sub-normalized distribution i.e. I, (D = d2) = h(mg,) = 0.8. This value is computed from
the global joint distribution which is not always possible especially with o great number of

variables. Thus, our aim is to find the same value, but locally.
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Table 7.3: Joint distributions mp, et mq,
a b ¢ d m™ 7mg,|a b ¢ d 7w T
aq b1 C1 d1 0.3 0 as bl C1 d1
ay bl C1 dg 0.3 0.3 as bl C1 dg
al b1 C9 d1 1 0 a b1 C9 d1
aq bl (&) d2 0 0 a9 bl C2 dg
al bg C1 dl 0.3 0 a b2 C1 d1 0.9
al bQ C1 dg 0.3 0.3 a9 b2 C1 dg 0.8 0.8
ai b2 C9 dl 04 0 a bQ C9 dl 0.2 0
al bQ Co dg 0.4 0.4 a9 bQ (&) d2 0.2 0.2

SN
)

DI
DD D

The principle of the proposed propagation method is to shift up instances with maximal
degrees to the top level via a stabilization process described below. Thus, for each variable
we will provide the set of its most plausible instances. If we are interested with the more par-
ticular problem of computing the possibility degree 11,,,(a) of an instance of interest a relative
to a subset of variables, then we should shift up this instance to the top level. This procedure

is summarized in Figure 7.2 which explains how to compute in a local manner, the possibility
degree I, (a).

Note that computing I1,,,(a) corresponds to possibilistic inference with no evidence. The
more general problem of computing II,,,(a | €), where e is the total evidence, is advocated in
Section 7.11.

Basic steps of our propagation algorithm are:

e Initialization. Transforms the initial network into an equivalent secondary structure,
called here for simplicity moral graph, composed of clusters of variables obtained by
adding to each node its parents. Then, quantifies the moral graph using initial condi-

tional distributions.

e [ncorporation of an instance of interest. Incorporates the instance of interest (if any) in

the initialized moral graph.

e Simple Stability Procedure (SSP). Ensures that any cluster agrees with each of its adja-

cent clusters (i.e. neighbors) on the distributions defined on common variables.

o Multiple nodes Stability Procedure (MSP). Ensures that any cluster agrees on the dis-
tributions defined on common variables computed from 2, 3,.., n adjacent clusters. We
will consider, the case where nodes are all neighbors and also the cases where nodes are

restricted to parents, children and parents with children.
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e Best Multiple nodes Stability Procedure (BMSP). Ensures that only best instances in the
distribution of each cluster agree with the best instances in the distribution computed

from several of its adjacent clusters.

o (onsistency procedure. Ensures exact marginals. Two consistency procedures are pro-
posed, the first is based on adding some links in the moral graph while the second is

based on constructing best global instances.

Figure 7.2: Propagation algorithm (with an instance of interest a)

We now detail different steps of our propagation algorithm.

7.4 Initialization

The first step in the initialization procedure is to transform the initial network into an equiv-
alent secondary structure, called moral graph for simplicity of notation, and denoted by MG.
Each node in the moral graph MG is called a cluster and it is constructed by adding to
each node (variable) from the initial network its parent set. This construction way insures
that for any variable A; corresponds only one cluster in MG denoted by C;.
Between any two clusters C; and C; with a non-empty intersection exits an edge labeled

with a separator, denoted by S;;, containing the common variables in C; and Cj.

Once the moral graph is constructed, the initial conditional distributions are transformed
into local joints in order to quantify it. Namely, for each cluster C; of MG, we assign a local
joint distribution relative to its variables, called potential and denoted by Wtci where t corre-
sponds to the propagation level i.e.,

- t=I: corresponds to the initialized potentials,

- t=8S: corresponds to the simple stability procedure potentials,

- t=nP (resp. nC, nPC, nIN): corresponds to the n-parents (resp. n-children, n-parents-
children, n-neighbors) stabilized potentials (e.g. 2P corresponds to the two-parents stabilized
potentials),

- t=n-best-P (resp. n-best-C, n-best-PC, n-best-N): corresponds to the n-best-parents
stabilized potentials (resp. n-best-children, n-best-parents-children, n-best-neighbors) stabi-
lized potentials,

- t=C: corresponds to the consistent potentials.
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We denote by ¢; and s;; the possible instances of the cluster C; and the separator S;;, respec-

tively; ¢;[A] denotes the instance in ¢; of the variable A.

For each moral graph MG, we can associate a unique possibility distribution defined by:
Definition 7.2 The joint distribution associated with MG, denoted waqg is expressed by:

mmg(Al, .., AN) = Enlu}vﬁtcl (7.4)
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Figure 7.8: Moral graph of the DAG in Figure 7.1

The outline of this first phase of the initialization procedure is as follows:

Algorithm 7.1: From conditional to local joint distributions

begin

1. Building the moral graph:

- For each variable A;, form a cluster C; = {A;} U U4, ;

- Between any two clusters C; and C; with a non-empty intersection, add an edge
labeled with a separator S;; corresponding to their intersection.

2. Quantify the moral graph:

For each cluster C;: Tréi — II(A; | Ug,);

end

It is clear that the joint distribution encoded by the initialized moral graph is equivalent
to the one encoded by the initial network since the local joint distributions in clusters are

equal to the initial local conditional distributions.

Example 7.3 Let us consider the network treated in FExample 7.1. The moral graph corre-
sponding to this network is represented in Figure 7.3. This moral graph contains four clusters
(i.e. A, AB, AC, BCD) relative respectively to A, B, C and D. The initial distributions are

transformed into local joint ones as shown by Table 7.4.

Table 7.4: Initialized potentials of A, AB, AC and BCD
a e b 7iglla ¢ 7l d ¢ d 7heplb ¢ d Thop
al 1 al bl 1 ar C 0.8 b1 C1 d1 1 bg C1 d1 1
ag 0.9 a1 ba 0.4 ||a1 co 1 by ca do 1 by ¢ do 0.8
a9 bl 0 as C1 1 bl Co d1 1 bg C2 d1 1
a9 bQ 1 as €2 0.2 b1 Co dg 0 bg Co d2 1

7.5 Incorporation of an instance of interest

The proposed propagation algorithm allows the computation for each variable the set of its
most plausible instances. If we are interested with the more particular problem of computing
the possibility degree I1,,(a) of an instance of interest a relative to a subset of variables, then
we should incorporate it in MG such that the possibility distribution obtained from MG is
equal to 7, computed using (7.2). This can be obtained by modifying the potential of the



Chapter 7: Anytime Propagation Algorithm for Min-Based Possibilistic Networks 143
clusters relative to the instance of interest a = a1 A, .., Aays i.e. Vi € {1,.., M},

I .
I mo,(ei)  if A = a;
T (cp) ¢ 7.5
ailei) { 0 otherwise (7:5)

The following proposition shows that the moral graph obtained by incorporating the in-

stance of interest a leads, indeed, to the possibility distribution .

Proposition 7.2 Let allG,, be an an a-normalized min-based possibilistic network. Let MG
be the moral graph corresponding to ollG,, given by the initialization procedure.

Let 7g be the joint distribution given by (7.2) (which is obtained after incorporating the
instance of interest a). Let waqg be the joint distribution encoded by MG (given by (7.4)) after

the wnitialization procedure. Then,

Ta = Thqg- (7.6)

Example 7.4 Let us continue Fxample 7.1 and suppose that we are interested with the value
of I1,,(D = dy). Table 7.5 represents the potential of the cluster BC'D after incorporating this

mstance.

Table 7.5: Initialized potential of BCD after incorporating the evidence D = da
b ¢ d 7whoplb ¢ d whop
bl (&) dl 0 b2 C1 dl 0
bl C1 d2 1 b2 C1 d2 0.8
bi ¢ di 0 by ¢ db 0
bi c2 do 0 |by ca do 1

The following subsections present several stabilizing procedures which aim to approach the
exact value of h(m,) (hence II,,(a)). They are based on the notion of stability, which means

that adjacent clusters agree on marginal distributions defined on common variables.

7.6 Simple Stability Procedure (SSP)

Simple stability procedure ensures that any cluster agrees with each of its adjacent clusters

(i.e. neighbors) on the distributions defined on common variables. More formally,

Definition 7.3 Let C; and C; be two adjacent clusters in a moral graph MG and let S;; be

their separator. The separator S;; is said to be stable if:

t t
max mo. = max Mg 7.7
Ci\Sij ci Cj\Sij s (-1
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where maxc;\s,, 7761_ (resp. maxc;\s;; 7thj) is the marginal distribution of S;; defined from Wa_

(resp. Wtc«j),
A moral graph MG is said to be stable if all of its separators are stable.

The simple stability procedure is performed via a message passing mechanism between
different clusters. Each separator collects information from its adjacent clusters, then diffuses
it to each of them, in order to update them by taking the minimum between their initial
potential and the one diffused by their separator. This operation is repeated until there is no
modification on the cluster’s potentials. The potentials of any adjacent clusters C; and C;

(with separator S;;) are updated as follows:

e Collect evidence (Update separator):

’/'l'g—;l — mm((gl\agl(] TG, (f‘?\%); 7rtcj). (7.8)

e Distribute evidence (Update clusters):
7rtc':1 — mz’n(wtci,ﬂgjjl). (7.9)
71'8;1 — min(ﬂtcj,ﬂg;l). (7.10)

These two steps are repeated until reaching the stability of all clusters as described by the

following procedure:

Algorithm 7.2: Simple stability procedure

begin
while MG is not stable do
for each separator S;; do
- Collect evidence in S;; from C; and C; using (7.8);
L - Distribute evidence from S;; to C; and Cj using (7.9) and (7.10);

end

In this procedure, a separator will be treated if one of its corresponding clusters has been
modified. Moreover, a cluster will be treated if one of its corresponding separators has been

modified. Thus, the moral graph is considered as stable if none of its clusters has been modified.

It can be shown that the simple stability is reached after a finite number of message passes,
which can be evaluated as follows:

Let NV be the number of clusters, M be the number of separators and P the number of values in
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the possibilistic scale relative to all the clusters. The iteration in the simple stability procedure
is repeated until there is no modification in the clusters. The maximal number of iterations
occurs when a degree is modified in one cluster during one iteration, thus we can have at most
N x P iterations. Each iteration runs O(M) times the Collect-Distribute evidence. Thus, the
theoretical complexity is O(N * M * P) and hence the stability is a polynomial procedure.
The following proposition shows that at each level of the simple stability procedure, the

moral graph encodes the same joint distribution:

Proposition 7.3 Let Wﬁwg be the joint distribution relative to a moral graph MG at level t.
Let Wf\;é be the resulted joint distribution after the modification of two adjacent clusters Cj
and C; using equations (7.8), (7.9) and (7.10). Then,

Thig = ﬂj\flé (7.11)

From Propositions 7.2 and 7.3 we deduce that from the initialization to the simple stability

level, the moral graph encodes the same joint distribution:

Proposition 7.4 Let m, be the joint distribution given by (7.2). Let Wf,[g be the joint distri-
bution encoded by MG after the simple stability procedure. Then,

Ta = Mg (7.12)

The following proposition shows that if a moral graph is stabilized, then the maximum value

of all its cluster’s potentials is the same.
Proposition 7.5 Let MG be a stabilized moral graph. Then, VCj,
_ S
Q= max mey, . (7.13)

Remark: Let d = (C4, ...,Cn) be any ordering of the clusters such that Ua, C {A1,..4;—1}.
In the implementation proposed in Appendix F, the order in which messages circulate during
the simple stability procedure depends on d. Indeed, we start with the last cluster in d which
is stabilized w.r.t. of all its neighbors, then its predecessor will be treated and it will be
stabilized w.r.t. of all its neighbors except those who already use it. A cycle is achieved when

all the clusters are treated. This process will be repeated until reaching the stability.

Example 7.5 Figure 7.4 illustrates one cycle of the message passing during the stabilization
procedure if we consider that the clusters are ordered as follows: d = (A, AB, AC, BCD):
1-2: communication between BC'D and AC wvia the separator C,

3-4: communication between BCD and AB wvia the separator B,
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Figure 7.4: Message passing during the simple stability procedure

5-6: communication between AC and A via the separator A,
7-8: communication between AC and AB via the separator A,

9-10: communication between AB and A via the separator A.

Example 7.6 Let us consider the moral graph initialized in Example 7.3. Note first that this
moral graph is not stable. For instance, the separator A between the two clusters AB and A
is ot stable since max p\ 4 mhglaz) = 1 # 7l (az) = 0.9.

Suppose now that we are only interested with the most plausible instances in each variable,
then we will apply the simple stability procedure (arrows in Figure 7.4 illustrate one message
passes during SSP). At stability level we obtain the potentials given in Table 7.6. Note that,
the mazimum potential is the same in the four clusters i.e. ma:mrfl = ma:m’le = ma:mrflc =
marmyop = 1. From Table 7.6, we can deduce that the most plausible instance relative to A
(resp. B, C, D) is ay (resp. b1, c2, dy).

Suppose now that we are interested with the value of IL,,,(D = ds), then we should incorporate
da in the moral graph as already done in FExample 7.4 and apply the simple stability proce-
dure. The stabilized potentials are given in Table 7.7. Note also that ma:mri = mamwiB =

maxﬂﬁc = ma:vwf-j,CD =0.9.

Table 7.6: Stabilized potentials
a 75 a b wiglla ¢ m|b ¢ d mBep| b ¢ d mRep
al 1 al bl 1 ar C 0.8 b1 C1 d1 0.9 bg C1 d1 0.9
ag 0.9 a1 bs 0.4 a1 co 1 by 4 do 0.9 |by c¢1 dy 0.8
as b1 0 as C1 0.9 bl (&) d1 1 b2 (6] d1 0.9
a9 bg 0.9 as €2 0.2 bl C9 dg 0 b2 Co d2 0.9

Table 7.7: Stabilized potentials with D = do
a m™a b mglla ¢ 750 ¢ d Teplb ¢ d TRop
aq 0.9 aq b1 0.9 a; C1 0.3 b1 C1 d1 0 bQ C1 d1 0
as 0.9 al b2 0.4 ayp Cg 0.9 bl C1 d2 0.9 b2 C1 d2 0.8
a9 bl 0 as C1 0.9 bl Co d1 0 b2 C2 d1 0
a9 b2 0.9 as C2 0.2 b1 C9 d2 0 b2 Co dz 0.9

It is important to mention that the simple stability procedure does not guarantee that the
degree o corresponds to the exact degree I, (a) = h(m,) since the equality h(75,5) = o is

not always verified. More formally:
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Proposition 7.6 Let o be the mazimal degree generated by the simple stability procedure

(which is unique c.f. Proposition 7.5). Then,
a > I, (a). (7.14)

Indeed, from 7.2 and 7.3, we have,
II,,(a) = h(m,) = max,, m(w) = maxw{minizl__]vﬂgi (w), s.t. w[A] = a}.

Moreover, VCj, wgi (w) < a (since « is the maximum value in all clusters), thus II,,,(a) < a.

For instance, we can check in the previous example that h(ﬂf/[g) = 0.8 > 0.9. Neverthe-
less, as we will see in next Chapter, experimental results show that, in general, this equality
holds.

7.7 Multiple nodes Stability Procedure (MSP)

As mentioned before, the simple stability procedure does not always guarantee exact marginals.
Thus, our idea is to improve it by considering stability with respect to a greater number of
adjacent clusters. Indeed, for each cluster C;, corresponding to a node A;, we can distinguish
these particular sets within its adjacent clusters:

- parents, containing the clusters relative to the parents of A;,

- children, containing the clusters relative to the children of A;,

- parents-children, containing parents of A; and its children,

- neighbors, containing all adjacent clusters of A;.

Example 7.7 Let us consider the network composed of the DAG in Figure 7.5 (a) and the
wnitial distributions given by Tables 7.8, 7.9, 7.10, 7.11, 7.12 and 7.13. Let us consider, for
instance, the cluster ABC' (see the moral graph in Figure 7.5 (b)), then its parents are A
and B, it children are ABFE and CFG, its parents-children are A, B, ABE and CFG and its
neighbors are A, B, ABE,CFG and ABD. This example will be continued to explain multiple

nodes stability procedure.

Figure 7.5: DAG and moral graph of Example 7.7
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Table 7.8: A priori distributions
a I(a) | & TI(b)
aq 1 b1 1
az 0.9363| by 0.8552
az 0.2240

Table 7.9: Conditional distribution of C in the context of A and B

a b ¢ Melanb)|a b ¢ T(c|land)|a b ¢ I(c|aAbd)
aq b1 C1 0. 5463 a9 b1 C1 1 as b1 C1 0.5692
al b1 (&) 1 ag b1 C2 0.5088 as bl C2 1
al b1 C3 0.6707 ag b1 C3 0.5064 as b1 C3 0.5590
ai bz C1 1 a9 b2 C1 0.1795 as b2 C1 1
al bz (&) 0 ag b2 (&) 1 as bg C2 0.2239
ai bg C3 0. 7141 a9 b2 C3 0.5655 as bg C3 04059

Table 7.10: Conditional distribution of D in the context of A and B

a b d II(d|anb)|a b ¢ II(d|anb)|a b d II(d|aAb)
aj b1 d1 0.8215 a9 bl (&1 1 as bl C1 0.3328
al b1 d2 1 ag bl C2 0.9945 as b1 C2 1
ar by di 1 as by ¢ 0.7363 az by ¢ 1
al b2 d2 0 ag bg C2 1 as bQ C2 0.2788

Ideally, we want to perform the n-neighbors stability where n is the cardinality of the
neighbor set relative to each cluster. In other terms, each cluster will be stabilized with
respect to all its neighbors. However, this can be impossible especially when many clusters
share the same variables. To avoid this problem, we propose several stability procedures where

we consider a less number of adjacent clusters. More precisely, we study four cases (where
n > 1):

e n-parents stability ensuring for each cluster its stability w.r.t its parents,

e n-children stability ensuring for each cluster its stability w.r.t. its children,

o n-parents-children stability ensuring for each cluster its stability w.r.t its parents and

children,

o n-neighbors stability ensuring for each cluster its stability w.r.t. all its adjacent clusters

(i.e. neighbors).

In n-parents (resp. n-children, n-parents-children, n-neighbors) stability procedure, we will

vary the number of parents (resp. children, parents-children, neighbors) by first considering
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Table 7.11: Conditional distribution of E in the context of A, B and C

a b ¢ e Ie|lanbAhc)la b ¢ e Il(elaAbAc)|a b ¢ e Il(elanbAc)
ap b1 Cc1 €1 0.7563 a b1 Cc1 €1 1 as b1 Cc1 €1 0.9959
al bl C1 €9 1 a9 bl C1 €9 0.7605 as bl C1 €9 1
aj bl C1 €3 04750 a bl C1 €3 0.2092 as bl C1 €3 0.2387
al bl Co2 €1 0.8161 a9 bl Cy2 €1 1 as bl Co2 €1 0.8246
a1 b1 ¢ ey 1 as by co ey 0.6098 az b1 co ey 1
al b1 Cy €3 0 a9 b1 Cy €3 0.1911 as b1 Cy €3 0.2965
a1 b1 c3 e 0.7544 as b1 c3 e 1 ag b1 c3 e 0.3467
al b1 C3 €9 1 a9 b1 C3 €9 0.6776 as b1 C3 €9 1
al bl C3 €3 0.6902 as bl C3 €3 0 as b1 C3 €3 04550
al bg Cc1 €1 1 as bg Cc1 €1 0.53’46 as bg Cc1 €1 1
al bQ C1 €9 0.4855 a9 bQ C1 €9 1 as bQ C1 €9 0.9249
aj bg C1 €3 0.3390 a bg C1 €3 0.1979 as bg C1 €3 04534
al bg C2 €1 1 a9 bg C2 €1 0.7598 as bQ Co2 €1 1
aq bg Co €9 0 a b2 Coy €9 1 as b2 Coy €9 0.5185
al bQ Cy €3 0 a9 bQ Cy €3 0.4158 as bQ Cy €3 0.2562
a1 by c3 e 1 as by c3 e 0.6012 az by c3 e 1
al bz C3 €9 0.3983 a9 bz C3 €9 1 as b2 C3 €9 0
a1 by c3 e3 0.7246 as by c3 e3 0.4443 az by c3 e3 0.4154

Table 7.12: Conditional distribution of F' in the context of E
e f I(fle)le f HU(fle)]e f II(f]e)
€1 f1 0. 7646 €2 f1 1 €3 f1 0.5797
€1 f2 1 €9 f2 0.6581 €3 f2 1

two parents (resp. children, parents-children, neighbors), then three parents (resp. children,
parents-children, neighbors) until reaching n parents (resp. children, parents-children, neigh-
bors) where n is the cardinality of parents (resp. children, parents-children, neighbors) relative

to each cluster.

To illustrate the multiple nodes stability, we only present two-parents stability. The
principle of this procedure is to ensure for each cluster, having at least two parents, its stability

with respect to each pair of them. More formally:

Definition 7.4 Let C; be a cluster in a moral graph MG, let C; and C}, be two parents of C;.
Let S;; be the separator between C; and C; and Sy be the separator between C; and C. Let
C=C;UCL and let S = S;; U Si.. Let mo be the joint distribution computed from 7rtcj and

7thk. The cluster C; is said to be stable with respect to its two parents C; and Cy, if:

t
= ) 7.15
ahs TG TR e (7.15)
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Table 7.13: Conditional distribution of C in the context of A and B

c f g UgleAf)lc f g W(glenf)lc f g Wglenf)
a fi g1 0272 |c2 fi ¢ 1 c3 fi g1 0.2126
a fi 9 1 ca fi g2 0.5067 |c3 fi g0 1

C1 fl g3 04066 ()] f1 gs 0.2142 C3 fl g3 0,6568
a fo ¢ 1 c2 fo g1 0 3 foo ¢ 1

c fa g2 02104 |c2 f2 g2 1 c3 fo g2 0.4538
C1 f2 gs 0.3430 C2 f2 g3 0.8111 C3 f2 gs 0.5424

where maxc,\ g 7th1_ (resp. maxen\g ) is the marginal distribution of S defined from 7rt01_
(resp. mc).

In a similar way, a cluster C; is said to be two-parents stable if it is stable with respect

to each pair of its parents. Then, a moral graph MG is said to be two-parents stable if all

of its clusters are two-parents stable.

The updating of any cluster C; with respect to two of its parents C; and C}, is performed
as follows:

o Compute the potential of C' using C; and Cy:
O min(ﬂtcj,ﬂtck). (7.16)

o Compute the potential of S using C"-

— , 7.17
TS rg@cwc (7.17)

e Update the potential of C; using S:
Wéf_l — min(ng,, mg). (7.18)

Algorithm 7.3: Two-parents stability procedure

begin

Modification < true;

while Modification do

Stabilize MG using the simple stability procedure;

Modification <+ false;

i+ 1;

while ¢ <= N and not Modification do
Stabilize C; with respect to each pair of its parents, Cj and C}, using (7.18);
if C; potential changes then Modification< true;
1+ i+1;

end
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Note that the simple stability procedure is used after each modification since it is an effi-

cient procedure which allows to minimize the application of the two-parents stability.

The following proposition shows that at each level of the two-parents stability procedure,

the moral graph encodes the same joint distribution:

Proposition 7.7 Let ﬂ}wg be the joint distribution relative to a moral graph MG at level t.
Let Wf\jé be the resulted joint distribution after the modification of a cluster C; with respect to
its two parents C; and Cy, using equation (7.18). Then,

Thig = Wj\—i[_é (7.19)
From Propositions 7.2, 7.4 and 7.7 we deduce that from the initialization to the two-parents

stability level, the moral graph encodes the same joint distribution:

Proposition 7.8 Let m, be the joint distribution given by (7.2). Let 7T/2\£[Dg be the joint distri-
bution encoded by MG after the two-parents stability procedure. Then,

Ta = Ti4g (7.20)
Example 7.8 Let us consider the inconsistent stabilized moral graph of Example 7.6. The
two-parents stabilized potential of the cluster BC D with respect to its two parents AB and AC
s given by Table 7.14. Note, for instance, that the potential of co A\ ba A\ do decreases from 0.9
to 0.4. Thus, we should re-stabilize the moral graph using the simple stability procedure (see
Table 7.15). We can check that the resulted moral graph is two-parents stabilized. Moreover,

we have h(wifg) = 0.8, in other terms, we have reached the consistency degree of mg,.

Table 7.14: Two-parents stabilized potential of BCD
b ¢ d mplb ¢ d 7Hp
bl (&) dl 0 b2 C1 dl 0
bl C1 d2 0.3 b2 C1 d2 0.8
bi ¢ di 0 by ¢ di 0

b1 C2 dg 0 b2 C9 d2 0.4

Table 7.15: re-stabilized potentials
a w3 a b 7T§B a ¢ Wio b ¢ d W%CD b ¢ d ﬂgCD
aq 04 ai b1 0.3 ay C1 0.3 b1 C1 dl 0 b2 C1 d1 0
a9 0.8 al bg 0.4 ap Co 0.4 b1 C1 dg 0.8 b2 C1 d2 0.8
a9 bl 0 as C1 0.8 bl C9 dl 0 b2 Co d1 0

a9 bQ 0.8 as Co 0.2 b1 Co d2 0 bg C2 d2 0.4
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The following proposition shows that the two-parents stability improves the simple stability

procedure:

Proposition 7.9 Let oy be the mazimal degree generated by the simple stability procedure
(which is unique c.f. Proposition 7.5). Let aa be the mazimal degree generated by the two-
parents stability. Then,

a1 > ag > I, (a). (7.21)

The proof of this proposition is immediate since before applying the two-parents stability
procedure we use the simple stability procedure, then (7.18) will be applied on each cluster
w.r.t. each pair of its parents. Thus, the potential of each cluster will be decreased or saved
since from (7.18) Wtcv_:l = min(r¢,, ms) and hence the maximal potential relative to each cluster

(i.e. aq) will be decreased or saved.

Example 7.9 Let us continue Fxample 7.7. Let the instance of interest be by Ndy A ga. The
two-parents stabilized potentials are given by Tables 7.16, 7.17, 7.18, 7.19, 7.20 and 7.21. We
can check that these potentials are inconsistent since ag = 0.8215 while I1,,(by A dy N g2) =
0.8161. Moreover, it can be checked the exact value of L, (b1 Ady A g2) is not reached neither
with n-parents nor with n-children stability. However, it can be reached with two-parents-

children stability.

Table 7.16: Two-parents stabilized potentials of A and B
2P b 2P
a 75 T
a; 0.8215|b; 0.8215
as 0.8215| by 0

as 0.2240

Table 7.17: Two-parents stabilized potentials of ABC
a b ¢ ™hola b ¢ 7o a b ¢ e
a1 b1 c1 0.5468|as b1 c1 0.8215|a3 by c1 0.2240
al bl Co 0.8215 ag bl C2 0.5088 as bl Cc2 0.2240
aq b1 C3 0.6707 a9 b1 C3 05054 as bl C3 02240

al b2 - 0 ag b2 - 0 as bg - 0

Table 7.18: Two-parents stabilized potentials of ABD
a b d 7T124%D a b d 77,24]]33D a b d 71'124%1)
al b1 d1 0.8215 ag b1 d1 0.8215 as bl d1 02240

al b2 - 0 ag b2 - 0 - - - 0
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Table 7.19: Two-parents stabilized potentials of ABCE

a b ¢ e Wi%c gla b c e 7['31%0 pla b c e W%%C B
aj b1 Cc1 €1 05463 a9 b1 Cc1 €1 0.8215 as bl Cc1 €1 02240
al b1 C1 €9 0. 54 63 a9 b1 C1 €9 0.7605 as bl C1 €2 0.2240
aj bl C1 €3 04 750 a bl C1 €3 0.2092 as bl C1 €3 02240
al b1 Co2 €1 0.8161 a9 b1 Co2 €1 0.5088 as b1 Cy €1 0.2240
aj bl Coy €9 0.8215 a bl Cy €9 0.5088 as b1 Cy €9 02240
al bl Cy €3 0 a9 bl Coy €3 0.1911 as b1 Cy €3 0.2240
ai b1 C3 €1 0.6707 a9 b1 C3 €1 05054 as b1 C3 €1 02240
al b1 C3 €9 0.6707 a9 b1 C3 €9 0. 5054 as bl C3 €9 0.2240
aj bl C3 €3 0.6707 a bl C3 €3 0 as b1 C3 €3 02240
al bg - - 0 as bQ - - 0 as b2 - - 0

Table 7.20: Two-parents stabilized potentials of EF

e [ 7mip le [ wgp [e J wip

€1 f1 0.7545 €9 f1 0.8215 €3 f1 0.5797
e1 fo 0.8215|es fo 0.6381|es fo 0.6707

Remark: All results presented with two-parents stability are also available for any mul-

tiple nodes stability procedure.

7.8 Best Multiple nodes Stability Procedure (BMSP)

The stability procedures MSP, presented above, can be limited by the number of considered
adjacent clusters. For instance, if we want to use n-neighbors stability, we can be limited in the
computation of the cartesian product relative to the n-neighbors of some clusters especially
when they have a high number of neighbors. In order to avoid this problem, we will relax
the multiple nodes stability procedure by only computing the best instances in the cartesian

product, denoted by best nodes instances.

The main motivation, of this procedure called, best multiple nodes stability, is that we only
need to compute the maximal value in 7., (i.e. h(m,)), and not the whole distribution .
The idea is to first apply the simple stability procedure, then to cover for any cluster C; its n
considered adjacent clusters (which can be parents, children, parents-children, neighbors) in

order to construct the best instances relative to these clusters.

Once the elements in best nodes_instances are constructed, we can compute the best in-
stances relative to the separators existing between C; and its parents (resp. children, parents-

children, neighbors) (denoted by sep instances from_ mnodes) and compare them with the
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Table 7.21: Two-parents stabilized potentials of CFG
f g mnthgle [ g mhelc f 9 mte
aa fi;g 0 |2 f ;¢ 0 |es fr 0 0
C1 f1 g2 0.8215 C2 f1 g2 0.5067 C3 f1 g2 0.6707
c fi g3 0 |co f1 93 0 |es f1 93 0
c foo; 0 |c2 fo o 0 |es fo ¢ 0
c1 fo g2 0.2104|co fo go 0.8215|cs fo go 0.4538
c1 f2 g3 0 |co f2 93 0 |ec3 fo 93 0

o

ones computed from C; (denoted by sep instances from_ cluster). These two sets are incoher-
ent if instances in sep instances from_nodes are different from those in sep instances from_ cluster.
In this case, we should decrease the potential of incoherent instances in C; (i.e. incoherent
with sep_instances_from_nodes) to the next value in the possibilistic scale containing all the

degrees relative to the considered adjacent clusters and re-stabilize the moral graph again.

The following algorithm summarizes the outline of best multiple nodes stability procedure

in the case of parentsl.

Algorithm 7.4: n-best parents stability procedure

begin
Modification < true;
while Modification do
Stabilize MG using the simple stability procedure;
Let « be the maximum (best) degree in clusters;
Modification < false;
i+ 1;
while i <= N and not Modification do
- Let parents be the parents of C;;
- Let separators be the set of separators existing between C; and parents;
- Let best _nodes_instances be the set of best instances in the joint distribution relative
to parents;
- Let sep_instances_from_nodes be the instances relative to separators computed
from best _nodes_instances;
- Let sep_instances_from_ cluster be the instances relative to separators computed
from Cj;
if sep _instances from nodes # sep instances from cluster then

Decrease the potential of incoherent instances in C; to the next value in the pos-

L sibilistic scale relative to parents;
Modification<true;

| 1<+ i+

end

!This algorithm is the same for children (resp. parents-children, neighbors) by simply replacing parents by
children (resp. parents-children, neighbors).
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Remark: In the proposed implementation detailed in Appendix F, we use the follow-
ing heuristics to determine the order in which clusters in parents are treated to compute

best nodes instances:
e we start by the clusters having the less number of best instances,

e when two or more clusters have the same number of best instances, we choose the

candidate cluster with the large number of variables appearing in the treated cluster.

Another possible heuristic, will be to choose the cluster adding the less number of instances

in best nodes instances.

The following example illustrates n-best-neighbors stability procedure:

Example 7.10 Let us consider the cluster CEFG in Figure 7.6, having three neighbors ABC,
CDE and F. The Figure shows the best instances in each cluster (for instance the best instance
in the cluster F is f1). The best instances in the joint distribution relative to the nodes in
ABC, CDE and F (i.e. best_nodes_instances) is constructed by first considering the cluster
F since it contains the less number of best instances then, CDE and finally ABC.

From best _nodes_instances, we can check that the best instances relative to the three separators
C, E and F are sep_instances_ from_nodes={ciNe1 A f1, ci NeaA f1}. However, from CEFG,
we have sep_instances_from_ cluster={ ci Ne1 A\ f1, ca Nei A fa}. It is clear that the instance
ca Ner A fo A gy is incoherent with sep instances  from_ nodes, thus we should decrease its
degree from a to the next degree in the possibilistic scale relative to ABC, CDE and F and

re-stabilize the moral graph using the simple stability procedure.

Figure 7.6: Example of n-best-neighbors stability

7.9 Selection of stability procedures

This section summarizes how to use the stability procedures presented in the above section.
Indeed, ideally we want to apply n-neighbor stability. However, as shown by experimental
results in next Chapter, this procedure is limited by its running time. Moreover, it can be
limited by the size of joint distributions it computed. Thus, the idea is to choose the appropri-

ate stability procedure regarding to the allowed running time and the system capacity. This
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choice is explained by a global propagation algorithm.

Figure 7.7 summarizes the preference between multiple nodes stability procedures (MSP)
and best multiple nodes stability procedures (BMSP) starting by those providing best approx-
imation of exact marginals (see experimental results in next Chapter). Note that n-parents
(resp. n-best-parents) and n-children (resp. n-best-children) stability procedures are incom-
parable? but they provide the same approximation of exact marginals (as it will be shown by
Table 8.2). However, n-parents (resp. n-best-parents) stability is more reasonable with respect

to the running time that is why, it selected before n-children (resp. n-best-children) stability.

Figure 7.7: Preference between stability procedure

The selection of stability procedure can be described as follows:
We first run n-neighbors stability (where n is the number of neighbors relative to each cluster).
If this procedure is not limited (either by running time or by system capacity), then we can
stop the program since it is the more efficient one (as shown by experimental results in next

Chapter) and the application of the remaining procedures will not improve the result.

If we cannot run n-neighbors stability, then we should select the more efficient stabil-
ity procedure within MSP (except n-neighbors) respecting the running time and the system
capacity. Moreover, we should select the more efficient stability procedure within BMSP re-
specting the running time and the system capacity. The selected procedure in BMSP should
be incomparable with the procedure chosen in MSP. For instance, if we run n-parents-children
procedure then it is useless to run the n-best-parents-children procedure and it is sufficient to

apply n-best-neighbors procedure (which is incomparable with n-parents-children).

The following algorithm summarizes the global propagation procedure under the assump-

tion that the running time is unlimited.

Zn-parents (resp. n-best-parents) stability does not imply n-children (resp. n-best-children) stability and
vice versa.
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Algorithm 7.5: Global propagation procedure

begin
Run n-neighbors stability procedure;
if blocked then
nodes_type=|[neighbors, parent-children, parents, children];
1. Selection of MSP (the most preferred is n-1 neighbors the least preferred is 2-children)
MSP _chosen <« false;
i+ 1;
nodes number < n-1;
while (not MSP_ chosen) and (i < 4) do
MSP _nodes_type + nodes_typeli];
Run the multiple nodes stability procedure wusing MSP nodes type and
nodes_number;
if the selected procedure is blocked then

if nodes number > 2 then nodes number < nodes number-1;

else

i it+1;
L nodes_number < n;

| else MSP_ chosen <« true;

2. Selection of BMSP (the most preferred is n-best-neighbors the least preferred is
n-best-children)
BMSP chosen < false;
j< L
while (not BMSP_chosen) and (j < i) and (j < 4) do
BMSP nodes_type < nodes_typelj];
Run the best multiple nodes stability procedure using BMSP nodes_ type;
if the selected procedure is blocked then j < j+1 ;
else BMSP chosen <« true;

end

If we consider the running time parameter, then we should stop the global stability procedure

when reaching the allowed time.

7.10 Consistency procedure

Given a stabilized moral graph MG, such that « is the maximum potential in its clusters
(which is the same due to Proposition 7.5), our aim is to check if MG provides exact marginals
(i,e. a = h(m'yg)) by avoiding the computation of the global joint distribution which is
practically impossible especially when handling a great number of variables. In what follows,
we propose two ways to test and ensure consistency, the first one is based on adding some

links in the moral graph while the second is based on constructing best global instances.
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7.10.1 Consistency procedure by adding links

To explain the consistency procedure by adding links, we first need a further definition:

Definition 7.5 A cluster C; relative to the variable A; is said to be consistent if for any

instance ua, of Ug,:

max g, (a; A ua,) = a. (7.22)

a;

We provide now a practical way to check the consistency of a moral graph.

Proposition 7.10 A moral graph MG is said to be consistent if all its clusters are consis-

tent.
The proof of this proposition is based on Proposition 7.1 and the following technical lemma:

Lemma 7.1 Let MG be a stabilized moral graph and let Wi/lg be its joint distribution. If all
the clusters of MG are consistent, then there exists an a-DAG G’ such that its joint distribution
is equal to ﬂ/S\Ag i.e.

/
7rm

TG = T (7.23)

Case of consistency. In the case where the moral graph is consistent, the computation
of a is immediate with the help of Proposition 7.1 and Lemma 7.1. Indeed, it is sufficient
to take a as the maximal potential of any cluster i.e. a = TFgZ_. Thus, if we have already
incorporated an instance of interest a, then we can consider « as the exact value of I1,,,(a) i.e.

II,,(a) = ma:m'gi =a.

Case of inconsistency. If there exists a variable A; € V' where Juy, s.t. maxg, TI'tCZ,(CLi A
u4,) = B < a, then the moral graph is not yet consistent (due to Definition 7.22). In this
case, the inconsistency can be dropped from each inconsistent cluster C; by replacing for any
instance uy, s.t. max, Wtci(ai Aug,;) = B < a, the potential 8 by a. However, the degree
should be retrieved. Thus, the idea is to check if the parents of A; are linked (i.e. there exists
a cluster which contains Uy, ) or if the degree § already exists in the parents of C;. If none if
these two cases occur, we should create new links between variables in Uy,. More precisely,
we select a parents of A; and we add to its parent set the remaining variables in Uy,. The
quantification of the new links allows the incorporation of the degree 5. The outline of this

algorithm is summarized as follows:
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Algorithm 7.6: Consistency procedure by adding links

begin
Modification < true;
while Modification do

end

Stabilize MG using the simple stability procedure;
Let a be the maximum (best) degree in clusters;
Modification < false;

i+ 1;

while ¢ <= N and not Modification do

| 1+ 1+1

if C; has more than one parent then

if C; is inconsistent in the sense of Definition 7.5 then

Let X be the set of all instances w4, s.t. max,, TI'tCZ,(CLi Nug,) =B <«
if A a cluster containing Ua, and the degree 3 does not exist in the
parents of C; then

Modification < true;

1. Drop inconsistency

For any instance u 4, in X, replace the degree 8 by «o;
2. Retrieve the degree

2.0. Add new links between parents:

Let A; be any of the parents of A;:

- Add to Cj, T'=Ux, \{A;}: Us, < Uqy, UT
- Update the separators associated with C}
2.1. Update C; potential:

ﬂtcv—’;l — min(ﬂgj,wnew)

B ifuy €X

«  otherwise

where Tpew(ua,) = {

Note that if C; is an inconsistent, cluster, then it is useless to replace a by [ if there exists

a cluster which contains Uy, or if the degree /3 already exists in the parents of C;. Indeed, this

modification will not be followed by an application of the simple stability procedure (since we

will not add new links) and this can give wrong results regarding the most plausible instances

in each variable.

Proposition 7.11 shows that at each level of the checking and recovering consistency pro-

cedure, the moral graph encodes the same joint distribution:

Proposition 7.11 Let ﬂj\w be the joint distribution relative to a moral graph MG at level t.
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Figure 7.8: Modified Moral Graph

Let Trﬂé be the resulted joint distribution obtained as result of the procedure above. Then,

Thag = Wﬂé (7.24)

From Propositions 7.2, 7.4 and 7.11 we deduce that from the initialization to the consis-

tency level, the moral graph encodes the same joint distribution.

Proposition 7.12 Let m, be the joint distribution given by (7.2). Let W%g be the joint dis-

tribution encoded by MG after the checking and recovering consistency procedure. Then,
Ta = TS4g- (7.25)

Example 7.11 Let us consider the moral graph stabilized in Example 7.6. We can check that
this moral graph is inconsistent, for instance mazwiB = 0.9 while h(mg,) = 0.8. This is due
to the cluster BC'D corresponding to the variable D since

mam(ﬁ%CD(bQ Acr Ady), ﬂgCD(bg ANer Adg)) =0.8<0.9 and

maz(mop(bi Aca Ady), m50p (bt Aca Adz)) =0 < 0.9.

This means that X = {by N ca,ba AN c1}.

Thus we should modify the potential of BC'D and modify for instance the cluster AC by
considering B as a new parent of C (so that to respect the topological order of variable which
isd= (A, B,C,D) i.e. ancestors before descendants). This entails a modification of the moral
graph as shown in Figure 7.8. The new potentials of BCD and ABC' are given in Table 7.22
and the re-stabilization potentials are given in Table 7.253. These potentials does not satisfy the
consistency in the sense of Definition 7.5. For instance, max(m35(a1 A b1), 75 5(a1 A b2)) =
0.4 #£ 0.8. However, the parents of all clusters having more than one parent are linked, thus
no modification will be made on the moral graph and the consistency procedure stops which
means that the consistency is reached. Thus, the possibility degree Il,,(d2) corresponds to the

mazimum potential in clusters i.e. Il,,(d2) = 0.8.

7.10.2 Consistency procedure by computing global instances

The principle of this procedure is to check if there exists a global instance having the same pos-
sibility degree than the maximal value inside the stabilized clusters (i.e. «) without computing
the global joint distribution. Indeed, we will apply the same principle than n-best stability

procedure by only computing the best instances (called best global_instances) in this joint
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Table 7.22: Potentials of BCD and ABC' after modification
b ¢ d Trg(}D a b c|7mhe | Thew(BC) Wi"%lc = min(mho, Thew)
bi a1 di 0 ar by 1| 0.3 0.9 0.3
bp ¢ do 0.9 |a1 b1 co| 0.9 0 0
by ¢ di 0.9 |lar by c¢1| 0.3 0.8 0.3
by ¢ do ar by co| 0.9 0.9 0.9
by 1 di as by 1| 0.9 0.9 0.9
bo ¢ do 0.9 |ay by co| 0.2 0 0
by ¢ di 0 as by c¢1| 0.9 0.8 0.8
bo co do 0.9 |az ba co| 0.2 0.9 0.2
Table 7.23: Re-stabilized potentials after incorporating D = do
a m™la b aigla b oc wgela b o ipollb ¢ d mop|lb ¢ d TRep
a1 0.4)|la1 by 0.3 ay by c1 0.8 |as by 1 0 ||bg 1 di 0 |by c1 dy 0
as 0.8||a1 by 0.4 |a1 b1 co 0 l|as by ¢ 0 by g dy 0.8 |by ¢1 do 0.8
as by 0 |lag by 1 0.8 |as by ¢ 0.8 ||b1 co di 0 |by co di 0
ag by 0.8 a1 by co 0.4 |ag by coa 0.2 ||b1 co do by co do 0.4

distribution using compute_best global instances.

The idea is to first apply the stability

procedures, then to cover all the clusters by only saving the best instances (i.e. having the

maximum degree) of each of them and by combining them while eliminating the incoherent in-

stances. In the proposed implementation, detailed in Appendix F, we use the following heuris-

tics to determine the order in which clusters are treated to compute best global instances:

- we start by the clusters having the less number of best instances,

- when two or more clusters have the same number of best instances, we choose the candidate

cluster with the large number of variables appearing in the treated cluster.
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Algorithm 7.7: compute best global instances

begin

exist _global_instance < 1;

best_global_instances < 0;

pos_treated_ cluster < 1;

Let nb_ clusters be the number of clusters in MG;

Let big domain be the domain relative to all clusters;

Let clusters_order be the order in which the clusters are treated (using the heuristic
described above);

treated_ cluster < clusters_order(pos_ treated_ cluster);

Affect the best instances in treated cluster to best global instances;

Let treated_war be the variable set in treated cluster;

Let scale be the possibilistic scale containing the possibilistic degrees in treated cluster;
if nb_ clusters>2 then

next < 1;

pos_ treated_ cluster < 2;

while (pos_treated_ cluster < nb_ clusters) and (next = 1) do

treated_ cluster < clusters_order(pos_treated_ cluster);

Combine best global instances with best instances in treated cluster;
if incoherence then

next < 0;

| exist_global_instance < 0;

else
Update treated war using variables in treated_ cluster;
Update scale using possibilistic degrees in treated cluster;
| pos_treated cluster <— pos_treated cluster + 1;

end

This procedure stops if all clusters are treated, or if all the best instances of the treated

cluster are incoherent with those of already treated clusters.

Case of consistency. If we are able to construct at least one global instance having the
degree « (i.e. exist global_instance = 1), then the moral graph is consistent. Thus, if we
have already incorporated an instance of interest a, then we can take o as the exact value of

II,,(a) ie. I (a) = maxﬂgi = a.

Case of inconsistency. If exist global instance = 0, then the moral graph is not yet
consistent and we should decrease the maximal potential in the clusters from « to the next
degree in the set of treated clusters and re-stabilize the moral graph again. The following

algorithm gives the outline of this procedure:
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Algorithm 7.8: Consistency procedure by computing global instances

begin
Modification < true;
while Modification do
Stabilize MG at using the simple stability procedure;
Let « be the maximum (best) degree in the clusters;
Let clusters be the set of all clusters in MG;
Let best_global instances be the set of best global instances with degree o com-
puted from clusters using compute best global instances ;
Modification < false;
if exist global instance=0 then
Decrease the maximal degree in all cluster from « to the next degree in the set
of treated clusters ;
Modification<—true;

end

Example 7.12 Let us reconsider the network treated in Examples 7.7 and 7.9 . The stabilized
potentials are the same than the two-parents stabilized potentials given in Tables 7.16, 7.17,
7.18, 7.19, 7.20 and 7.21. We can check that these potentials are not consistent since we are
not able to construct a global instance with the degree oy = 0.8215. Thus, the consistency pro-
cedure based on computing global instances, will decrease this degree to the following one in the
scale of possibility degrees relative to all clusters (i.e. [0, 0.1911, 0.2092, 0.2104, 0.2240,
0.4538, 0.4750, 0.5064, 0.5067, 0.5088, 0.5463, 0.5797, 0.6381, 0.6707, 0.7605, 0.7646,
0.8161 0.8215]). In other terms, the value 0.8215 in the stabilized clusters will be replaced by
0.8161 and we apply the simple stability procedure again. The re-stabilized potentials are equal
to the two-parents stabilized ones while replacing the value 0.8215 by 0.8161. We can check
that these potentials are consistent since we are able to construct a global instance with the

degree a1 = 0.8161 i.e. ay AbyAcaNdiNei A faNga. This means that I1,,(dy Aby Age) = 0.8161.

7.11 Handling evidence

The proposed algorithm can be easily extended in order to take into account a new evidence e
which corresponds to the value of instanciated variables. Indeed, if we are only interested with
the most plausible instances of each variable in the context of the evidence e, then we should
incorporate it in the moral graph and apply the propagation algorithm described above. Then,

it is sufficient to take maximal instances in each cluster as the most plausible ones.

However, if we are interested with the computation of II,,,(a | €), where a is the instance
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of interest, then we should call the above propagation algorithm several times in order to

compute successively II,,(e) and II,,(a A e). Then, using the min-based conditioning, we get:

M,(a| ) ILy(aNe) fIL,(aAe) <Iy(e)
mlale) =
1 otherwise

Example 7.13 Lel us consider the network treated in Example 7.1. Suppose that we receive
the certain information D = dso. If we are only interested with the most plausible instances of
each variable in the context of this evidence, then it is sufficient to compute I, (d2) as already
done in Example 7.11. Indeed, from Table 7.23, we can deduce that the most plausible instance
in A (resp. B, C) in the context of D = da is ay (resp. ba, c1).

Suppose now that we are interested with the value of I, (a1 | d2). In other terms, we want to
compute the impact of the evidence D = do on the particular instance ai of the variable A.
Then, we should first compute I1,,(d2) then I1,, (a1 Ada). Thus, we will integrate A = ay in the
consistent moral graph (obtained in Example 7.11) and apply the propagation procedure again.
The resulted potentials are given in Table 7.24. These potentials does not satisfy the consistency
mn the sense of Definition 7.5. However, the parents of all clusters having more than one parent
are linked, thus no modification will be made on the moral graph and the consistency procedure
stops which means that the consistency is reached. Thus, I1,,(a1 A d3) = 0.4, which implies
that I, (a1 | d2) = 0.4 since I, (a1 A da) < L, (d2) = 0.8.

Table 7.24: Stabilized potentials after incorporating D = dy and A = ay
a Wi a b ﬂ'le a b ¢ Tr:ZBO b ¢ d W%CD
aj 04 aj b1 0.3 aj bl C1 0.3 b1 (&1 d1 0
a9 0 al bQ 0.4 al bl C2 0 bl C1 dQ 0.3

as by 0 ar by ¢ 0.8 ||by ca dq 0

a9 bQ 0 al bg C2 0.4 b1 C2 d2 0
a2 b1 0 by ¢ di 0
a9 b1 Co 0 b2 C1 dg 0.3
a9 bg C1 0 bQ Co d1 0
a9 b2 C2 0 bQ (&) dg 04
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7.12 Conclusion

In this Chapter we have proposed an anytime propagation algorithm for min-based possibilistic

networks. Indeed, the longer it runs, the closer to the exact marginals we get.

The proposed algorithm avoids the transformation of the initial network into a junction

tree which is known to be a hard problem [30].

The principle of our propagation algorithm is to first transform the initial possibilistic
graph into an equivalent undirected graph, called moral graph. Then, several stability pro-
cedures are proposed in order to get close to exact marginals. We study in particular three
procedures,

- Simple stability procedure, ensuring that any cluster agrees with each of its adjacent clusters
(i.e. neighbors) on the distributions defined on common variables. This procedure is polyno-
mial.

- Multiple nodes Stability Procedure, ensuring that any cluster agrees on the distributions de-
fined on common variables computed from 2, 3,.., n adjacent clusters. This procedure is also
polynomial (provides that the joint distribution on considered adjacent clusters has a reason-
able size).

- Best Multiple nodes Stability Procedure, ensuring that only best instances in the distribution
of each cluster agree with the best instances in the distribution computed from several of its
adjacent clusters. This procedure is polynomial in running time, however its space complex-
ity depends on the number of best instances in the joint distribution relative to considered

adjacent clusters (which can be parents, children, parents-children, neighbors).

The choice of appropriate stability procedure depends on the allowed running time and on
the system capacity. Thus, we have proposed a global propagation procedure describing the
best strategy in selecting stability procedures under these two constraints in order to provide

best results anytime we stop the propagation process.

Finally, we have proposed two consistency procedures which ensures exact marginals. The
first one is based on adding some links in the moral graph while the second procedure is
based on constructing best global instances. These procedures are applied when stability
procedure have been achieved. Note that the consistency procedure by computing global

instances benefits more from stability procedures.

The consistency procedure by adding links is limited since it can enlarge some clusters with
additional variables. However, the maximum number of added variables, due to an inconsistent
cluster, does not exceed the maximal cardinality of parents of the variable associated with the
inconsistent cluster. Moreover, this procedure can be directly applied for revising a min-based

possibilistic graph by integrating a new piece of knowledge (and not simply an evidence or
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observation). Namely, it can be used to construct a new DAG taking into account this new
knowledge.

We should note that the results which can be provided by the anytime propagation algo-
rithm and the classical ones are somewhat different. Indeed, classical propagation algorithms
(see Chapter 6) allow to determine how any evidence on some variables affects the remaining
variables, thus running them when there is no evidence seems to be meaningless. Our prop-
agation algorithm can be used in such case and it will provide the most plausible instances
relative to all variables (given initial distributions) and their possibility degree.

Appendix F contains a detailed analysis of procedures used in the implementation of our
propagation algorithm.

Next Chapter shows that our propagation algorithm provides better results than the direct
adaptation of junction tree algorithm (proposed in Chapter 6).



Chapter 8

Implementation and Experimentations

8.1 Introduction

In this Chapter we present the experimentation results relative to the possibilistic propagation
algorithms. Indeed, using the algorithms proposed in Chapters 6 and 7, we propose a Possi-
bilistic Networks Toolbox (PNT) implemented with Matlab 6.0 in order to handle possibilistic
propagation. PNT proposes several propagation algorithms allowing both the product-based
and the min-based propagation in possibilistic networks. The implementation of possibilistic
adaptation of Pearl’s algorithm and junction tree algorithm is based on the Bayes Net Toolbox

(BNT) which is an open-source Matlab package for directed graphical models [99].

This Chapter is composed of two parts. Section 8.2 provides experimental results regarding
the quality of our new anytime propagation algorithm with respect to exact marginals. More-
over, it studies the running time relative to different procedures of this algorithm. Section 8.3

explains the use of Possibilistic Networks Toolbox (PNT) and its main options.

8.2 Experimental results

In this Section, we provide experimental results regarding the quality of the stability pro-
cedures with respect to exact marginals. We also study the running time relative to these
procedures. The experimentation is performed on random possibilistic networks generated as

follows:

8.2.1 Experimental data

This Section explains which kind of graphical structures we have used during the experimental

process.

167
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Figure 8.1: Example of a DAG with 4 levels

Figure 8.2: The QMR belief network

Graphical component

Two DAG’s structures have been used:

STRUCTURE 1: In this structure the DAGs are generated randomly, by just varying three
parameters: the number of nodes, their cardinalities (size of their domains) and the maximum

number of parents.

STRUCTURE 2: In this structure, we choose special cases of DAGs where nodes are parti-
tioned into levels such that nodes of level ¢ only receive arcs either from nodes of the same
level, or from level ¢ — 1. For instance the DAG of Figure 8.1 has 4 levels: the first contains 5
nodes, the second 7 nodes, the third 3 nodes and the fourth 5 nodes.

Note that, if we consider only two levels by omitting the intra-levels links, this structure corre-
sponds to well known networks as the QMR (Quick Medical Reference) network |77, 83] which
consists of a combination of statistical and expert knowledge for approximately 600 significant
diseases and approximately 4000 findings. The diseases and the findings are arranged in a
bi-partite graph as shown by Figure 8.2, and the diagnosis problem is to infer a probability
distribution for the diseases given a subset of findings.

An other variant of this structure can also be used in assistance for the computer network
security system in the areas of intrusion detection and in particular in partial pattern matching
and anomaly detection [123|. Indeed partial pattern matching can be accomplished by repre-
senting the input or symptom events (E1: eventl, E2: event2, E3: event3, E4:event4) and the
output or initiating events attacks (Al: attackl, A2: attack2, A3: attack3, A4: attack4) as
nodes in a network as shown by Figure 8.3. Moreover, the network of Figure 8.4 is a simple
example of the user modeling approach in anomaly detection task. The nodes are as follows:
U: user type, A: application importance, D: high damage potential, SU: gain root privilege,

M: multiple login errors, L: login error, J: joint distribution.
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Figure 8.3: Belief network for pattern matching allowing for multiple attacks

Figure 8.4: Belief network for anomaly detection

Numerical component

Once the DAG structure is fixed, we generate random conditional distributions of each node
in the context of its parents, respecting the normalization constraints. Then, we also generate

random variable of interest.

8.2.2 Stability vs exact marginals

In the first experimentation we propose to test the quality of the stability with respect to the
exact marginals h(m,) (i.e. II,(a)). Regarding the STRUCTURE 1, we have noted that the
simple stability and the two-nodes stability provides, respectively, 99% and 99, 999% of exact
results. That is why, we use STRUCTURE 2 considering 19 levels from 2 to 20. At each level
we generate 300 networks with a number of nodes varying between 40 and 60 nodes, since we
are limited, in some cases, by the junction tree algorithm! which is unable to treat complex
networks with a great number of nodes. Table 8.1 represents different parameters for this

experimentation.

Table 8.1: Parameters of the experimentation of stability vs exact marginals

levels nodes links || levels nodes links

2 45 68 12 40 83
3 40 80 13 49 106
4 45 88 14 50 107
5 40 90 15 49 103
6 40 81 16 48 99
7 40 81 17 51 106
8 40 85 18 54 112
9 40 85 19 57 119
10 40 84 20 60 125
11 40 85

!The junction tree algorithm (c.f. Chapter 6) is used for providing exact values of h(7s).
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Figure 8.5: Stability vs exact marginals

Figure 8.6: Two-nodes stability vs exact marginals

Figure 8.5, shows the results of this experimentation. At each level (from 2 to 20), the
first (resp. second, third, forth) bar from the left represents the percentage of the networks
where the simple stability (resp. two-nodes, three-nodes, multiple nodes, best multiple nodes)
stability leads to consistency (i.e. generates the exact marginals). The values relative to two-
nodes (resp. three-nodes, multiple nodes, best multiple nodes) correspond to the average of
the percentages obtained with two-parents (resp. three-parents, n-parents, n-best-parents),
two-children (resp. three-children, n-child, n-best-child), two-parents-children (resp. three-
parents-children, n-parents-children, n-best-parents-children) and two-neighbors (resp. three-
neighbors, n-neighbors, n-best-neighbors) which are represented by Figure 8.6 (resp. 8.7, 8.8,

8.9). Summary of all these percentages is given in Table 8.2.

Figure 8.7: Three-nodes stability vs exact marginals



Chapter 8: Implementation and Experimentations 171

Figure 8.8: n-nodes stability vs exact marginals

Figure 8.9: n-best-nodes stability vs exact marginals

It is clear that the higher the number of adjacent clusters considered in different stability
procedures, the better the quality of results. Indeed, in multiple nodes stability procedures
n-nodes stability is better than three-nodes stability which is better than two-nodes stability

since they provide, respectively, 99.87%, 99.82%, 99.59% of exact marginals.

Moreover, Figure 8.5 shows that stability degrees, even with simple stability, are a good
estimation of exact marginals (96, 42%). In addition, we remark that the quality of estimation
depends on the number of levels in the DAG since with a small number of levels (2, 3 and 4),

the simple stability procedure is sufficient to reach exact marginals (see Figure 8.5).

Figure 8.10 represents the running time between different stability procedures using STRUC-
TURE 1 with DAGs of 30 nodes and 50 links in average. It is clear that the simple stability
procedure is the faster one, while the n-nodes stability is the slowest one. This result is unsur-
prising since all the stability procedures use at least one time the simple stability procedure.
Moreover, n-nodes stability uses a greater number of clusters than three-nodes and two-nodes

stability.

Figure 8.11 (resp. 8.12, 8.13, 8.14) represents details of values obtained with two-nodes
(vesp. three-nodes, n-nodes, n-best-nodes) stability and shows that the running time grows
exponentially when using neighbors (i.e. two-neighbors, three-neighbors, n-neighbors, n-best-

neighbors) which is an expected result since neighbors includes parents and children.

More generally, multiple nodes stability procedures can block if they use a great number
of adjacent clusters (i.e. parents, children, parents-children or neighbors) since they are based
on the computation of their joint distribution. More precisely, if there exists a cluster such
that its adjacent clusters, used in the stabilization procedure, form a joint distribution with

more than 7000000 instances, then the program is unable to provide an answer and blocks.
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Table 8.2: Summary of the experimentation of stability vs exact marginals

Stability procedure Percentage of exact marginals
Simple stability 96.42%
Two-parents 99.53%
Two-children 99.53%
Two-parents-children 99.58%
Two-neighbors 99.74%
Two-nodes stability 99.59%
Three-parents 99.82%
Three-children 99.82%
Three-parents-children 99.82%
Three-neighbors 99.84%
Three-nodes stability 99.82%
n-parents 99.84%
n-children 99.84%
n-parents-children 99.84%
n-neighbors 100%
n-nodes stability 99.87%
n-best-parents 99.84%
n-best-children 99.84%
n-best-parents-children 99.84%
n-best-neighbors 99.84%
n-best-nodes stability 99.84%

Figure 8.10: Running time between different stability procedures

From Table 8.2 we can see that n-parents (resp. n-best-parents) and n-children (resp. n-
best-children) stability procedures provide the same approximation of exact marginals. How-
ever, from Figure 8.10 it is clear that n-parents (resp. n-best-parents) stability is more rea-
sonable with respect to the running time that is why it is more efficient than n-children (resp.

n-best-children) stability.

Figure 8.11: Running time between different two-nodes stability procedures
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Figure 8.12: Running time between different three-nodes stability procedures

Figure 8.13: Running time between different multiple nodes stability procedures

8.2.3 Correlation between exact marginals and stability degrees

We are now interesting with the correlation between exact marginals and the ones generated
by the stabilization procedure. This experimentation is performed on 100 random networks
with 20 levels and 60 nodes (using STRUCTURE 2). Then, we compare the possibility degree
of the instance of interest generated by the junction tree algorithm (exact marginals) with

those generated by the simple stability procedure.

Figure 8.15 shows results of this experimentation. Again we confirm that the simple
stability procedure is a good estimation of exact marginals. Indeed, it is clear that in the cases
where the equality, between exact marginals and those obtained from the stability procedure,
does not hold, the gap is not important. Indeed, in this experimentation the possibilistic scale
contains 87 values and the gap between exact marginals and stability degrees, when they are

different is equal to 5.67 values in average.

8.2.4 Comparing junction tree algorithm with the anytime algorithm

We also have compared experimentally the junction tree algorithm with simple stability pro-
cedure. In this experimentation, using STRUCTURE 1, we vary the ratio Links/Nodes in

order to test the limitation of the junction tree algorithm.

This experimentation shows that with networks containing 40 (resp. 50, 60) nodes, the
junction tree algorithm is blocked from the ratio 3.55 (resp. 2.72, 1.78). This is due to the
size of clusters it generates in the phase of building the junction tree. Indeed, if the number of

instances in any cluster contains 7000000 instances, then the algorithms is unable to initiate it.

Figure 8.14: Running time between different Best multiple nodes stability procedures
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Figure 8.15: Correlation plots between exact marginals and somple stability procedure degrees

However, in such examples the simple stability procedure provides a result in a few seconds
since it just passes messages between clusters having a limited size corresponding to each node
with its parent set. Nevertheless, we should not forget that the simple stability procedure only
provides good estimation of marginals but not the exact ones. Note that when the junction
algorithm is not blocked, it is faster that the simple stability procedure but the difference does

not exceed few seconds.

Using the exact procedure based on computing global instances, we can get exact marginals
but this procedure can takes a long running time. For instance with networks having 60 nodes
and a ratio of 1.78 this procedure provides a result in 4133,49 seconds. In other terms,
computing global instances can only be limited by the running time but never blocks due to

the system capacity contrary to the junction tree algorithm.

8.3 Possibilistic Networks Toolbox (PNT)

In this Section we propose a Possibilistic Networks Toolbox (PNT) implemented with Matlab
6.0 in order to handle possibilistic propagation. Appendix F contains a detailed analysis of

procedures used to implement this software. PNT offers the following propagation algorithms:

e for min-based possibilistic networks:
- propagation in polytrees,
- propagation in junction trees,

- anytime propagation.

e for product-based possibilistic networks:
- propagation in polytrees,

- propagation in junction trees.

The implementation of possibilistic adaptation of probabilistic propagation in polytrees
and in junction trees is based on the Bayes Net Toolbox (BNT) which is an open-source Mat-

lab package for directed graphical models [99].

The main menu of PNT is represented by Figure 8.16. We now explain its different options.
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Figure 8.16: Main menu

8.3.1 Definition of network structure

This option (see Figure 8.17) allows the specification of the DAG structure by adding or
deleting nodes or links. The addition of any node is done by choosing its position, its name
and its parent set within existing nodes.

For instance Figures 8.18, 8.19, 8.20 and 8.21 represent different steps relative to the addition
of the the node D to the DAG relative to the possibilistic network used in Example 7.1.

Figure 8.17: Definition of the network structure

Figure 8.18: Choice of the position of the node D

8.3.2 Network Quantification

This option allows the quantification a constructed network by providing the cardinality and
the initial distributions relative to each node. Moreover it allows the definition of the observed

nodes and the variable of interest.

Definition of cardinalities and initial distributions

Given a DAG structure, this option (see Figure 8.22) allows its quantification. The first step
is to define the cardinality of each variable in order to construct the network structure. The
second step is to provide the initial local conditional possibility distribution of each variable

in the context of its parents.

Figures 8.23, 8.24 and 8.25 are relative to the quantification of the possibilistic network of
Example 7.1.
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Figure 8.19: Definition of the name of the new node (D)

Figure 8.20: Selection of the parents of D within A, B and C' (Up = {B,C})

Definition of evidence and instance of interest

The definition of total evidence can be done via Define evidence option (see Figure 8.26)
by selecting the observed variables and their certain instances. In the same manner, Define
Instance of Interest option (see Figure 8.27) allows the definition the instance of interest by
selecting variables of interest. Note that the definition of evidence is necessary except with
the anytime propagation algorithm. Indeed, propagation algorithms in junction trees and in

polytrees are meaningless if the evidence is not specified.

Figures 8.28 and 8.29 are relative to the evidence D = dy and the instance of interest
A= ai.

8.3.3 Min-based propagation

Given a product-based possibilistic network and the set of observed nodes, we can call any of

the following propagation algorithms.

Propagation in polytrees

The min-based propagation in polytrees (see Figure 8.31) is based in the algorithm presented
in Section 6.3.1. If we call this algorithm with a multiply connected DAG, then an error

message is displayed. Otherwise, the propagation result is provided.

Figure 8.21: DAG of Example 7.1
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Figure 8.22: Definition of cardinalities and initial distributions

Figure 8.23: Example of definition of cardinalities

Figure 8.24: Example of initial conditional distributions

Figure 8.25: Example of initial conditional distributions

Figure 8.26: Definition of evidence

Figure 8.27: Definition of instance of interest

Figure 8.28: Selection of the observed node D and its instance dy

Figure 8.29: Selection of the variable of interest A and its instance a;

Figure 8.30: Coloration of the observed variable D (blue) and the variable of interest A (red)

Figure 8.31: Min-based propagation in polytrees
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Figure 8.32: Min-based propagation in junction trees

Propagation in junction trees

The min-based propagation algorithm in junction trees (see Figure 8.32) is based in the algo-

rithm presented in Section 6.3.2.

Anytime algorithm

Once the network is defined, the anytime propagation algorithm (see Figure 8.33) provides
results of propagation which depend on the definition of evidence and instance of interest.
Indeed,

e if the evidence and the instance of interest are specified, then the propagation algorithm
displays the conditional possibility degree of the instance of interest in the context of

evidence,

e if only the evidence is specified, then it displays the most plausible instances relative to

the remaining variables i.e. those which are not observed,

e if only the instance of interest is specified, then it displays the possibility degree of this

instance (with no context),

e if neither the evidence nor the instance of interest are specified, then it displays the most

plausible instances relative to all variables (given initial distributions).

We can also choose the procedures to apply during the propagation process. In this case,
we should specify if we want to apply the consistency procedure or not (see Figure 8.35). If
it is the case then we should select one of the two proposed consistency procedures (i.e. add
links or compute best global instances) (see Figure 8.34). Otherwise, we should specify the
number and the type of nodes to consider in the selected stability procedure (see Figures 8.34
and 8.36)).

Figure 8.37 shows the propagation result relative to the evidence D = dy and the instance
of interest A = a; (i.e. II,;,(a1 | d2)) using a simple stability procedure. Moreover, Figure 8.38
shows the propagation result if we run the propagation algorithm with neither evidence nor

instance of interest (which corresponds to the result obtained in Example 7.6).
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Figure 8.33: Anytime Propagation

Figure 8.34: Definition of consistency options

Figure 8.35: Definition of stability options

Figure 8.36: Definition of stability options

Figure 8.37: Value of II,,,(a; | d2) = 0.4

Figure 8.38: Most plausible instances
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Figure 8.39: Product-based propagation in polytrees

Figure 8.40: Product-based propagation in junction trees

8.3.4 Product-based propagation

Given a product-based possibilistic network and the set of observed nodes, we can call any of

the following propagation algorithms.

Propagation in polytrees

The min-based propagation in polytrees (see Figure 8.39) is based in the algorithm presented
in Section 6.2.1. If we call this algorithm with a multiply connected DAG, then an error

message is displayed. Otherwise, the propagation result is provided.

Propagation in junction trees

The min-based propagation algorithm in junction trees (see Figure 8.40) is based in the algo-

rithm presented in Section 6.2.2.

8.4 Conclusion

The experimentation results, provided in this Chapter, show that our new algorithm (described
in Chapter 7) gives better results than a direct adaptation of probabilistic propagation algo-
rithm.

Indeed, the simple stability procedure can be applied efficiently to any DAG structure.
Moreover, it provides a high number of exact marginals (i.e. 96.42%). Other refined stability
procedures improve the rate of correct exact marginals (for instance n-nodes stability provides
99.87% of exact marginals), without a huge increasing of the running time (with a DAG having
60 nodes, the additional running time is between 10 and 60 seconds).

These results are interesting since they show that with networks having complex structures
with a great number of nodes, we can use simple stability procedure which is a polynomsial
procedure. Indeed, in such cases junction tree algorithm can generate huge clusters where local

computations are impossible, and blocks.
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The second part of this Chapter has illustrated our implementation of different propagation
algorithms for min-based and product-based possibilistic networks and have shown the use of
our Possibilistic Networks Toolbox (PNT).
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Conclusion

This thesis has contributed to the development of graphical models for reasoning under uncer-
tainty in possibility theory framework. Uncertainty is either encoded numerically using the

unit interval [0,1] or qualitatively using a total pre-order between events.

We have addressed the question of defining independence relations in possibility theory.
We have first introduced a qualitative framework where uncertainty is represented by total
pre-orders on possible states of the universe of discourse. This framework recovers basic defini-
tions of classical possibility theory. For instance, the qualitative conditioning extends standard

possibilistic conditioning.

Then, we have noticed that there are two kinds of independence: causal and decomposi-
tional. Causal independence relations can be simply defined using notions of accepted, ignored
and rejected beliefs. Decompositional independence relations are defined using other operators
different from the two traditional ones: minimum and product operators. These two kinds of
independence are equivalent in probability theory, while in possibilistic setting we only have

decompositional independence which implies causal ones.

Our main contribution regarding independence relations is the proposition of new def-
initions obtained from the analysis of the plausibility ordering induced from a possibility
distribution. Obviously, these new definitions have been compared with existing ones and

their graphoid properties have been studied.

Our results on independence relations can be used in multiple criteria analysis and in
relational data decomposition. They can also be used for defining other forms of qualitative
networks. For instance, Brafmann and col. [27] have proposed a new qualitative network where
inside each node a plausibility relation is used instead of possibility degrees. They use Ce-
teris Paribus independence (i.e. CP-independence) which is, as we have shown, equivalent to

the qualitative independence relation based on preserving orderings (i.e. POS-independence).
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Therefore, our study of graphoid properties can be useful for showing the coherence of prop-

agation algorithms based on Ceteris Paribus independence.

Another main contribution of this thesis is the development of graphical models for possi-
bility theory framework. We have first developed a direct adaptation of the centralized version
of Pearl’s algorithm [87, 103, 105] and of the probabilistic propagation in junction trees [84]
for min-based and product-based possibilistic networks. This allows us to conclude that when
we use the product form of conditioning, we get possibilistic networks close to the probabilis-
tic ones, sharing the same features and having the same theoretical and practical results. It
is also important to note that other existing graphical models like Valuation Based Systems
[111, 112] or networks based on Spohn’s ordinal conditional functions [35, 72| only allow to
recover product-based networks and not the min-based ones. In fact, min-based networks have
different behavior since they do not satisfy the so-called coherence property. Indeed, it may
happen that the joint distribution associated with the possibilistic graph do not recover the
initial data provided by experts. Nevertheless, we have shown that unrecovered data have no

effect either on independence relations or on the propagation process.

The particular properties of the minimum operator, such as the idempotency, lead us to
explore a new propagation approach for min-based networks which avoids the transformation

of the initial network into a junction tree, known to be a hard problem.

The proposed algorithm is an anytime algorithm. It is composed of several steps, which
progressively converge to the exact marginals. The experimentation results show that our new
algorithm gives better results than a direct adaptation of the probabilistic propagation algo-
rithm. Indeed, the simple stability procedure can be applied efficiently to any DAG structure,
including those where the junction tree algorithm blocks. Moreover, it provides a high number
of exact marginals (i.e. 96.42%). Other refined stability procedures improve the rate of correct
exact marginals (for instance n-nodes stability provides 99.87% of exact marginals), without
a huge increasing of running time (with a DAG having 60 nodes, the additional running time

is between 10 and 60 seconds).

We have also proposed a Possibilistic Networks Toolbox (PNT) implemented with Matlab
6.0, in order to handle possibilistic propagation in both product-based and min-based possi-

bilistic networks.
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An interesting future work is to compare the graphical-based representation of uncertain
information with the logic-based one. Recently, a study of the links existing between pos-
sibilistic logic and possibilistic graphical models has been proposed by Benferhat and col.
[17, 18]. This work provides theoretical results to encode possibilistic logic bases into possi-
bilistic graphs. It also studies the translation of possibilistic graphs into possibilistic logic.
Such results can be interesting to take the advantage of both frameworks. Nevertheless, the

complexity of proposed methods is not yet performed.

From application point of view, qualitative possibilistic networks can be used in assistance
for the computer network security system in the areas of intrusion detection [123]. Indeed,
in such applications qualitative results, for instance on the attack nature are expected rather
than exact numerical values. Besides, the responding time is crucial due to the danger which

can follow an attack of the computer system.

Another line of research will be to handle decision variables by studying possibilistic in-
fluence diagrams. Indeed, most of the proposed methods for propagation in probabilistic
influence diagrams are based on propagation on probabilistic Bayesian networks [109, 132].
The same idea can be used on possibility theory by using propagation results obtained in
this thesis. Such a development needs the qualitative decision concepts recently presented in
possibility theory [51, 59, 131].
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Appendix A

Proofs of Chapter 2

Proof of Proposition 2.1 We want to prove that

(i) Aces, (¢ Ay) # min(Aces_ (¢), Aces, (V)
& Accs (¢ ANY) = —1,Acc> (¢) =0, and Ace>, (¢) =0.
Let us consider the possible values of Accs_ (¢ A ):

o Acc> (¢ ANY) =1= Acc>_ (¢) =1 and Acc>_ () = 1 (using property 2)
Hence, Acc>_ (¢ A1) = min(Aces, (¢), Accs, ().

o Acc> (pNY)=0= 3¢, ¢ st. pAY = ¢ N (at least ¢’ #11 ¢ or ¢/ #11 )
If we assume that ¢’ #i ¢, then Aces, (¢) =0 and Aces, (¢) >0
= Acc>_ (¢ A ) = min(Accs_ (¢), Acc>_ (¥)).

o Acc> (A1) = —1. Using (i), we deduce that (i1) Accs>, (¢) > 0 and (i2) Aces, (¢) >
0.

If we assume that Acc>,_ (¢) =1, then ¢ >, —¢. Thus, we can distinguish two cases:
— ¢ A is more plausible than —¢ A ¢ and —¢ A =)
= Acc>,_ (1) = —1 which contradicts (i2).
— @A) is more plausible than =g A1) and =¢A—p. In this case pA—1) is more plausible

than ¢ A9 (since Aces, (¢ A1) = —1) = Acc>_ (¢) = —1 which contradicts (i2).

Proof of Proposition 2.2 Let ¢ and 1 be subclasses of €, we need to prove that:
Acc(p A ) = min(Acc(o | ), Ace(yp)). The possible values that Acc(¢ A ¢) can take on

are:.

e Acc(pNY) =1 = oA > ~(p AY) = max(—=d AN, A —p,—¢p A —1)) and hence
¢ AN >11 ¢ A which implies Ace(o | ¢) = 1.
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o Acc(pAp) =—1=pAth<i ~(p A1)
= maz(Q) C (o Ap) V(¢ A=)V (mp A ),
-if = A C max(Q2) then Acc(o | ¥) = —1,
- else max(2) C =, ¢ <1 = which implies that Acc(¢) = —1.

e Acc(pNY)=0= AN =11 ~(dA\Y)
= ¢ A Cmax(Q) and (~p AY) V(¢ A=) V (2 A —1p) Nmaz(2) # 0,
-if = A C maz(Q) = Ace(¢ | ) =0 (since ¢ A =1 —¢p A )
and Acc(v) > 0 (since ¢ A C 1),
- else maxz () C —¢ = Acc(o | ¥) =1 (since ¢ Ay > —d A1)

and Acc(¢) =0 (since ¢ =g MaX,ey] W =11 7Y =11 MAX,e[-y)] w).
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Proofs of Chapter 3

For the sake of simplicity, the context appearing behind the conditioning bar is omitted in the

some of the following proofs.

B.1 Proofs for independence relations

Proof of Proposition 3.1 Let >, be a plausibility relation defined on 2 = Dy and consider
three mutually disjoint subsets of variables X, Y and Z forming a partition of V. We want to
prove that the relation Ipp(X, Z,Y) is true, iff, Vz,y, 2z, Acc(x | yAz) = Acc(z | z). The inde-
pendence relation Igp(X, Z,Y") implies this Proposition trivially by replacing ¢x by x, ¥y by
y and ¢z by z in (3.1). Thus it is enough to prove that if Vz,y, z, Acc(z | y A z) = Acc(x | 2)
then Ipp(X,Z,Y). Since Acc on instances of X characterizes the acceptance function on
subsets of Dy, it follows that Vy,z Acc(px | y A z) =Acc(px | z). Now it is obvious
that plausibility measure relations 1 >p1 1 and Y9 >11 @9 imply ¥1 V e >11 01 V @2
and the same for =p. Hence, from ¢x Ay Az >0 ~dx ANy Az Vy € Yy, Vz € oz imply
dx Ny A pz > —dx Ay A gz, and the same with = Hence, Ipp(X, Z,Y) holds.

Proof of Proposition 3.2 We want to prove that if X is PO-independent of Y, then X
is also BP-independent of Y. We can distinguish three cases:

- Acc(z) = 1, this means that Va', 2 >y 2’. Therefore, Vo', 2 Ay >, 2/ Ay, Ace(x | y) = 1.

- Acc(z) = —1, this means that 3z’ s.t. 2’ > . Then using PO-independence we deduce
that 32’ s.t. 2’ Ay > Ay which implies Acc(z | y) = —1

- Acc(z) = 0, this means that 32 s.t. x =g 2’ and Az” st. 2" >px

= axANy=-2 Nyand Ax" st. 2" Ny=rx Ay

= Acc(z | y) =0.
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Proof of Proposition 3.3 Let ¢ = Dy and ¢ = D},

- Firstly we prove that if V¢ C Dx,Vi¢ C Dy s.t. ¢ # (0 and ¢ # 0, YV, y,

Acc(z Ay | ¢ AY) = min(Acc(z | ¢),Acc(y | ¢)) then X is POS-independent of Y.
Assume that (i) Acc(z Ay | ¢ A1) =min(Acc(x | ¢), Acc(y | ¢))

then Vz,2’,Vy, we have:

Acc(z Ay | {x,2'} Ny) = min(Acc(z | {z,2'}), Acc(y | v))

< Acc(z | {z, 2"} Ny) = Acc(z | {z,2'})

since Acc(y | y) =1, and Acc(z Ay | {z,2'} Ny) = Acc(x | {z,2'} Ny).

If Acc(z | {z,2'}) =1 (vesp. 0,-1), then x > 2’ (resp. z =g 2/, 2’ >11 )

= Acc(z | {z,2'} Ay) =1 (resp. 0,-1)

oAy >0 ANy (resp. x Ay =, 2 Ny, 2’ Ny >, x Ny).

Therefore, X is PO-independent of Y, Moreover Y is PO-independent of X since (i) is obvi-
ously symmetric. Hence, X is POS-independent of Y.

- Let us show the converse. Assume that X and Y are POS-independent.

First suppose that Acc(z | ) = —1. Then 32’ € ¢ such that 2’ > x

=2/ ANy >r x Ay (since Ipos is true)

= Acc(zx Ay | ¢ ANp) = —1 (by definition). The same conclusion holds if Acc(y | ) = —1.

Now, we have three remaining cases (other cases, are obtained by symmetry):

e Acc(z | ¢)=1and Acc(y |¥) = 1.
Assume that Acc(x Ay | ¢ AY) # 1 (i.e. 0or-1)
= d2' € ¢,y € such that 2/’ ANy >z Ny
Moreover, z >11 2’ (since Acc(z | ¢) = 1)
= 2 Ay > 2’ ANy (since Ippg is true)
2Ny >rxhNy>ca ANy
=2 Ny > 2 Ny
=y’ >1 y(since Ipog is true). Hence contradiction with Ace(y | ¢) = 1.

o Acc(z | ¢) =0 and Acc(y | ¢) = 1.
Assume that Acc(x Ay | ¢,9) # 0 (i.e. -1 or 1), then we can consider two subcases:
-Acc(z ANy | pAY)=—1 =32’ € ¢,y € 1) such that 2/ Ay >,z Ny
Moreover, y >11 ¢/ (since Acc(y | ) =1)
= 2 Ay >z Ay (since Ipog is true)
=2 ANy >Ny
= 2/ >11 x (since Ippg is true). Hence contradiction with Acc(z | ¢) = 0.
-Acc(z Ayl oANY)=1=V' € o, VY €,z Ny > 2 Ay
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= V', x ANy >, 2’ Ny = x >11 2’ (since Ipog is true).

Hence contradiction with Acc(z | ¢) = 0.

o Acc(z | ¢) =0 and Acc(y | ¢) =0.
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Assume that Acc(z Ay | ¢ A1) #0 (i.e. -1 or 1), then we can consider two subcases:

-Acc(z ANy | oAY)=—1= T2 € ¢,y € Y such that 2’ Ay >,z Ay
Moreover, y =11 ¥ (since Ace(y | ¢) = 0)

= 2 Ay =2z Ay (since Ipog is true)

=2 Ny >rax ANy

= o’ >p x(since Ipog is true). Hence contradiction with Ace(x | ¢) = 0.
-Acc(z Ayl oAY)=1=Vr € VY € x ANy > a' Ny

= V', x ANy >p 2’ Ny = Vo' x> 2’ (since Ipog is true).

Hence contradiction with Ace(x | ¢) = 0.

Proof of Proposition 3.4 We want to prove that POS-independence implies the BPS-

independence. This relation is true. Indeed, if we let Dy = Dx and Dy, = {y} in (3.6) we

obtain:

Ace(w Ay | Dy, {y}) = min(Ace(z | Dy), Acc(y | {y}))

< Acc(z | {y}) = Acc(x) (since Acc(z Ay | Dx,{y}) = Acc(z | {y}),
Acc(z | Dx) = Acc(z) and Acc(y | {y}) =1)

which leads to case (i) of (3.3). The case (ii) of (3.3) is obtained by symmetry by letting

D, = {z} and D}, = Dy in (3.6).

Proof of Proposition 3.5 We want to prove that CP-independence is equivalent to the

POS-independence.

e Suppose that X and Y are CP-independent but not POS-independent i.e.
x; >x; but Jy st x; Ay <xj Ay
From CP-independence z; Ay < zj Ay =Yy, zi Ay <x; Ay
= max{z; Ny} <max{z; \y'} = x; <z

Hence contradiction.

e Suppose that X and Y are POS-independent but not CP-independent i.e.
ANy >zjAybut Iy st w; Ay <z ANy
The relation z; Ay > x; Ay implies x; > x;,
= z; ANy > x; Ay’ (From POS-independence)

Hence contradiction.
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Proof of Proposition 3.6 We want to prove that X and Y are PT-independent in the con-
text Z as soon as Definition 3.4 holds for instances only. To see it, note that (3.9) does not
hold only if Acc(z Ay | z) = —1 and Acc(z | z) = Acc(y | z) = 0 due to the properties of
Acc given in Subsection 2.4.

This case can only be observed if the set of plausible instances of X (resp. Y') contains
more than one element, including x (resp. y). So, x € maxz(Dx),y € max(Dy),| Dx |> 1
and | Dy |[> 1, and (3.9) does not hold if A y is not a plausible instance in Dx x Dy.
So (3.9) means that maxz(Dx x Dy) = max(Dx) x max(Dy) in any context z. Hence
Voz € Dz,max(Dx x Dy) x Dz = maz(Dx) x max(Dy) x Dz. However, Definition (3.4)
does not apply only if:

Acc(dx ANy | wz) = —1,Acc(dx | pz) =0, and Acc(yy | pz) = 0.

It is equivalent to say that:

Odx N Yy Nz =z 2opx APy ANz 25 2ox Ny Aoz > dx Ny N pz.

However, it implies that max(Dx) overlaps ¢x and —¢x, maz(Dy) overlaps vy and =)y,
and Vx Ay € ¢ox ANpy Amaz(Dx) x mazx(Dy), x Ny € max(Dx x Dy). Hence, we have proved
that in context ¢z, the equality Acc(x Ay | pz) = min(Acc(x | pz), Acc(y | pz)) does not
hold. Tt implies that 3z € ¢z, such that (3.9) does not hold. So (3.9) implies PT-independence.

Proof of Proposition 3.7 We want to prove that the acceptance of one instance of X
or of Y is enough to conclude PT-independence between these two variable sets in the context
Z. More formally, we want to prove that Vz € Dy,

if 3z € Dx s.t. Acc(z | z) =1, orif Jy € Dy s.t. Acc(y | z) =1,

then the relation Ipp(X, Z,Y) is true.

We analyze the possible situations (the other are obtained by symmetry):
(a) Acc(xz | z) =1 and Ace(y | z) = 0 = min(Acc(z | z), Acc(y | z)) =0
(b) Acc(z | z) =1 and Acc(y | 2) =1 = min(Acc(z | z),Acc(y | 2)) =1
(¢) Acc(x | z) =1 and Acc(y | z) = —1 = min(Acc(x | 2),Acc(y | z)) = —1

e In the case (a) we have x Az >~z Azand y Az =g "y Az
= maz(z ANy Az,x A=y Az) > max(~x Ay Az, ~xA-yAz)and
maz(z ANy Az, ~x ANyAz) = mazx(x A—-y A z,~xA-yAz)
ST AYANz=rxA-YyAz>max(-zAyAz,~xAN-YyAz)
= Acc(z Ay |2)=0

e In the case (b) we have z Az >g -z Azand y Az >y Az
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= mazx(z ANy Az,x AN-yAz) > max(-x Ay Az, ~xA-yAz) and
maz(z ANy Az, "z ANy A z) >z max(x Ay A z,—x Ay z)

=z AyAz>rmar(~z AyAz,c A-yAz,~xA-yAz)

= Acc(z ANy |2)=1

e In the case (c) we have z Az > —x Azand “yAz>gyAz
= maz(z Ay Az, x ANy Az) >z max(~z Ay Az, -z A-yAz)and
maz(z A-yNz,~x AN-yAz)>max(x AyAz,~xAyA z)
=T AN YANz>cmar(~z AyANz,c ANyAz,~xA-yA z)
= Acc(z ANy |2z)=—-1

Proof of Proposition 3.8 We want to prove that,
(i) Acc(z Ay) # min(Acc(z), Acc(y)) & Acc(z Ay) = —1, Ace(x) = 0, and Acc(y) = 0.

Let us consider the different cases of Acc(x A y):

e Acc(zNy)=1=ax ANy > 2' Ny ,Va' € Dx \ {z},Yy' € Dy \ {y}
=z >pa and y >y, V' € Dx \ {z},Vy' € Dy \ {y}
= Acc(x) =1 and Acc(y) =1
Hence, Acc(x A y) = min(Acc(x), Acc(y)).

Thus, this case is impossible since it contradicts (i).

o Acc(zNy)=0= 32",y s.t. e ANy =2" ANy (at least 2’ £ x or ¥ #n1 y)
If we assume that 2’ #pp x, then Acc(z) = 0 and Acc(y) >0
= Acc(x Ay) = min(Acc(z), Acc(y)). Thus, this case is impossible since it contradicts

(1).

e Acc(z Ay) = —1. Then, using (i) we deduce that (i1) Acc(z) > 0 and (i2) Acc(y) > 0.

If we assume that Acc(z) = 1, then we can distinguish two cases:

— x A —y is more plausible than -z A y and —x A —y

= Acc(y) = —1 which contradicts (i2).

— x Ay is more plausible than —z Ay and —=x A—y. In this case x A—y is more plausible

than = Ay (since Acc(x Ay) = —1) = Acc(y) = —1 which contradicts (i2).

Proof of Proposition 3.9 We want to prove that if X and Y are BPS-independent then
they are PT-independent. Suppose that X and Y are BPS but not PT-independent:

= dz, 3y, s.t. Acc(x Ay) # min(Acc(z), Acc(y))

= min(Acc(z | y), Acc(y)) # min(Acc(x), Acc(y)) (From Proposition 2.2)

Hence Acc(z | y) # Acc(x).
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So X and Y are not PO-independent. Hence they cannot be BPS-independent.

Proof of Proposition 3.10 We want to prove that if a plausibility relation >, is Pareto-
decomposable along X and Y then one of the local plausibility relations on X or Y should be
uniform. Suppose that none of the distributions on X and Y is uniform, that is 3z, 2/, 3y, ¢/,
s.t. > 2’ and y > /. Then the two states x Ay and 2’ A y are not comparable. Indeed:
-if z Ay’ >, 2’ Ay, this relation contradicts the Pareto-ordering since 3’ 211 v,
-if ' Ay >, x Ay, this relation contradicts the Pareto-ordering since =’ %1 .

This result contradicts the assumption that >, encodes a complete preorder.

Proof of Proposition 3.11

- PROOF THAT Ipgreto IMPLIES Ijerimin. Suppose that X and Y are Pareto-independent but
not leximin-independent, then we can distinguish two cases:

- Case 1: Jx,y, 32,y s.t. x Ay > 2’ ANy and

min(z,y) <g min(x’,y'), or

min(z,y) =g min(z’,y') and max(z,y) < max(z’,y’)

Since Pareto-independence is respected x Ay >, 2/ Ay

=z >qa andy >y

= min(z,2') > min(y,y’) and maz(z, z') >n maz(y,y').

Hence contradiction.

- Case 2: dz,y, 37,y , s.t. x Ay = 2’ ANy and

min(x,y) #n min(2’,y"), or max(x,y) #n maz(x’,y')

Since Pareto-independence is respected x Ay =, 2’ A/

=z =2 and y =1 ¢/

= min(z,y) =n min(z’,y’), and maz(z,y) =g maz(z',y’)

A contradiction again.

- PROOF THAT Ipgreto IMPLIES Ijegimas. This proof can be done in the same manner as
Ipareto(X, Z,Y) = Diegimaz(X, Z,Y).

Proof of Proposition 3.12

- PROOF THAT Ijepimin IMPLIES Ipog. Suppose that not i.e. X and Y are leximin but not
POS-independent then we can distinguish two possible situations (other cases, are obtained
by symmetry):

- Case 1: dz,y, 37,y st. 2 >p 2’ and 2 Ay <, 2’ Ay

Since leximin-independence is respected, x Ay <, ' Ay
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min(z,y) <mg min(z’,y) or

min(z,y) =g min(x’,y) and max(z,y) <p maz(z’,y)
= x < z'. Hence contradiction.
- Case 2: dz,y, 32,y st. x>p a2’ and x Ay <, 2’ Ay
Since leximin-independence is respected z Ay < 2’ Ay
= min(x,y) <g min(z’,y) and maz(z,y) <gp maz(z,y)

= ¢ <1 . Hence contradiction.

Proof of Proposition 3.13

- PROOF THAT Ipog IS EQUIVALENT TO Ijegimin IN THE BINARY CASE. The leximin-
independence implies POS-independence in the general case (see Proposition 3.11). Thus, it is
enough to prove that POS-independence implies leximin-independence in the binary case.i.e.,
A and B are POS but not leximin-independent i.e. Ja,b,3a’, b s.t.

(1) aAb >, a’ AV but the relation a Ab >jepimin o' A is false. This may happen in two cases:
- Case 1: min(a,b) < min(a’,t’) = min(a,b) < a’ and min(a,b) < V'

Suppose that a <p1 b then we have a <p; @’ and a < ¥’

From the POS-independence, a <1 @’ implies:

(i) a Ab <ga' Aband (iii) a AV <pad AV

From (i),(ii) and (iii) we have a AD <z ' AV <z aANb<pd Ab

which contradicts a <, b'.

- Case 2: min(a,b) = min(a’,b") and mazx(a,b) <g maz(a’,bv)

Suppose that a <py b then we have a =y min(a’,V’) and b <;p maz(a’,d)

Suppose now that a’ <p b’ then we have a =y @’ and b <y b'.

From the POS-independence, b <11 &’ implies:

(i) aAb<paAb and (iii) ' Ab<pd AV

From (i),(ii) and (iii) we have ¢’ Ab <; d' AV < aAb<paAl

which contradicts a =1 a’.

- PROOF THAT Ippg 1S EQUIVALENT TO Ijezimar IN THE BINARY CASE. This can be done in

the same manner as Ippg is equivalent to Ijeqpimin.

Proof of Proposition 3.14

- PROOF THAT Ipog IS EQUIVALENT TO Ijepimin IF WE HAVE TWO-LEVELS DISTRIBUTIONS.
The leximin-independence implies POS-independence in the general case (see Proposition 3.11).
Thus, it is enough to prove that POS-independence implies leximin-independence. Suppose
that A and B are POS but not leximin-independent i.e. Ja,a’,3b,b" s.t. (i) a Ab >, a' ANV

but the relation a A b >jcpimin @’ A b is false. This may happen in two cases:
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- Case 1: min(a,b) < min(a’,b’) = min(a,b) < o’ and min(a,b) < &/

Suppose that a <p b then from Case 1 of the previous proof, we have

aNl <pd ANV <paANb<;a Abwhich contradicts the fact that the distributions have only
two levels.

- Case 2: min(a,b) = min(a’,V’) and maz(a,b) < maz(a’,v)

Suppose that a <p; b then we have a =i min(a’,V') and b <;y maz(a’,b)

Suppose now that @’ <y b’ then we have a =y @’ and b < ¥'.

From the POS-independence, a =11 @’ and b <11 &’ imply respectively:

aANb=rad ANband a ANV =, ad ANV

aANb<,aAb and a Ab<,ad AV

Moreover, from (i) we deduce that a A b is among the top elements (i.e. Acc(a Ab) = 1) since
we have two-levels distributions. Thus a Ab = a AV =, ' A V.

Hence contradiction.

- PROOF THAT Ipos IS EQUIVALENT TO [jezimar IF WE HAVE TWO-LEVELS DISTRIBUTIONS.

This can be done in the same manner as Ippg is equivalent to Ijepimin-

Proof of Proposition 3.15 We need to prove that

(a) Iz Ay [m 2) = min(IL(z [m 2), Ly |m 2)),Veyz

< (b) II(z Ay A z) =min(Il(zx A 2),II(y A 2)), Vayz.

Firstly we prove that (a) = (b). Assume that (a) is true, then this means we have two cases:
-Case 1: II(x | 2) <II(y |m 2) = (@AY |m 2) =z |m 2)

(xesp. TI(& |y ) > Ty | ) = T AY |y 2) =TIy | 2)

=z Ay |m2) =z |n 2) <1 (otherwise if II(x |, z) = 1 we will have a contradiction
with II(z |, 2) < II(y |m 2))

= Yz Ay|mz)=I(z|mz) =xAyAz)=1I(zAz) <II(2)

Moreover, we have by definition II(y A z) < II(z), then:

o if (i1) II(y A 2) = II(2) then (i) + (i1) = II(z A 2) <II(y A z) = II(2)
=IxzAyAz)=I(zAz) <I(yA 2),

o if (i2) II(y A 2) < II(2) = I(y |m 2) = H(y A 2)
and we have by assumption II(z |, 2) < II(y | 2), thus
i)+ (12) =(zAz) <II(y A z)
=IxAynz)=I(zAz) <I(y A 2)

-Case 2: (x| 2) =11y |m 2) = (1) Lz Ay |mz) =11z |m 2) = (Y |m 2)
Moreover, we have by definition II(x Ay |, 2) = 1 or II(x Ay A 2), then:
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o if (il) II(z Ay |m 2) =1 then ()4+(11) = (2 Ay |m 2) =1(2 |m 2) =I(y |m 2) =1
=z AyAz)=1(zAz)=1(y A z) =1I(z),

e if i2) Iz Ay |mz2) =Tz Ay Az)
)+102) = MxzAy |m2) =(z |n 2) =Yy |m 2) =HzAyAz) =1z Az) =
Iy A z) <II(2)

We now prove that (b) = (a), assume that (b) is true, this again corresponds to two possible
cases:
-Case 1: Iz Az) <Il(ynz)= (i) Iz AyAz)=1I(zA=2)
(resp. II(z A 2) >TI(yAz) =Tz AyAz)=T(y A 2))
Moreover, we have by definition II(z A z) < II(z), then:

o if (i1) II(z A 2) =1I(2) then (i) + (i1) = I(z Ay A z) =I(x A z) = II(2)
=z Ay |m2) =1(z |m 1
Moreover, II(y A z) = II(2)
(since I(z Ay A z) < TI(x A z) < TI(2) by definition and II(z Ay A z) = II(z) from (i)
and (il))
=1y |mz) =1
=z Ay |m 2) =2 | 2) =H(y |m 2) =1,

z) =

II
II

o if (12) II(z A 2) <II(z) then (i) + (i2) = II(z Ay A z) =1I(z A 2) < II(2)
=@ Ay |m2z) =I(x Ay Az)and (x|, 2) =(z A 2)
thus II(z Ay |m 2) = (2 |y 2) (since Iz Ay A z) =11(z A 2))
Moreover, II(y A z) < TI(y |m 2) (by definition)
and we have by assumption II(z A z) < II(y A z), thus
Mz Az) <I(yAz) <I(y |m 2)
thus II(z Ay |m 2) = (x| 2) <II(Y |m 2)

-Case 2: lI(xAz)=TI(yAz)= () (zAyAz)=T(zAz)=T(y A z).
Moreover, we have by definition II(x A y A z) < II(z), then:

o if (i1) II(z Ay A z) <II(z) then (i)+(il) = II(x A z) = I(y A 2) < II(2)
thus II(z Ay |m 2) =(z Ay A 2)(x | 2) =1(z A 2) and
Iy |m 2) =T(y A 2)
= (@ Ay [m 2) =1 [m 2) = H(y [ 2) (from (i))

o if (i2) II(z Ay A z) =TI(z) then (i)+(12) = (x A 2) = (y A 2) =I1(2)
=>H(1'/\y ‘m Z) :H(;C ’m z) :H(y ’m z) =1
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Proof of Proposition 3.16 We want to prove that Ij;g implies Ip,oq. Suppose that Jdz, Jy,
such that (i) II(z A y) # (x) - II(y).

Suppose that the distribution on X is uniform (from Proposition 3.19), then II(z) = 1, thus
II(z Ay) <1 (since II(z Ay) < II(y)). Hence, Il(y | x) = II(z A y).

Moreover II(y | ) = II(y) since X and Y are MS-independent.

Hence contradiction.

Proof of Proposition 3.17 We want to prove that the non-interactivity relation (see (3.14))
can be defined in a purely relational setting. The proof is immediate X and Y are NI-
independent means II(x Ay A z) = min(II(z A y),II(z A 2)). Namely, II(z Ay A z) =1I(z Ay)
or II(x Ay A z) =II(y A z) which is equivalent to: x AyAz=gaxAyorzAyAz=gyAz
(since if w >, W' iff 7(w) > 7(W') then ¢ >p " iff TI(¢) > TI(¢))).

Proof of Proposition 3.18 It is obvious that if X and Y are MS-independent then they are
Pareto-independent from Propositions 3.10 and the fact that MS-independence implies that
one of the local plausibility relations on Dx or Dy should be uniform.
We now prove that if X and Y are Pareto-independent then they are MS-independent in 7.
Suppose that 3z, Jy, such that II(z | y) # II(x), then we can distinguish two cases:
-Case l: II(z) =1=1I(z |y) <1

N { II(z A y) < II(y) (conditioning definition) and

II(z Ay) < II(x) (indeed (x| y) =(z Ay) < 1 =T1I(z))

= 32/, 3y, s.t. Mz Ay) <U(2' Ay) and H(xz Ay) < I(xz Ay')
=32, st. xAy< 2 ANyandz Ay <,z Ay
Since the plausibility relation >, is Pareto-decomposable, 32/, 3/, s.t. = < 2’ and y <11 ¢/
which contradicts proposition 3.10.

- Case 2: TI(x) # 1, then the two possible situations are:

o [I(z]y) =1
= II(x A y) = II(y) (conditioning definition)
= Vo', Il(z Ay) > TI(z' A y).
=V e ANy > 2 Ny.
Since the plausibility relation >, is Pareto-decomposable, we have Va',z >11 2/ thus x
is the top element. However, from II(z) < 1 we deduce that x is not the top element.

Hence contradiction.

o Il(x|y) #II(z) < 1
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II(z A y) < II(y) (conditioning definition) and
=4 I(z Ay) <I(x) (indeed we have by definition II(x A y) < II(x)
moreover [I(z | y) = (z A y) # II(x))
= 2/, 3/, s.t. Wz Ay) <I(2' Ay) and II(z A y) < II(z Ay')
=32/, st s ANy <2 Ayand z Ay <z ANy
Since the plausibility relation > is Pareto-decomposable, 32/, 3¢/, s.t. = < 2’ and y <p

y’ which contradicts proposition 3.10.

Proof of Proposition 3.19 We want to prove that X and Y are MS-independent in a pos-
sibility distribution 7 if and only if they are Pareto-independent in its associated plausibility
relation >,. We firstly prove that given a plausibility relation m, then if X and Y are Pareto-
independent in its associated plausibility relation >, then they are MS-independent in .
Suppose that Jz, Jy, such that II(z | y) # I(x). Since II(z) € [0,1] we can distinguish two

cases:

-Case 1: lI(z) =1=I(z | y) < 1
II(z A y) < II(y) (conditioning definition) and
Iz ANy) <TI(z) (indeed (x| y) =(z Ay) <1=T1(x))
Oz Ay) <2 A d
= 32,3y, s.t. (@A y) (@' Ay) an
Mz Ay) <I(zAY')
T ANy <x 2 Ay and

= 32/, 3y, s.t.
TAYy<zx Ay

Since the plausibility relation >, is Pareto-decomposable, 32/, 3y/, s.t. = <p 2’ and y <p1

y’ which contradicts proposition 3.10.

- Case 2: TI(x) # 1, then the two possible situations are:

o Il(z|y) =1
= II(x Ay) = II(y) (conditioning definition)
= Vo' [ I(z Ay) > (2’ Ay).
=V x ANy>. 2 Ny.
Since the plausibility relation >, is Pareto-decomposable, we have V', z > 2/ thus x
is the top element. However, from II(xz) < 1 we deduce that x is not the top element.

Hence contradiction.

o Il(z|y) #1l(x) <1
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II(z A y) < II(y) (conditioning definition) and
=4 I(z Ay) <I(x) (indeed we have by definition II(x A y) < II(x)
moreover [I(z | y) = (z A y) # II(x))

II(z Ay) < II(2' Ay) and

= 32/, 3y, s.t.
Mz Ay) <II(z AY)

T Ay <p 2 Ay and

= d2/, 3/, s.t.
TANYy <zxz Ay

Since the plausibility relation > is Pareto-decomposable, 32/, 3y, s.t. < 2’ and y <p

y’ which contradicts proposition 3.10.

We now prove that if X and Y are MS-independent in a possibility distribution 7 then
they are Pareto-independent in its associated plausibility relation >, . Suppose that
(a) 3z, y, 32",y st x Ay >, 2’ Ay but & <y 2’. Since MS is respected, we have:
II(z | y) = (x) and
Mz | ') = T(x)

Moreover, from (a) we deduce that x is not the top element i.e. II(z) < 1, thus:
(i) I(z | y) = (x) < 1 and
(i) Mz | ) = T(z) <1

Moreover:

o II(x ANy) < II(y), indeed we have by definition II(z A y) < II(y) but if II(x A y) = II(y)
then II(x | y) = 1 which contradicts (i).

o II(zAy") < II(y'), indeed we have by definition IT(zAy') < TI(y') but if I(xAy') = T(y)
then II(z | y') = 1 which contradicts (ii).

II(x Ay) =1I(z) < 1 and II(z A y) < II(y) and

o (b):{ H(x Ay) = () < 1 and Tz A y) < ()

(a) + (b) = (c): min(Il(y),11(y')) > (z Ay') = l(z Ay) = II(z) > (2" Ay').
Moreover we have II(z' | ¢') = II(z’) (From MS) and II(z' A y/) < TI(y') (From (c)).
Then we can deduce that II(z' A y/) = T(2’). If we use this relation in (¢) we obtain

II(x) > II(2') = = >11 2’ which contradicts (a).

Proof of Proposition 3.20 We want to prove that if X and Y are M-independent in a



Proofs of Chapter 3 201

possibility distribution 7, then they are PO-independent in the plausibility relation induced
by m. Suppose that X and Y are not PO-independent then, we can distinguish two cases:

e dr.a/.Jyst. a>ga’ but s Ay <2’ Ay
= (i) H(z) > U(2') but (i) (x Ay) < II(z' Ay).
Since M-independence is respected, we have II(z A y) = II(z) and II(2’ A y) = II(2).
When using these two relations in (ii) we obtain II(x) < II(2’) which contradicts (i).

o dr. o/ Jyst. =g’ but zAy> 2" Ay (or x Ay <, 2’ Ny)
= (i) I(x) = II(2’) but (i) I(z Ay) > (2’ Ay) (or H(z Ay) < (2’ Ay)).
Since M-independence is respected, we have II(z A y) = II(z) and (2’ A y) = II(2).

When using these two relations in (ii) we obtain II(x) < II(2’) which contradicts (i)

Proof of Proposition 3.21 We want to prove that if X and Y are Prod-independent in a
strictly positive possibility distribution 7, then they are POS-independent in the plausibility
relation induced by w. Suppose that X and Y are not POS-independent then, the possible

situations are:

e dr, 2/, Jyst. a>ga’butz Ay <2’ Ay
= (i) H(z) > U(2') but (i) (x Ay) < II(z' Ay).
Since Prod-independence is respected, we have:
(e Ay) = T(z) - TI(y), and T(z’ A g) = TI(z") - TL(y).
When using these two relations in (ii) we obtain:
II(z) - (y) < II(2") - 1I(y)
= II(z) < II(2') which contradicts (i).

o dr. o/ Jyst. x=pa’butzAy>2 Ay (or x Ay <, 2’ Ny)
= (i) H(z) = U(2') but (i) W(x Ay) > II(z' Ay) (or I(x Ay) < II(z' Ay))
Since Prod-independence is respected, we have:
I(z Ay) =1I(z) - U(y), and TI(z' Ay) = (2') - U(y).
When using these two relations in (ii) we obtain:
I(z) - I(y) < (2') - (y)
= II(x) < II(2") which contradicts (i).

Proof of Proposition 3.22 We want to prove that if X and Y are Nl-independent in a
strictly positive possibility distribution 7, then they are PT-independent in the plausibility
relation induced by 7.

Suppose X and Y are Nl-independent but not PT-independent. More formally, 3z, Jy s.t. (i)
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Acc(z A y) # min(Acc(x), Acc(y)).

Hence Acc(z Ay) = —1,Acc(x) = 0,Acc(y) = 0 (from Proposition 2.1 item 3). Hence
m(x ANy) < 1,II(xz) = 1,TI(y) = 1. This is impossible since NI-independence implies that
Vo € Dx,Vy € Dy, m(x Ay) = min(Il(z), 7(y)).

B.2 Proofs for graphoid properties

Proof of Proposition 3.23

- DECOMPOSITION PROPERTY FOR Ipo.

We want to prove that Ipo(X,0,Y UW) = Ipo(X,0,Y) and Ipo(X,0, W).
By symmetry we only prove that Ipo(X,0,Y UW) = Ipo(X,0,Y).

Thus, we need to prove that:

if (i) Vy € Dy,Yw € Dw,Vz; :x; € Dx,x; >nxjiff e, AyAw >z AyAw
then (ii) Vy € Dy : Va;, 25 € Dx,x; >n xj iff @y Ay >mna; Ay.

Let us consider two instances x;, z; € Dx s.t. x; > x; (resp. z; = ;)

This implies that Vy € Dy ,Yw € Dw, i AyAw > x; AyAw (resp. £, AYyAw = ; Ay Aw)
(from (i))

= Vy € Dy, maz,x; Ny AW >7 MmazyT; ANy Aw (Tesp. mazy,x; Ay AW =z Mazy,T; Ny A w)

=Vye Dy, z; Ny >nxj ANy (resp. & Ay =11 2; \Y).

- WEAK UNION PROPERTY FOR Ipo.

We want to prove that Ipo(X,0,Y UW) = Ipo(X,Y,W).

Thus, we need to prove that:

if (i) Yy € Dy,Yw € Dy :Vx;,2; € Dx,x; >najif e, AyAw >r x5 Ay Aw

then (ii) Vy € Dy,Yw € Dyw: Va;,2; € Dx,z; ANy >nzj Ay iff ey AyAw >rz; Ay Aw.

Let z;,z; € Dx, y € Dy and v’ € Dy s.t.

i ANY AW >px; Ay AW (resp. o ANy AW =5 i Ay A W)

This implies that x; >1 z; (resp. x; =n x;) (from (i))

=Vy € Dy,Vw € Dy, i A\yAw >z z; Ay Aw (resp. z; Ay Aw = xj Ay Aw) (from (i))
= Vy € Dy, maz,x; Ny Aw >z MmazyT; ANy Aw (Tesp. maZyx; Ay AW =z Mazy,T; Ny A w)
=Vye Dy, z; Ny >nxj ANy (resp. & Ay =11 25 \Y)

=x; ANy >nxj ANy (resp. z; ANy =i z; Ay') (when Y takes the particular instance y')

- CONTRACTION PROPERTY FOR Ipgo.
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We want to prove that Ipo(X,Y, W) and Ipo(X,0,Y) = Ipo(X,0,Y UW).

Thus, we need to prove that:

if (i) Vy € Dy,Yw € Dy :Va;,x; € Dx,zi ANy >z ANy iff o, AyAw >z x5 Ay Aw and (ii)
Vy € Dy,Vxj,x; € Dx rx;y >nnxj it ;g Ay >nxj Ay

then (iii) Vy € Dy,Vw € Dw : Va;, x5 € Dx,x; >nxj iff ey Ay Aw >r 25 Ay Aw.

Let us consider two instances z;,z; € Dx s.t. x; >11 x; (resp. z; = ;)
This implies that Yy € Dy, x; Ay >nxj Ay (resp. z; Ay =n xj Ay) (from (ii))
=Vy € Dy,YVw € Dy, zi Ny ANw >z x; ANy Aw (resp. z; Ay ANw = x; Ay Aw) (from (i)).

- INTERSECTION PROPERTY FOR Ipg.

We want to prove that Ipo(X, W,Y) and Ipo(X,Y,W) = Ipo(X,0,Y UW).

Thus we need to prove that:

if i) Yy € Dy,Yw € Dw : Vo, x5 € Dx,x; A\yAw >r x5 ANy Aw iff 23 Aw > 2 Aw and (ii)
Vy € Dy ,Vw € Dy :Va;,2; € Dx,xi A\yAw >z i Ay Awiff o, Ay >na; Ay

then (ii) Vy € Dy,Yw € Dy : Vi, 2 € Dx,zi ANy Aw > x5 ANy Aw iff ; > a5

Suppose that 32’,2” € Dx,y € Dy,w’ € Dy s.t. 2/ > 2 (resp. 2/ =p 2”) while
ZANY AW S ANy AW (vesp. & Ay AW FEp 2 ANy Aw)

=" Ny >qna Ay (resp. @' ANy #r 2" ANy') (from (ii))

= VYw € Dy, 2" Ny Aw >, 2 Ny ANw (resp. 2/ Ay Aw #x 2”" Ay Aw) (from (ii))

= VYw € Dy, 2" ANw > o’ Aw (resp. 2/ Aw # 2" Aw ) (from (1))

= maxyx” A w > maz,x’ Aw (resp. maxy,x’ A w # max,x” A w)

= 2" > 2’ (resp. 2’ #y1 2”)

Hence contradiction.

Proof of Proposition 3.24
DECOMPOSITION PROPERTY FOR Ippg. We want to prove that
Ipos(X,0,Y UW) = Ipos(X,0,Y). Thus, we need to prove that if
(i1)Vy € Dy,Yw € Dy : Vo, z; € Dx,x; > iff oy AyAw >r 25 Ay Aw and
(i2)Vx € Dx : Yyg,yi € Dy ,Ywm, wy, € Dy, Y A Wy, >11 Y1 A Wy iff Y Awpy A >5 yp Awp A
Vy € Dy :Vai,x; € Dx,x; >r x5 it o, ANy > 2 ANy, and

then
Ve € Dx :Vyi,yi € Dy, yp >ny it yp Nx >z yy A x

Suppose that
A 2", 3y sk, (a) &' >; 2" and (b) 2’ Ay < 2’ Ay'. Then, we have Vy € Dy ,Vw €
Dw, 2’ ANy ANw >x 2" ANy Aw(From (a) and (iq))
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= Vy € Dy,2’ Ay > 2" Ay (By maximization on W).

Hence, contradiction with (b) since ¢’ can take the particular value y.

Suppose now that Jy', ", 32’ s.t. (a) ¥ >, ¢y and (b) ¥y A2/ <y A2

From (a) we can deduce that it exists a particular value w’ of W such that

Vw € Dy,y ANw' >5 4y’ ANw, thus Vo € Dx,Vw € D,y Aw' Ax > y" ANw Az (From (ig))
=y ANz >y’ Az (since Vo € Dx,y’ A w' is more plausible than y” A w for any value w of
W including the particular value w’). Hence contradiction with (b).

The proof for Ipos(X, Z, W) is analogous.

WEAK UNION PROPERTY FOR Ipog. We want to prove that Ipog(X, 0, YUW) = Ipos(X,Y, W).
Thus, we need to prove that if:

(i1)Vy € Dy,Yw € Dy :Va;, 25 € Dx, 2 >nxj iff o, Ay Aw >5 25 Ay Aw and

(12)Vx € Dx : Yy, y1 € Dy, Ywp, wy, € Dy, yp A Wy, >11 Yy A wy, iff yp Awp, Az >5 yp Awy A
Vy € Dy,Vw € Dw :Va;,x; € Dx,x; Ny > xj Ayt o, AyANw >r 2 Ay Aw and

then:
Vo € Dx,Yy € Dy : YWy, wWn € Dy, wp Ay > wp Ay iff wpy, AT Ay >p wn AT Ay

Suppose that 3z, 2", 3y, Fw’ s.t.

(@) ' ANy A >z 2" ANy Aw' and (b)) 2/ Ay <p 2 Ay

Then, we have 2’ >p 2” (From (a) and (i1))

=VYw € Dy, 2’ ANy ANw > 2" ANy Aw (From (i1))

=2 ANy >r 2" Ny ((By maximization on W).) which contradicts (b).
Suppose now that Jw’,w”, 32, I/, s.t.

(@) W Ay > w" Ay and (b)) W A ANY <pw' AN AY

then, we have ¥/ A w’ >11 ¢/ Aw” (From (a))

=y AW A2 >z y Aw” A2 (From (ig))

=2 ANy AW > ANy AW

Moreover ' Ay Aw' < _wa’ Ay’ Aw” (From (b)), hence contradiction.

Proof of Proposition 3.25

- DECOMPOSITION PROPERTY FOR Ijezimaz-

We want to prove that lezimaz (X, 0, Y UW) = Lerimae (X, 0,Y) and Lezimae (X, 0, W).

By symmetry we only prove that if (i) lezimaz(X,0, Y UW) is true then (ii) legimaz(X,0,Y)
is true.

Suppose that Iezimaz(X,0,Y UW) is true but not lezimaz(X,0,Y).

Let us consider the two cases where Ijepimar (X, 0,Y) is falsified:

Case 1: dx,2' € Dx,3y,y' € Dy s.t. (a) Ay >n 2’ Ay but
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i1) max(x,y) <g maz(z’,y’) or
( y y

(12) maz(x,y) =g mazx(z’,y’) and min(z,y) <g min(2’,y")

By definition we have x A y =1 maz,x Ay Aw and 2’ Ay =g maz,2’ Ay Aw
Let w; be one of the instances of W which maximizes x A y and w; be one of the instances of
W which maximizes 2’ A 3/, then:

zAy=nzAyAw; and ' ANy =2/ Ny ANw;

From (a) we have z Ay A w; > 2’ Ay’ Aw; then from (i) this relation implies:
(iil) maz(z,y A w;) >n maz(z’,y' A wj) or

(ii2) max(z,y A w;) = maz(z',y' A w;) and min(z,y A w;) >n min(z’,y’ A w;)

Then it is enough to show that y A w; =p y and ¥’ A w; = ' in order to prove that
(i1) and (i2) contradict (iil) and (ii2).

Let us prove that y A w; =n y (the proof of ¥ A w; =p ¥/ is analogous).
By definition we have : (b) y = maz,y A w =1 maz(y A wi, Maz,y 2,y N w;)
Moreover w; maximizes x A y then Yw, € Dy s.t. w) #1 w;:

r Ay Aw; >z x Ay Aw,. Then,
o if t ANy Aw; > x Ay Aw,, then from (i), we can distinguish two cases:

— max(z,y A w;) > max(z,y Aw,)
= mazx(x,y Aw;) >z and max(z,y A w;) >y Aw,
= y Aw; >11 ¢ (otherwise x >y z)

=y Aw; >y A w,

— max(z,y A w;) = max(z,y A w,) and min(z,y A w;) > min(x,y A w))
= min(z,y Aw)) < z and min(z,y A w)) <m y A w;
= y Aw, <p x (otherwise z <1 x)

=y Aw; >y A\ w

o if t Ny Aw; =2’ Ny Aw,, then from (i) we deduce that:
max(z,y A w;) = maz(z,y Aw;) and min(z,y A w;) =g min(z,y A w)

= yAw; =1y Aw,

Thus, it is clear that Yw) # w;,y Aw; > y Aw}, so from (b) we deduce that y =r1 y A w;.
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Case 2: dx,2' € Dx,3y,y' € Dy s.t. (b) x Ay =n 2/ Ay but
(i1) maz(x,y) #n mazx(z',y') or (i2) min(x,y) #n min(z’',y)

From (b) we have z A y A w; = 2’ Ay’ A w; where w; is one of the instances of W which
maximizes x Ay and wj is one of the instances of W which maximizes ' A y/.

From (i), z Ay Aw; = & Ay’ A w; implies:

(ii1) max(z,y A w;) =n maz(z’,y’ Awj) and (ii2) min(z,y A w;) =g min(z’,y' A w;).
Moreover, we have shown above that y A w; =r y and that ¥’ A w; = ¢/ then (il) and (i2)
contradict (iil) and (ii2).



Appendix C

Proofs of Chapter 5

C.1 Proofs relative to product-based possibilistic networks

Proof of Proposition 5.1 Let 7, be the global joint possibility distribution of IIG, com-
puted using (5.1). Let II(a | ua) be the conditional distribution given by the expert on the
node A and Il,(a | u4) be the conditional possibility computed from 7,. We want to prove

that, II,(a | ua) =II(a | ua). For any node A € V, let:

u4 be a possible instantiation of the parent set Uy,

x4 be a possible instantiation of the descendants set X4,

ya be a possible instantiation of the children set Yy,

z4 be a possible instantiation of the non-descendants set Z 4.

Note that for each T € V' \ (X4 U A), we satisfy Up N (X4 U A) = 0. Indeed, if there is
Z € UpN(X4UA), then this simply means that the variable T is also a descendant of A and
hence contradicts the fact that T'€ V' \ X 4. Then using the product-based chain rule (5.1),
we have:
Oy(a ANua) =mazg, . {mpla Nza ANza ANua)}
=maxy, o, {I(a | ua) - [[{II(b | up) : b € ua} - [[{(c| uc) : c € za} - [[{(e | ug) :
e€xa,ug CaAxat}t (Note that up N (24 Aa) =0 due to the above remark)
=1(a | ua) - max, {J[{II(b | up) : b € ua} - [I{Il(c | uc) : ¢ € za}} - mazy {I1{Il(e | ug) :
e€xs,up Calzal}

From Lemma 5.1, we have maz, ,{[[{Il(e | ug) :e € xa,up CaAza}} =1
(since (aAza) € ((aNuaNza)Nza)), then:
(i) Oy(a Aua) =1(a | ua) - maz, ,{[I{IL(b | up) : b € ua} - [[{Il(c | uc) : ¢ € za}}
=1Il(a | ua) - maz, {[[{II(b| up) : b € ua} - [[{(c | uc): c € za}} - max(Il(a | ua),
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II(—a | ua)) (since max(Il(a | ua),H(—a | uag)) =1)

=1(a | uy) - maz]

(a | ua) - maz, {TT{IL(b | up) : b € ua} - [[{II(c | uc) : c € zalt},
II(—a | ua) - max, {TT{II(b | up) : b € ua} - [I{Il(c | uc) : ¢ € za}}]
=1(a | ua) - maz]

I(a | ua) - maz, {TT{II(b | up) : b € ua}t - [[{II(c | uc) : c € za}t}-
mazg {I{Il(e | ug) e € za,upg CaAzal},

I(—a | wa) - max, {TT{II(b | up) : b € ua} - [[{Il(c | uc) : ¢ € za}} -
mazg {[I{Il(e | ug) : e € xa,ug C "aAxa}}]

(Indeed from Lemma 5.1, we have mazy,  {[[{Il(e | ug) : e € xa,ug CaAza}} =1, and
mazy {[[{Il(e | ug) : e € xa,ug C ~aAza}} =1)

=1I(a | ua) - maz[Il,(a Aua), I, (ma Aua)] (From (i))

=1l(a | ua) - Ip(ua)

Then I(a | ua) = % =1II,(a | ua) since we have by definition:
I
Ty | ua) = "G5

C.2 Proofs relative to min-based possibilistic networks

Proof of Proposition 5.4 Let m,, be the global joint possibility distribution of IIG,, com-
puted using (5.6). Let II(a | ua) be the conditional distribution given by the expert on the
node A and II,,,(a | ua) be the conditional possibility computed from m,,. We want to prove
that:

either IT,,,(a | ua) =(a | ug) or In(a | ug) = 1.

Moreover if I, (a | ua) =1 # (a | ua), then I(a | ug) > I, (ua)

Let:

- a be a fixed instance of A, and —a = Dy — {a}

- u4 be a possible instantiation of the parent set Upg,

- x4 be a possible instantiation of the descendants set X 4,

- z4 be a possible instantiation of the non-descendants set Z4,

-ap =1(a | ua),
g =1I(—a | ua),

- f1r=min{Il(b | up):b € ua,up C za},

cE zpt,

e€xa,up CaNzgANugAzal,

) :
-y = min{I(c | uc) :
- 01 = min{ll(e | ug) :
(e ug):

- 9 = min{Il e€xg,up CoaNzaNug Azl
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Then using the min-based chain rule (5.6), we have:
(e Aua) =maxg, -, Tm(@Aua Aza ANxa)
= maxy , ., min(ai, f1,71,01) (from 5.6)
= max,, min(ai, f1,71, maxy, 01)
= (i) min[ai, max,, min(Bi,v1, max, , 41)]
= min[oq, max,, min(S,71)] (from Lemma 5.2)
= min[oaq, Max{min[ai, max,, min(B1,v1)], min[az, max,, min(Bi,v1)]}]
(since max(aq, @) = 1 from the normalization condition)
= min[oq, Max{min[a;, max,, min(B1, y1, max, , 61)], min|ag, max,, min(f1,y1, maxy , 62)]}|
(from Lemma 5.2)
= minf[ay, Max{Il,(a A ua), L, (-a Aug)}] (from (i))
= minf[ay, I, (us)] (by definition)
= min[ll(a | ua), I (uwa)] (by recovering the value of aq)

Then, we can distinguish two cases:

o Il(a|uag)=1=TIn(aNua) =1L, (ua)

hence using the definition of conditioning, we get II,,(a | ua) =1
o Il(a|uag) =a<1=1I,(aANus) = min(a,Il,(us)) Then,

— if a < TI,,,(ua) then using the definition of conditioning, we get I,,(a | ug) = «

— if a > II,,(ua) then I (a Aug) = (ua)

hence using the definition of conditioning, we get IL,(a | ua) =1

Note that the only case where the conditional value is not recovered is where o > I, (u4).

Proof of Proposition 5.5 Let A € V be a variable in IIG,, s.t. II,;,(a | ua) # II(a | ua). Let
7, be a new joint distribution obtained from IIG,, by only substituting the value II(a | u,)

by the degree 1. We want to prove that 7, = mp,.

Let V! C V s.t. VA; € V', (a; | ua,) < 1 and (i) I(a; | ua;) > Hp(ua,). Then it is
enough to show that for any variable A; € V': 7, (v) = mini]ilji#j II(a; | ua,)-

Let d = (A1, ..., An) be an ordering of the variables in V such that VA;, Ua, C {Ait1,..., AN}
and let A; be any node in V’. We first prove that:
(ii) I (ajt1, ..., an) = ming—;j 1.y H(a; | ua,)
Indeed, we have by definition:

n(aji1, ... an) = maxe,..q; ming=1. y I(a; | ua,)
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= MaXy,..q; min(ming=r_; I(a; | ua,), ming—; 1. 5 (ar | ua,))
= min(maxal”aj min;—y_j I(a; | ua,), ming—;j 11y H(ag | ua,))

= min;—j 1. n [I(a; | ug,) (since maxq, . o, min=1._j(a; | ua,) =1 from Lemma 5.2)

Moreover, Ua, € {Aji1,..., An} implies : (iii) [L,(ua;) > Hp(aji1, ... an)-
Then from (i), (ii) and (iii) we deduce that: II(a; | ua;) > mini—j11. 5 (a; [ ua,).
Moreover, from the min-based chain rule, we have
Tm(v) = min(Il(ay | ua,),...,H(a; | wa;), ... I(an | vay)) thus,
T (v) = ming=1. N %; [I(a; | wa,). This means that II(a; | ua;) does not intervene in the

value of m,,(v) and that we can substitute it by the degree 1.

Proof of Proposition 5.6 Let IIG,,, be a min-based possibilistic network. Let 7, be the joint
possibility distribution computed using 5.6. We want to prove that each variable A € V| is
NI-independent of the variables in Z4 given its parent set Ux i.e. Va € D,Vus € Dy ,,Vz4 €
Dz, :In(anua | za) =min(Ily,(a | wa), Op(ua | z4)).
Let:
- a be a fixed instance of A, and —a = Dy — {a}
- u4 be a possible instantiation of the parent set Upg,
- x4 be a possible instantiation of the descendants set X 4,
- z4 be a possible instantiation of the non-descendants set Z4,
-ap =1(a | ua),
oo =1I(—a | ua),
- f1r=min{Il(b|up):b € ua,up C za},
-y =min{ll(c | uc) : ¢ € z4},
-0 =min{ll(e |ug):e € xa,up CaAzgAugza},
-9y =min{ll(e | up):e € xa,ug S aAxg AugAza}.

We first show that (i) IL,(a A za Aug) = min(Il(a | ua), pn(za | wa))
We have by definition : I, (a A 24 Aua) = mazy Tm(a Aua Aza Axa)
= max,,min(oq, B1,71,01) (From 5.6)
= (ii) min(aq, f1, 7, maxs 1)
= min|ay, f1,71] (from Lemma 5.2)
= minf[ay, Max{min|ay, 51, 7], min|ag, 51,71]}]
(since max(aq,az) = 1 from the normalization condition)
= minf[ay, Max{min|ai, f1,71, mazy,01], min|ag, B1, 71, mazy ,02]}] (from Lemma 5.2)

= minf[ay, Max{Il,(a Aua A za), I (ma Aua, Aza)}] (from (ii))
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= minf[ay, I, (z4 A ua)] (by definition)

= min[ll(a | ua),mn(za Aua)] (by recovering the value of o)

Our aim is to prove that (iii) II,,(a A z4 | ua) = min(Ipy(a | wa), (24 | wa)).
Then, we can distinguish two cases:
- Case (a): II(aAzg|uag) =1
= IIn(aAzaAuag) =11, (ua) (from the conditioning definition)
= I (za Aua) =T, (ua) and Iy, (a Aug) = Iy, (ua)
(since I (a A za Aug) > 1n(z4 Aug) and I, (a A za Aug) > (e Aug))
= In(a|ua) =1 (24 | ua) =1 (from the conditioning definition).
- Case (b): II(aAzg | ug) #1
= In(aNza|ua) =1I(aAza Aua) < Il (ua) (from the conditioning definition)
Then, using (i) the expression (iii) is equivalent to :
(iv) min(IL,(a | ua), (24 | ua)) = min(Il(a | wa), (24 | wa)).

To show (iv), we can distinguish two cases:

o I, (24 |ug) #1
= Il (24 ANua) =1L, (24 | wa) (from the conditioning definition). Then,

— if I, (a | ua) =II(a | ua) then the equality (iv) holds

— if Iy (a | ua) #I(a | ua)
= IIn(a|ua) =1and I(a | ua) > p(ua) > I, (24 Auga) (from Proposition 5.4)
Hence the equality (iv) holds.

o I, (24 |ug) =1
= Il (24 Aug) =y (ua) (from the conditioning definition)
In this case the expression (iv) is equivalent to :
(v) n(a [ ua) = min(l(a | wa), (24 | ua))
Moreover, we have min(Il(a | ug)) = (e A za Aug) < 1 (from (i) and (b))
Then I, (a | ug) < 1
= I(a|ua) =T(a |ua) < In(ua) (from the conditioning definition)
Hence the equality (v) holds.
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Appendix D

Proofs of Chapter 6

Proofs relative to product-based possibilistic networks

Proof of Proposition 6.1 We want to prove that if a junction tree is globally consistent,
then for each cluster C;, mg, = II,(C;). This relation is true if the juntion tree contains a
unique node. Suppose now that it is true for a junction tree with n nodes, thus we show that
it is also true with (n-+1) nodes.

Let C; be a leaf of J7T connected to the cluster C; and let S;; be their separator (see figure
D.1). Let JT' = JT\ C; and V' be the universe relative to the junction tree J7T".

Figure D.1: C; is a leaf of the JT linked to C;

TC,
TS, .

We have (i) 777 = m777. (from 6.6)

]

Let D = C;\ S;j and H = C;\ S;j, then from the junction tree property: DNV’ = () (other-
wise C; is connected to an other cluster in 77" i.e JT' NC; # 0 which contradicts 7T = JT\
C;). Since the junction tree JT is consistent, then mazpmc, = marync; = 7s,;, thus:

maxpmogT

= maxp (w7 - :sl ) (from (i))

- WJT/.%EZFQ (since DNV’ = 0)

T™g. .
=7 jT"ﬂiZ (from consistency property)
= 7'['JT/

Thus 777+ corresponds to the joint distribution relative to J7'. Then from the induction
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hypothesis we have, (ii) mazy\¢, 777 = 7¢,, for all Cx € JT'.
Moreover, mazy\c, 7771
= mazyng,, (T 777 "y (since V'\ C; = V' \ Si;)

TSy

= maxv/\gijﬂjw.:c" (since C; N (V'\ Si5) = 0)

S

Moreover, C; € JT' then from (ii) we obtain, maxy\c,TgT = Tcy, thus me, corresponds
to the local distribution on Cj. In addition, the marginalization of w77+ on V' \ S;; is equiv-
alent to the marginalization of TC; On Sij, since S;; only exists in Cj i.e.

maxyns, TgT = Mmatc,\s;;7c,. This implies that:

max - Z% — magx S
VNS TITT! TS Cj\SijWCj'Trsij
s

TSi; * 7g

(from consistency property)

= g,

Proof of Proposition 6.2 Let IIG, be a min-based possibilistic network. Let J7 be the
junction tree corresponding to IIG), generated by the above initialization procedure. Let m,
be the joint distribution encoded by IIG, and 7rf77— be the joint distribution encoded by J7T
(using (6.6)). We want to prove that m, = w%. We have:

Proof of Proposition 6.3 Let 7Tf77— be the joint distribution relative to a junction tree
JT at level t. Let 7'('?_71— be the resulted joint distribution after the modification of a cluster

C; using the above procedure. We want to prove that ﬁth = 7Tf7+71

When a cluster C; sends a message to a cluster Cj, then only the potentials of C; and S;;

are changed. Therefore, to show this proof it is enough to prove that the fraction of C;’s and
At "

. . . C TC,
Sii’s potentials remains unchanged i.e iy = -
Sij Sij
i
J
mgt TR o
Using (6.13) we have: —fy = —1t = 2.
7TS_ ) 7'('5_ i S
(%] 1] v

Proof of Proposition 6.5 We want to prove that the collect and distribute phase are enough

to make the junction tree globally consistent. This is equivalent to show that the link between
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any two adjacent clusters C; and C; becomes consistent after the collect and distribute evi-

dence phases.

We denote m(, (resp. ngj) the potential of any cluster C; (resp. separator S;;) in the
collect evidence phase and Wéi (resp. ngj) the potential of any cluster C; (resp. separa-
tor S;;) in the distribute evidence phase. Thus our aim is to show that for any cluster Cj,

Wéi = ng and for any separator Sj, Trgij = ngj' In other terms we should show that

1" 1" "

Let the first message to be passed between C; and Cj (in collect phase) be from C; to C}
then ﬂfgij = maxg,\s;; 7%7 Next, when in the distribute evidence the message from C; to C;
has to be passed, the potentials of S;; and C; have not been changed. Indeed, C; has not
received further messages since it sends message to C; only if it has received messages from

all its other adjacent clusters. Then,

7 TS5
maxc,\s;,; T, = Maxc,\s;, (7o, - ”é]) (from (6.13))

g

= L -maxg,\s;, T¢,

= = ”: .’R—/Sij (since the potentials of S;; and C; have not been changed after C; sends a message

to Cj in the collect evidence phase i.e maxcg,\s,, 7¢, = 77»/91']' from (6.11) and (6.12))

= maxc;\s;; 7T/Cj (from (6.12))
= maxc,\s,, Wéj (from (6.11))

Moreover, in the distribute evidence phase, each node receives only one message, therefore
after receiving the message from Cj, the potential of C; will not change. Therefore the link

between C; and Cj is consistent.
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Proofs relative to min-based possibilistic networks

Proof of Proposition 6.6

1: We want to prove that in the context of any node A, the two sets EZ and E, are NI-
independent.
Let Y/ = E; \ E4. The variables in Y’ are d-separated from E} by A. Indeed, VB €
EZ, VC €Y', the chain between B and C contains A and the arcs which determine that
A is in this chain meet it head to tail (case 2 of d-separation)
= (i) H(a Aef AY) =min(Il(a A k), I(a AY')),Va.
Moreover, (i) is equivalent to II(a A eff Ay’ Aea) = min(Il(a Aek), Il(a Ay’ Aea)),Va
= H(aAef Aey) =min(Il(aAel),(aney)),Va (since Ey =Y UFEy).

2: We want to prove that VY; € Y, A d-separates E}y, from {E}y, ..., Eyy, } (see Figure
6.1). This relation corresponds to case 1 of d-separation. Indeed, VB € ELy,,
VC € {EZYHN -, B4y} the chain between B and C contains A and the arcs which

determine that A is in this chain meet it tail to tail.

3: We want to prove that E:{ and A are Nl-independent in the context U. Let U’ = EZ JU
be the instanciated variables in EAL except the parent set of A and U” = U N EX be
the instanciated parents of A. The variables in U’ are d-separated from A by the set U
since VB € U’, the chain between B and A contains a node U; € U and the arcs which
determine that Uj; is in this chain meet it head to tail (case 2 of d-separation).

= (1) H(u' AaAu) =min(Il(u' Au),II(a Aw)),Va, Vu

e If U” = () then (i) is equivalent to :

(e} AaAu) =min(Il(e} Au),II(a Au)),Va,Vu (since U” = @ implies e}y = U’)
o If U” # () then (i) is equivalent to :

(ii) O(u' A a Au) = min(Il(u' A ), I(a Aw)),Va,Yu s.t u[U"] = e} [U"]

Let u” = u[U"], then (ii) is equivalent to:

(v AaAuAu”) =min(Il(u' AuAu”),(a Au)),Va, Vu s.t ulU"] = e [U"]

= (e} AaAu) =min(Il(ef Au),(aAuw)),Va,Vu st u[U"] = e [U"]

(since Ef =U'"UU")

4: We want to prove that VU; € U,U; and {Uj41,...,U,} are Nl-independent in the context
E7Y (see Figure 6.2). Let U={Uj;1,...,U,}, U" = Ef nU', U" = U’ \ U” then:

e If U; is not instanciated, then E} d-separates U; and U” (case 3 of d-separation
indeed VU; € U™ the chain between U; and U; contains A and the arcs which
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determine that A is in this chain meet it head to head, and A ¢ Ef and Y ¢ Ej)

= H(u; Au" Aek) =min(Tl(u; A el), I(u"” Aek)), Vu;, Vu”

= (u; A u” Au" Aek) = min(Il(u; A ), T(u” A u" A ek)),Yu;, Yu"” where

= 40"

= H(u; A/ Aely) = min(Il(u; A ely), (u' Ael)), Vu;, Vo' where o' [U"] = e} [U"]
e If U; is instanciated (i.e U; C EZ) we should verify that U; and U’ are independent

in the context of E;{ ie

(u; Au' Aely) =min(Tl(u; A ely), TI(u' Ael)), Va/

This is equivalent to prove that:

I(u' Aef) = min(Il(e}), H(v/, e}), V' (since U; is instanciated i.e. U; C E).

This relation is true since I(efy) > TI(u’ A e}).

5: We want to prove that YU; € U,U; and {E[‘ZHA, "'7EJUF,LA} are NI-independent in the
context Ef}iA (see Figure 6.3). Let U’ = {E(eriHm oy B 4}, then:

e If U; is not instanciated, then EariA d-separates U; and U’ (case 3 of d-separation in-
deed VB € U’ the chain between U; and B contains A and the arcs which determine
that A is in this chain meet it head to head, and A ¢ EaA and Y & E&LIA).

e If U; is instanciated (i.e U; C E[J}l 4) we should verify that U; and U’ are independent
in the context of EJU:A ie
I(ui A/ Aef 4) = min(Il(u; Aefy ), (W Aef; )
This is equivalent to prove that:
I/, eaA) = min(H(eJUriA),H(u’ A eaA)) (since U; C E?}iA)

This relation is true since H(eaA) > II(u' A ea_A).

6: We want to prove that YU; € U, EIJJ:‘A is d-separated from {EIZHA’ - EarnA}.
VB € E(J}iA,VC € {E(ZHA, ...,E{LA} the chain between B and C contains A and the
arcs which determine that A is in this chain meet it head to head, and A € ) and Y ¢ 0.

7: We want to prove that given a node A with two parents U; and V (see Figure 6.4), then
the two sets By, and E are NI-independent in the context of the nodes {4, U;, V}.
Let V'= E{',\V and Y’ = E; \ E4. The variables in V' are d-separated from Y’ by the
set {A,U;,V} since VB € V', VC €Y', the chain between B and C contains A and the
arcs which determine that A is in this chain meet it head to tail (case 2 of d-separation).

= (i) HW' Ay ANaAu; Av) =min(II(v" Aa Au; Av), Iy Aa Au; Av)),Va,Vu;, Vo

e If V is not instanciated, then (i) is equivalent to:

(W' AvAY ANaAu;Aeg) = min(II(v AvAaAw), Ty AaAu; Aea)),Va, Vu;, Yo
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= (e 4y Neg AaAu; Av) = min(Il(ef 4 AaAu; Av), (e AaAu; Av)), Va, Vu;, Vv
(since V is not instanciated implies that Ef, =V’ and E; =Y’ U Ey)

e If V is instanciated, then (i) is equivalent to:
(v Ay AaAu; Av) = min(II(0" AaAu; Av), Iy A a Au; Av)),Va,Vu; where
v=eyylV]
=W AY AaAu AvAv) =min(TI(V AaAu; AvAv), (Y AaAu; Av)),Va,Vu,;
where v = e 4[V] (since (v A v) = II(v))
= (e 4 Neg AaAu; Av) = min(Il(ef 4 AaAu; Av),II(e4 AaAu; Av)), Va, Vu;, Vv
(since By, = V' UV and E, =Y’ U Ey)

8: We want to prove that given a node A with two parents U; and V (see Figure 6.5), then
the two sets £y and U = {U;, V'} are Nl-independent in the context of A.
Let Y’ = E; \ E4. The variables in Y are d-separated from U = {U;, V'} by A. Indeed,
VB € Y/ VC € U, the chain between B and C contains A and the arcs which determine
that A is in this chain meet it head to tail (case 2 of d-separation)
= (i) H(a Au,y') = min(Il(a A u),(a A y')), Va, Vau.
Then (i) is equivalent to II(a Au Ay Aea) =min(Il(a Au),I(a Ay’ Aea)),Va,Vu
= H(aAuNey) =min((aAu),(aAey)),Va,Vu since E;, =Y'U Ejy.

9: We want to prove that given a node A with two parents U; and V', then the two sets E{ﬁA
and {U;, A} are Nl-independent in the context of V.
Let V= E;7,/V. The variables in V' are d-separated from {U;, A} by V since VB € V/,
VC € {U;, A}, the chain between B and C contains V' and the arcs which determine
that V' is in this chain meet it head to tail (case 2 of d-separation).

= (i) (' Au; AaAv) =min(II(v" Av),II(u; A a Av)),Vu;, Va, Vo

e If V is not instanciated, then (i) is equivalent to:
(er 4 Aui Aa Av) =min(Il(efr 4 Av), I(u; A a Av)), Vuy, Va, Vo
(since V is not instanciated implies that E;>, = V)

e If V is instanciated, then (i) is equivalent to:
(v Av Au; AaAv) =min(II(v' AvAv),I(u; AaAv)),Vu;, Va where v = e 4[V]
(since II(v A v) = I1(v))
= (e 4 Aui AaAv) =min(Il(ef; 4 Av), I(u; AaAv)),Vu;, Ya where v = e, 4[V]
(since B}, = V' UV)

Proof of Lemma 6.1 Va € Dy, the current joint possibility measure of a based on the total

evidence e is defined by Bel joint(a) = Il (a Ae) =1, (a A ey, ej)
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= min(Ily(a A ey), I (a A efh))
since E} and E are Nl-independent in the context of A (From relation 1 in Proposition 6.6).
Let M(a) =L, (a A ey) and p(a) = I, (a A ef), then Beljoint(a) = min(A(a), p(a)).

Proof of Lemma 6.2 The A\ value Va € D4 is defined by A(a) =11, (a Aey) =T (a Aea A
ey, N Negy, )

Thus, if A is not instanciated then:

AMa) =Tln(a A eyy, A Aegy ) =min(lp(a), Hn(a A ey, ), Hn(aAegy, A Aegy )
Since VY; € Y, A d-separates E,y, from {E}y. ..., E4y, } (From relation 2 in Proposition
6.6). When iterating the same operation on Il,;,(a A ey, A ... A eyy. ), We obtain:

AMa) = min(Ily(a A eyy, ), Hm(a Aeyy, ), o (e A eyy, )

Let Ay, (a) = (a A egyj_) then A(a) = min(min]’; Ay, (a)).

Instead of creating dummy or evidence nodes we consider that local evidence is stored

within each node. Let A4(a) be the local evidence related to the node A such that:

0 ifeq # a (A is instanciated to (eq # a)
Aala) =

1 otherwise (A is instanciated to a (e4 = a) or A is not instanciated )

Thus a more general formula of A(a) is defined by: A(a) = min(Aa(a), minj, Ay, (a)).

Proof of Lemma 6.3 The p value VYa € D4 is defined by:

(@) = Thn(a A ¢)

= max, I, (a A el Au)

= maxy (min(ILy, (e A u), I, (a A w)))

since £} and A are Nl-independent in the context U (From relation 3 in Proposition 6.6).
Moreover, YU; € U, U; and {U;1, ..., U, } are NI-independent in the context E} (From relation
4 in Proposition 6.6), then:

Hm(ej Au) =T (ur A cee Aup A ej)

= min(Iy, (u1 A ), M (ug A .. Aug Ael)))

= man (I, (u1 A eJUrlA A A eJUrnA),Hm(uQ Ao A A eJUrlA A A eJUrnA))

= min(min(IL,, (u; A eaA),Hm(eaA Ao Ned ) (g Ao Ay A e?}lA A Nef 4)

Since YU; € U, U; and {EIJZHA’ e E;}nA} are Nl-independent in the context EIZA (From
relation 5 in Proposition 6.6), then:
I, (e Au) = min(Ipy, (ug A eaA), Hm(eaA AN\ eJUrnA), IL, (ug A oo A A eJUrlA Al A eZL,nA))

= min(I, (u1 A €J§1A),Hm(u2 A Ny A eaA A Nef4))
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(since Hm(eaA Ao A eﬁnA) > I (ug A eee Ay A e?}lA A Nefr 4)-

If we iterate the same operation on IL,,(ug A ... A uy, ei}lA A A eJUrnA)), we obtain:

Hm(ej Au) = min(Il, (u1 A eaA), 11, (ug A eaA)...Hm(un A e"U'nA), Hm(eaA AL A eaA))

Moreover, II (eUlA Ao A eU 4) = mz’n(Hm(eaA), Hm(eaA A Nef 4)
since VU; € U, EUZ-A is d-separated from {EIZHA, o EaA} (From relation 6 in Proposition
6.6). Then, if we iterate the same operation on II,, (ez; AN A eJUrnA), we obtain:
I (e§ AN A eJ&lA) = min(Hm(e;}lA), S I P (eU 4)). Then,
(e Au
(un Aedr 4), mz’n(Hm(eaA), o (e )
m(Un A eJﬁnA)7 Hm(eaA), e Hm(egnA))
= man (I, (u1 A eJUrlA),Hm(uz A eJUFZA), ey o (i, A eJUrnA))
(since Vi € {1..n}, Hm(@aA) > Iy, (u; A e;}iA))
Then, u(a) = max, min(Il,(a A w), min?_; IT, (u; A eaA))

m

)
= min (I, (u1 A e?}lA),Hm(ug A eﬁQA), oo 11
= min (Il (u1 A e?}lA),Hm(UQ A 6?}214), w11
( 11

= max, min(Il(a A u), min}"; IT,, (u; A eJ(}iA)).

We substitute here I1,,, (aAu) by II(aAu) since we show later that if the initial distributions
(ITI(a Au)) are not coherent with the axioms of the possibility theory then they are eliminated
by the minimum operator. Moreover we have shown in Chapter 5 that in the incoherence case
II,,(a A u) = 1 which means that this value is also eliminated by the minimum operator.

Let pa(u;) = o (ui A e'U"iA), then p(a) = max, min(Il(a A w), min}_; pa(u;)).

Proof of Lemma 6.4 In order to compute Ag(u;), we will proceed in the same manner
than the probabilistic case by considering that all parents of A except U; form a single node
V = U - U; (see Figure D.2). Then, the set Ej; , can be decomposed into e, (depending
on A’s children) and E;’, (depending on A’s parents except Uj): UA = Ef,UE, where

EXtA = Uk:;éi E(ZA-
Figure D.2: Evidence used in the derivation of A4 (U;)

The A message from A to its parent Uj, (i € {1,.n}) when U; = wu; is defined by
Aa(u;) = I (eg. 4 Aug). Thus when considering that Ep; 4 = E} 4, UE,, we have:
Aa(u;) = Hm(e$A A ey A u;) = max, max, Hm(e$A Ney Aui AaAv)
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The two sets E;, and E; are Nl-independent in the context of the nodes {4, U;, V'} (From
relation 7 in Proposition 6.6), then:
(e g Aeg AaAu; Av) =min(Iy(efr 4 AaAu; Av), I (eq AaAu; Av))
= min(Iy (e 4 Aui Aa Av),min(ILy (e A a), Dy (u; A a,v)))
since £y and U = {U;, V'} are Nl-independent in the context of A (From relation 8 in Propo-
sition 6.6).
Moreover Ej 4 and {U;, A} are Nl-independent in the context of V (From relation 9 in Propo-
sition 6.6), then:
I (e 4 A ey Aug AaAv)
= min[min(Iy, (el 4 A v), I (wi A a Av)), min(Iy(e4 A a), iy (u; A a Av))]
= min[y(ef 4 Av), Hp(u; A a Av), (e Aa), Dy (u; AaAv)
= min[ly (e} 4 Av), ey Aa), Iy, (u; A a Av)], then:
Aa(u;) = max, max, min(Hm(e‘tA A ), I (ey A a), Iy (u; A a Av))
When restoring the meaning of V', we obtain:
I (ui Aa Av) =11, (a A w)

I (€3 4 A ) = minges; o (up A e, 4) = ming; pa(ug)

Moreover I, (e; A a) = A(a), then:
max, max, min[I, (el 4 Av), (e A a), iy (u; AaAv)
= max, Maxy, k£ Min[A(a), mingz; pa(u), Iy, (a A )]
= max, maxy, .k Min[A(a), min(mingz; pa(ug), Iy (a A w))]
= maxg min[A(a), maxy, .g- (min(mingz; pa(ug), Iy (a A w)))]
(since A4 does not depend on wug)
= maxg min[A(a), maxy, k- (min(Il, (a A w), ming.; pa(ug)))]

= max, min[A(a), maxy, k£ (min(Il(a A w), mingz; pa(ug)))].

We substitute here II,,,(aAu) by II(aAu) since we show later that if the initial distributions
(II(a Au)) are not coherent with the axioms of the possibility theory then they are eliminated
by the minimum operator. Moreover we have shown in Chapter 5 that in the incoherence case

II,,(a A u) = 1 which means that this value is also eliminated by the minimum operator.

Proof of Lemma 6.5 The p message from A to its child Y}, (j € {1,..,m}) when A = a
is expressed by py;(a) = Ip(a A ejyj ). This value can be computed by splitting the entire
evidence e into E;{Y], and Egyj . For instance, in Example 4.4, if we consider the variable A
and its child H then, E = E g+ U Eag- = {A,D,F,J, 1, M} where Eyg+ = {A,D, F, J}



222 Proofs of Chapter 6

and EAH* = {I,M}

Therefore, ejgyj = e/egyj s0 py;(a) = Iy (a A e/eAfyj).
Moreover, Bel joint(a) = I (a A e) = min(A(a), u(a))
= min(min(Aa(a), min®, Ay, (0)), 1(a))
= min(Aa(a), min”; \y;(a), p(a)) (from (6.20) and (6.22)), then
py;(a) = Iy (a A e/ezyj) = min(Aa(a), ming_1_mi2; Ay;(a), pu(a)).

Proof of Proposition 6.7 We want to prove that if a junction tree is globally consistent,
then for each cluster C;, ¢, = II,,,(C;). This relation is true if the juntion tree contains a
unique node. Suppose now that it is true for a junction tree with n nodes thus we show that
it is also true with (n+1) nodes.

Let C; be a leaf of J7T connected to the cluster C; and let S;; be their separator (see figure
D.1). Let JT' = JT \C; and V' be the universe relative to the junction tree J7'. We have
(1) 777 = min(w 777, 7¢c,) (from 6.26)

Let D = C; \ Sij and H = C; \ Sj;, then from the junction tree property: D NV’ = ()
(otherwise C; is connected to an other cluster in J7' i.e JT' NC; # O which contradicts
JT =JT\ C)).

Since the junction tree J7T is consistent, then maxpnc, = marync; = g,;, thus:
maxpw g = maxpmin(w g, mc;) (from (1))

= min(w g7/, maxprc,) (since DNV’ = ()

= min(m 777, 7s,;) (from consistency property)

= w77+ (Indeed, suppose that g, < 777 for a particular instance s;;, then 7g,; < 7¢;,

which contradicts the consistency property.

Thus 777+ corresponds to the joint distribution relative to J7'. Then from the induction
hypothesis, (i) mazy\c, 777 = ¢, for all Cx € JT'.
Moreover, mazy\c, g7 = mazyns, min(rgr, mc,) (since V\ C; = V' \ Sj)

= min(rc,, mazyng, Tr77) (since C; N (V'\ Si5) = 0)

Moreover, C; € JT" then from (ii) we obtain, mazy\c, 7T = Ty, thus T, corresponds
to the local distribution on Cj. In addition, the marginalization of w77 on V' \ S;; is equiv-

alent to the marginalization of ¢, on S;;, since S;; only exists in Cj i.e.

maxv/\sij T = maxcj \Si;j TC;
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This implies that, min(rc;, mazyns, 777) = min(rc,, marc,)\s,;7c;)
= min(rc,, Ts,;) (from consistency property)

= mg; (since ms,; = marpmc,).

Proof of Proposition 6.8 Let IIG,, be a min-based possibilistic network. Let J7T be
the junction tree corresponding to IIG,, using the above initialization procedure. Let 7, be
the joint distribution encoded by IIG,, and 77{77 be the joint distribution encoded by J7T
(using (6.26)). We want to prove that m,, = 77{77-. We have: 7rf7¢ = minizlumwa

= min(min;=1.mII(A4; | Uya,),1) (from initialization procedure)

= mini=1.mI1(A4; | Ua,)

= Tm.

Proof of Proposition 6.9 Let W}T be the joint distribution relative to a junction tree

JT at level t. Let 7rf7+71- be the resulted joint distribution after the modification of a cluster

C; using the above procedure. We want to prove that ﬁth = 7Tf7+71

To show this proof it is enough to prove that when a cluster C; sends a message to a cluster
Cj, then ming—q_, ﬂtck = min(ming—1_, 7rtck, 7th—;1) since only the potential of C; is changed

in the expression of the joint distribution.

main(Ming=1.m 7¢, , T ) = min(ming=y.m, 76, , min(rg,, 75 ")) (from 6.32)
= min(ming—1. ng ’ 7767- ) ngjl)
t+1 t

_ . . t . . t t . . .

= min(ming—1_,, T TS, ) (since e < ming—1. m 7, . Indeed, To, 18 included in the ex-
pression ming—1_,, ﬂék)

= min(ming—1_ ., ng,maxci\gij 7thz) (from 6.31)

= ming—;_n, ¢, (since maxc,\s,; TG, < e, < Mig—1 4, TE, )-

Proof of Proposition 6.11 We want to prove that the collect and distribute phase are
enough to make the junction tree globally consistent. This is equivalent to show that the
link between any two adjacent clusters C; and C; becomes consistent after the collect and
distribute evidence phases.

We denote 7T6i (resp. ngij) the potential of any cluster C; (resp. separator S;;) in the col-
lect evidence phase and wéi (resp. ngj) the potential of any cluster C; (resp. separator
S;;) in the distribute evidence phase. Thus our aim is to show that for any cluster Cj,

/! 1"
WC’“@- = ng and for any separator Sij, Ts, = ngj. In other terms we should show that

" " "
maxci\sij 7TCZ, = TrSz‘j = mal'cj\sij 7ch .
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Let the first message to be passed between C; and C; (in collect phase) be from C; to C}
then wgij = maxg,\s;; wéi. Next, when in the distribute evidence the message from C; to C;
has to be passed, the potentials of S;; and C; have not been changed. Indeed, C; has not
received further messages since it sends message to C; only if it has received messages from
all its other adjacent clusters. Then,
maxc;\s;, 71/(/;1_ = maxc;\s;, min(ﬂ’ci,ﬂgij) (from (6.32))
= min(mg,, maxc\g;; Te.)
= min(ﬂgij,ﬂ'sij) (since the potentials of S;; and C; have not been changed after C; sends a

message to Cj in the collect evidence phase i.e maxc,\s,, 7¢, = 7r’SZ_j from (6.30) and (6.31))
= maxc;\s;; ﬂéjj (from (6.31))

= maxg;\s;; wéj (from (6.30))

Moreover, in the distribute evidence phase, each node receives only one message, therefore
after receiving the message from C}, the potential of C; will not change. Therefore the link

between C; and Cj is consistent.



Appendix E

Proofs of Chapter 7

Proof of Proposition 7.1 Let ollG,, be an a-normalized min-based possibilistic network.
Let 7, be the joint distribution computed from (5.6). We want to prove that h(m,) = a.
To show this proof, it is enough to find a particular instance v of V', such that II(a | us) =

a,Va € v and uy C v. Such v can be obtained, in a constructive way, as follows:

Algorithm E.1: Construction of the instance v

begin

Let v be a global instantiation of V' containing initially s.t. v « (J;

while V # ) do
- Select a variable A of V' such that A has no parent in V' (First, we start by roots).;
- Select an instance a of A such that II(a | ua) = o and ug C v (such instance
always exists due to the normalization constraint of a-normalized min-based pos-
sibilistic networks);
-V UvAa;

VeV {a)

end

At the end of this procedure, all the variables in V are instanciated and we have Va € v :
II(a | ua) = a and ug C v. Therefore, min{Il(a | uq) : @ € vand uy € v) = «a, hence
h(mm) = a.

Proof of Proposition 7.2 Let allG,, be an a-normalized min-based possibilistic network.
Let MG be the moral graph corresponding to allG,, given by the initialization procedure. Let
ma be the joint distribution given by (7.2) (which is obtained after incorporating the instance
a of the variable of interest A). Let W}’Vlg be the joint distribution encoded by MG (given by
(7.4)). We want to prove that m, = 7).

e Let vatg be the joint distribution encoded by MG after the transformation of the initial

225
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DAG into a moral graph (step 1 of the initialization procedure), then from (7.4) :
wjl\,lg = min;—1 N Wéi

= min;—1. NII(A4; | U;) (since from the initialization procedure : VCi,ﬂ'éi =1I(A; | Uy))
= T, (From (5.6))

o Let Wéi be the potential of the cluster C; relative to the variable of interest A; after its
incorporation (step 2 of the initialization procedure). Let W/I\Ag be the joint distribution
encoded by MG after updating C; using (7.4), then
mhyg = min(mlg, 75 ). Thus from (7.4) we have:

Pl = { el ifeldd =

0 otherwise

T (W if w[A4;] = aq;
- ()m( ) h[ d ‘' (since ﬂ/I\Ag = T, as shown before)
otherwise

= mg(w) (using (7.2))
= mhig = Ta

Proof of Proposition 7.3 Let Wf\/lg be the joint distribution relative to a moral graph MG

at level t. Let th be the resulted joint distribution after the modification of two parents Cj

and C; using equations (7.8), (7.9) and (7.10). We want to prove that 7,5 = Wﬂ'é

t+1 H—l)

To show this proof it is enough to prove that min(m| el min(rg, ,7‘(’0 ). This relation

is true, indeed:

mm(ﬂtgl 7rtc+1)
= 7”mn(7mn(7rts+1 Te,)s mm(ﬂ'gJrl 7rt0j)) (From (7.9) and (7.10))

¢ ot
= min 7TC,7rC, ”)

(
in(me, 77Tc , min(mazc, \SZ]WC , Marc; \5”770 )) (From (7.8))
= mm(wc ,7rC , MAT ¢, \5”770 » AT, \Slﬂrc )

(

= min(rt, ,7107_) (since MATC\S,; 7rtc > 7rC and maxq, \Sij 7TC > 7rtcj).

7

Proof of Proposition 7.5 We want to prove that when the moral graph MG is one-neighbor
stabilized then all the clusters have the same maximum value i.e. VC;, max ani = a.

Let C; and Cj (s.t. @ < j) be any two clusters in MG such that ma:vciwgi = «, then we will
show that maz,; W(S}j = q.

Between the two clusters C; and C exists at least one path (otherwise they will be discon-

nected which is impossible by construction).

Let A = C; N Cj41 be the separator existing between C; and Cj;q1. Let ¢ be one instance
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of C; having the maximum potential i.e. 71"81(6;”) =« and let a = "[A].

From the stability condition ngl(c;”) =a= 74(a) = a.

Thus Jej4q st ¢i+1[A] = a and ngi+1(c7;+1) = « otherwise maxCHl\Awa,H(a) < « which
contradicts the stability condition, this implies that mazx,, +17T(S/"¢+1 (Cit1) = @

When iterating the same operation on (Cji1, ..., C;), we deduce that mamrgj = a.

Proof of Proposition 7.7 Let 7T§\Ag be the joint distribution relative to a moral graph
MG at level t. Let 7Tt+1 be the resulted joint distribution after the modification of C; with re-

spect to its two parents C; and Cj, using equation (7.18). We want to prove that 7TMg = ﬂj\—;é

To show this proof it is enough to prove that min(w g+1 7rtcj,7rtck) min(rg, ,770 ,ch) This
relation is true, indeed:
t+1 bt
min(me; s Tes T, )
= min(min(rg,, 7s), 7TC , ¢, ) (From 7.18 )
= min 7TtC ,7T5,7th ,ﬂck)
= min(mg, , maxe g 770,770 , e, ) (From (7.17))

= min(mg, , maxe g m’L’rL(ﬂ'Cj,Ter) 7TC , ¢, ) (From (7.16))

(
(
(
= min(wa,min(maxcj\ Si; ng , MAXC\ S,y 7rck), 7er , 7rtCk)
= min(rg,, maxc,\s,, 7rt0j , MAX 0\ S, 7thk, TI'tC]_ , Wtc«k)

= min(rg,, 7rtcj,7rtck) (since maxc;\s,; 7rtcj > 7rtcj and maxe,\s,, T, > 76, )

Proof of Lemma 7.1 Let MG be a moral graph and let maqg be its joint distribution.
We want to prove that if all the clusters of MG are consistent, then there exists an a-DAG
G’ such that its joint distribution =, is equal to mag.

The a-DAG G’ can be constructed from the moral graph MG by affecting a node A; to each
cluster C; (s.t. A; UUa, C C;). Then, each link relative to A; in G’ is quantified by trans-
forming the joint distribution relative to C; into a conditional one.

This transformation is possible since any cluster C; of MG is consistent, which means that
for any instance w4, of Ua, (where A; is the variable relative to Cj),

maxg, 7¢, (@i Aua;) = a (from 7.22).

Thus, when transforming the joint distribution relative to C; into a conditional one, we obtain
max,, II(a; | wa,) = a which satisfies the normalization constraint of a-normalized min-based
possibilistic networks. Moreover, using (7.4) and (5.6), respectively, we have:

- mmg (A1, .., AN) = min;—y N ¢, (A; AUy,) and

-7 (A1, ., An) = ming—1 v (A; | Ua,).

Thus, we deduce that mag = 7, since we consider that II(A; | Ua,) = mo,(Ai AUay,).
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Proof of Proposition 7.10 We want to prove that a moral graph MG is consistent if
all its clusters are consistent. This is equivalent to prove that h(mpag) = .

Let MG be an a moral graph such that all its clusters are consistent. Then, from Lemma 7.1,
it exists an a-DAG G’ such that its joint distribution 7/, satisfies mrig = 7,,. Moreover, from

Proposition 7.1 we have h(7,,) = . Thus, h(mpg) = a.

Proof of Proposition 7.11 Let 7T't/\/lg be the joint distribution relative to a moral graph
MG at level t. Let ﬂﬂé be the resulted joint distribution obtained as result of the modifica-
: t ot
tion procedure. We want to prove that my; = myg.
Let C; be an inconsistent cluster (relative to the variable A;) and C; be its parent cluster

created in step 2.0 of the modification procedure.

To show the proof, it is enough to prove that for any particular instances ¢; and c¢; of of
. . . . 1 1
C; and Cj, respectively, we satisty: min(n¢, (c;), 7¢, (¢;)) = min(rg (c), 77'55; (¢j)).

Let ua, = ¢;[U4,], we can distinguish three cases:

® max, Tra_ (ai Nug,) = a.
In this case, 71'?;1(6@‘) = 7¢,(¢i) and Wét_l(cj‘) = ﬂéj(cj) since the cluster is consistent

with respect to u4,. Thus, the equality is trivial.

e max,, 7 (a; Aug,) = f < a and 7§, (¢;) < 8. Then:

(i1) Wgtl(ci) = 7g,(ci) < B (since the modification will be performed on the potential ¢

s.t 75, (¢;) = maxq, 1¢. (@i Aug,) = B). Thus, two situations can occur:

- ﬂgj(cj) <B= ﬂgtl(cj) = ng (¢j). In this case, the equality is trivial.

— Wtcj(cj) >0 = 7th], (¢j) > 7, (ci) (since g, (c;) < )
= (iil) mz’n(ﬂgj(cj),ﬂa(ci)) = Wa(cz)
Moreover, wtcj(c]') > [ implies that wtcfgl(cj) = [ (step 2.1 of the modification
procedure). Thus, from (il) and (iil) we deduce that min(wtci(ci),ﬂtcj (¢j)) =

min(met (ci), mel ' (e) = mg,(ei) = mg (ca).-

e max,, 7 (a; Aug,) = <« and 7§, (¢;) = 5. Then:
(i2) = ﬂtcvtl(ci) =a > 75 (c).

Thus, two situations can occur:

- 7Ttcj(cj) <B= 7th]. (¢j) < Wtci (¢;) (since 7th1, (c;) = B)

= (ii2) min(rl, (¢;), 78, (i) = 7h (c))-



Proofs of Chapter 7 229

Moreover, 7%]_ (¢;) < B implies that ﬂétl(cj) = 7%]_ (¢;) (step 2.1 of the modification

procedure). Thus, from (i2) and (ii2) we deduce that min(mg,(c;), ¢, (c;)) =
min(r e, 1 () = b e5) = 7 (e5)
— Wtcvj(Cj) > 0= 7Tth (¢j) > 7, (ci) = B (since 75, (¢;) = )
= min(mt (e;), mh (e5)) = b (c1) = B.
Moreover, Wtcj(cj) > [ implies that 7TtCJ;1(Cj) = [ (step 2.1 of the modification

procedure). Thus, min(ﬂtcfl(ci), TFtC,t_l(Cj)) = min(wtcvj(cj),ﬂa_(ci)) = 6.
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Appendix F

A Detailed Analysis of Procedures
Used in the Anytime Propagation
Algorithm

This appendix presents the main data structures and procedure used in the implementation

of our anytime propagation algorithm studied in Chapter 7.

F.1 Data structures

The first step, in this propagation algorithm, is to create the possibilistic network called pnet

and defined as follows:

pnet : Record begin

- nodes: 1-by-N matrix,

row vector containing nodes in a topological order (ancestors before descendants);
- node sizes: 1-by-N matrix

node_ sizes(i) is the number of values node i can take on (its arity);

- dag: N-by-N matrix

dag(i, j) = 1if and only if i is parent of j;

- CPD: 1-by-N cell array of matrices

Each cell CPD{i} contains a tabular_cpd object defined by:

% CPD{i}.self : Node i

% CPD{i}.CPT : A vector containing the initial Conditional Possibility Distribution of node i
in the context of its parents;

end

Once the the possibilistic network is defined, it is possible to create its moral graph and to
perform propagation on it. To do so, we use a principle class: MG _inf _engine (Moral Graph

inference engine) relative to the manipulation of moral graphs and to the global propagation.
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Figure F.1: Multiply Connected DAG of Example F.1

An object of the class MG _inf engine is called engine and is defined by:

engine : Record begin

- clusters: C-by-C cell array of matrices,

clusters{i} corresponds to the nodes in cluster i;

- separators: C-by-C cell array of matrices,

separator{i, j} corresponds to the nodes in the separator existing between
clusters{i} and clusters{j};

- clpot: 1-by-C cell array of matrices.

Each cell clpot{i} contains a discrete potential object (dpot) defined by:

* clpot{i}.domain : 1-by-N matrix containing the variables existing in the cluster i,
* clpot{i}.sizes : 1-by-N matrix containing the sizes of the variables existing in the
cluster i,

* clpot{i}.T: corresponds to the potential of cluster i.

end

The following example illustrates the values taken by different fields of the pnet and

engine records.

Example F.1 Let us consider the min-based possibilistic network 11G,, treated in the previous
Chapter. This1G,, composed by the DAG of Figure F.1 is quantified by the initial distributions
given in Tables F.1 and F.2. The variable of evidence is D, its value is do, the variable of

interest is A and the instance of interest is as.

Table F.1: A priori and conditional possibilities
a I(a)|| b a I(b|a)| ¢ a TIc|a)
a1 |b1 a 1 1 ap 0.3

a9 0.9 b1 a9 0 C1 a9 1
b2 al 04 Coy Qaq 1
b2 a9 1 Cy Qa9 0.2

Table F.2: Conditional possibilities

d b ¢ Id|bAce)| d b ¢ TI(d|bAc)
d1 bl C1 1 d2 bl C1 1

di b1 ¢ 1 dy b1 ¢ 0

d1 bQ C1 1 dz b2 C1 0.8

d1 bg (&) 1 dg bQ Cc2 b

To encode such possibilistic network, we should first define the topological order (i.e. an-

cestors before descendants) which can be [ABCD] or [ACBD]. In the next, we will choose
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[ABCD] i.e. A=1,B =2,C =3 and D = 4. Then, the pnet record takes the following

values:

e pnet.nodes— [1 2 3 /]

e pnet.node_ sizes= [2 2 2 2]

e pnet.dag=

o O O =
S = = O

1
0
0
0

o o o O

For instance the value 1 in the line 1 column 2 means that the variable 1 (A) is a parent

of the variable 2 (B).

o The conditional possibility distributions are stored as multidimentional arrays (pnet.CPD)

where the variables are arranged s.t the low numbered parents come before the high num-

bered one:

pnet. CPD= [1z1 tabular cpd] [1x1 tabular cpd] [1 z1 tabular cpd] [1z 1 tabular cpd]

— pnet.CPD{1}.self = 1

1
pnet. CPD{1}.CPT = ( 0.9 )

1
The order of instances in pnet. CPD{1}.CPT is as follows: ( 0 )

The value 1 (resp. 2) corresponds to the first (resp. second) instance of the variable
1(A).

pnet.CPD{2}.self = 2

1 04
pnet. CPD{2}.CPT — 01 )

11 12
The order of instances in pnet. CPD{2}.CPT is as follows: ( o1 29 )
1
The value 11 (resp. 21, 12, 22) corresponds to the first (resp. second, first, second)

instance of the the variable 1 (A) and the first (resp. first, second, second) instance
of the variable 2 (B).
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— pnet. CPD{3}.self = 8

03 1
pnet. CPD{3}.CPT ( )
1 0.2

11 12
The order of instances in pnet. CPD{3}.CPT is as follows: ( - )
The value 11 (resp. 21, 12, 22) corresponds to the first (resp. second, first, second)
instance of the the variable 1 (A) and the first (resp. first, second, second) instance
of the variable 3 (C).

pnet. CPD{4}.self = 4

t.CPD{}}.CPT Lo
net. . =
d 11 08 1

, , _ 111 121 112 122
The order of instances in pnet. CPD{4}.CPT is as follows: ( )

211 221 212 222

The value 111 (resp. 211, 121, 221, 112, 212, 122, 222) corresponds to the first
(resp. second, first, second, first, second, first, second) instance of the the variable
2 (B), the first (resp. first, second, second, first, first, second, second) instance of
the variable 3 (C) and to the first (resp. first, first, first, second, second, second,
second) instance of the variable J (D).

The moral graph corresponding to this possibilistic network is represented by the engine

record which takes the following values:

o engine.clusters — [1] [122 double] [1z2 double] [1x3 double/
engine.clusters{1} =[1] (i.e the cluster 1 contains the variable 1 (A))
engine.clusters{2} =[1 2] (i.e the cluster 2 contains the variables 1 and 2 (AB))
engine.clusters{3} =[1 3] (i.e the cluster 3 contains the variables 1 and 8 (AC))
engine.clusters{{}=[2 3 4] (i.e the cluster 4 contains the variables 2, 3 and 4 (BCD))

0y ny
niia 1 r
i 1 s
a1

engine.separators =

For instance the value 1 in the line 1 column 2 means that there exists a separator

containing the variable 1 (A) between the cluster 1 (A) and the cluster 2 (AB).
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e engine.clpot=[1z1 dpot] [1x1 dpot] [1x1 dpot] [1x1 dpot]

— engine.clpot{1}.domain: [1]
engine.clpot{1}.sizes: [2]
engine.clpot{1}.T: 09

— engine.clpot{2}.domain= [1 2]
engine.clpot{2}.sizes: [2 2]
engine.clpot{2}.T: L 04

— engine.clpot{3}.domain: [1 3]
engine.clpot{3}.sizes: [2 2]

03 1
0.2

— engine.clpot{4}.domain: [2 3 4]
engine.clpot{4}.sizes: [2 2 2]

1 11 0
1 1 08 1

engine.clpot{3}.T:

engine.clpot{4}.T:

After incorporating the evidence (D = dg) in this cluster it will be transformed into:

engine.clpot{4}.domain: [2 3 4]
engine.clpot{4}.sizes: [2 2 2]

ne.clpot{4}.T 0 01 O
engine.clpo T
I 0 0 08 1
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F.2 Principle programs

In this Section we present the principle procedures for building possibilistic networks and

moral graphs. Then, we give main procedures relative to the anytime propagation algorithm.

F.2.1 Building a possibilistic network structure

mk pnet: Makes the possibilistic network structure (i.e. pnet) using the initial dag (i.e.

dag), the node sizes (i.e. node_sizes) and the list of nodes (i.e. nodes).

Algorithm F.1: mk pnet

Data: dag, node_sizes, nodes
Result: pnet
begin
n < length(dag);
pnet.dag + dag;
pnet.node_sizes < node_sizes(:)’;
pnet.nodes < nodes;

end

F.2.2 Initialization procedure

e MG inf engine: (constructor of the class MG_inf engine) creates a moral graph
from the initial possibilistic network (i.e. pnet) composed of a cluster set (i.e. en-
gine.clusters) using dag_to_clusters and a separator set (i.e. engine.separators). Each
cluster i.e. engine.clusters{i} contains the node ¢ and its parents and each separator
i.e. engine.separators{i, j} contains the intersection of its relative clusters i.e. en-

gine.clusters{i} and engine.clusters{j}.

Algorithm F.2: MG _inf engine

Data: pnet
Result: engine
begin
N <« length(pnet.dag);
engine.clusters <— dag_to_ clusters(pnet);
num_ clusters < length(engine.clusters);
for i«1 to num_ clusters do
for j«(i+1) to num_ clusters do
L | engine.separators{i, j} < engine.clusters{i} N engine.clusters{j};

end
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e dag to clusters: generates the cluster set from the initial possibilistic network (i.e.

pnet) by adding to each variable ¢ its parent set (i.e. ps).

Algorithm F.3: dag to clusters

Data: pnet

Result: clusters

begin

N <« length(pnet.dag);

ns < pnet.node _sizes(:);

clusters < {};

j< 1

for i< 1to Ndo
ps < parents(pnet.dag, i);
clusters{j} < ps U {i};
J= it

end

F.2.3 Global propagation

e global propagation: Using the initial conditional distributions (i.e. pnet.CPD), this
procedure first initializes the potentials of different clusters (i.e. engine.clpot) using
quantify _clusters procedure. The propagation result depends on the evidence (i.e. evi-

dence) and the instance of interest (i.e. interest). Indeed,

— if the evidence and the instance of interest are specified, then this procedure pro-
vides the conditional possibility degree of the instance of interest in the context of

evidence,

— if only the evidence is specified, then this procedure provides the most plausible

instances relative to all variables (except observed ones),

— if only the instance of interest is specified, then this procedure provides the possi-

bility degree of this instance (with no context),

— if neither the evidence nor the instance of interest are specified, then this proce-
dure provides the most plausible instances relative to all variables (given initial

distributions).

The global propagation uses the propagation parameters on consistency and stabiliza-
tion procedures (i.e. ck_cst, nodes type, nb_nodes) to call enter instance propagate

procedure.
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Algorithm F.4: global propagation

Data: engine, interest, evidence, ck cst, nb_nodes, nodes_type
Result: Poss degree, best instances
begin
Poss_degree « [];
best_instances «+ [[;
pnet < pnet_from_engine(engine);
ns < pnet.node_sizes(:);
N « length(pnet.dag);
CPDpot < quantify clusters(pnet, N);
if evidence # () then
if interest # () then
[engine, pnet, Bel_evidence, clpot| - enter instance propagate(engine, pnet,
CPDpot, evidence, ck_cst, nb_nodes, nodes_type) ;
[engine, pnet, Bel joint interest evidence, clpot] — en-
ter instance propagate(engine, pnet, clpot, interest, ck_cst, nb_nodes,
nodes_type) ;
if Bel_joint_interest_evidence = Bel evidence then
| Poss_degree < 1;

else
| Poss_degree <— Bel_joint_interest_evidence;

else
lengine, pnet, Poss_degree , clpot] < enter instance propagate(engine, pnet,
CPDpot, evidence, ck_cst, nb_nodes, nodes_ type) ;

| best_instances < define _best _instances(clpot, N, Poss_ degree);

else
if interest # () then
l[engine, pnet, Poss_degree , clpot] <— enter instance propagate(engine, pnet,
| CPDpot, interest, ck_ cst, nb_nodes, nodes_type) ;
else
[engine, pnet, Poss_degree, clpot| < enter instance propagate(engine, pnet,
CPDpot, evidence, ck_cst, nb_nodes, nodes_type) ;
| best_instances < define _best _instances(clpot, N, Poss_ degree);

end

e enter instance propagate: This procedure uses incorporate_instance to incorpo-
rate the evidence (i.e. evidence) or the instance of interest (i.e. interest) in its relative
clusters. If we want to apply the consistency procedure by adding links (i.e. ¢k cst—=1)
then, the propagation is performed via an iterative process of stabilization and check-
ing consistency using stabilization and consistency by adding links, successively until
reaching the global consistency (i.e. global consistency =1).

If we want to apply the consistency procedure by testing the global instances (i.e.
ck_cst=2) then, the propagation is performed via an iterative process of stabilization

and consistency using stabilization and consistency by computing global instances,
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successively until reaching the global consistency (i.e. global_consistency =1). Other-
wise (i.e. ck_cst=0), we just stabilize the moral graph at the specified type of nodes

(i.e. nodes type) and number of nodes (i.e. nb_mnodes).

Algorithm F.5: enter instance propagate

Data: engine, pnet, potential, instance, ck_cst, nb_nodes, nodes_type

Result: engine, pnet, Bel instance, clpot

begin

ns < pnet.node_sizes(:);

C < length(engine.clusters);

clpot < potential;

if instance # () then

var_instance < find(instance # 0);

for i < 1 to length(var_instance) do
cl_var_instance <+ engine.clq ass to_node(var instance(i)) ;
[clpot{cl_var_instance}| < incorporate instance (clpot{cl_var_instance},
var_instance(i), instance{var _instance(i)}, ns);

if ck_cst=1 then

global consistency <« 0;

while global consistency=0 do
[clpot, alpha_stable] « stabilize(pnet, engine, clpot, C, ns, nb_nodes, nodes_type);
[engine, pnet, clpot, global consistency]
< consistency by adding links(engine, pnet, clpot, C, alpha_stable, ns);

| Bel_instance <— alpha_ consistency;

else

if ¢k cst=2 then

global _consistency < 0;

while global consistency=0 do
[clpot, alpha stable] < stabilize(pnet, engine, clpot, C, ns, nb_nodes,
nodes_ type);
[engine, clpot, global consistency, alpha_consistency]|
< consistency by computing global instances(engine, clpot, al-
pha_stable, C);

| Bel_instance <— alpha_ consistency;

else
[clpot, alpha_stable] < stabilize(pnet, engine, clpot, C, ns, nb_nodes, nodes_type);
| Bel instance < alpha_stable;

engine.clpot < clpot;

end
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F.2.4 Stabilization procedures

e stabilize: This procedure calls the different stabilization procedures depending on the

type of nodes (i.e. nodes_type which can be parents, children, parents-children, neigh-

bors) and number of nodes (i.e. nb_nodes where the value 1 (resp. 2, 3, n-best, n) is

relative to simple (resp. two-nodes, three-nodes, n-best-nodes, n-nodes) stability).

Algorithm F.6: stabilize

Data: pnet, engine, clpot, C, ns, nb_nodes, nodes__type

Result: clpot, alpha_stable

begin

end

C

<]

switch nb_nodes do

ase I
[clpot| < simple _stability (engine, pnet, clpot, C);
| alpha_stable <— maximum _value(clpot{1});
ase 2
modif pot«1;
while modif pot=1 do
[clpot] + simple stability(engine, pnet, clpot, C);
[clpot, modif pot] < two nodes stability(pnet, engine, clpot, C, ns,
nodes_type);
| alpha_stable <— maximum _value(clpot{1});
ase 3
modif pot«1;
while modif pot=1 do
[clpot] «— simple stability(engine, pnet, clpot, C);
[clpot, modif pot] < three nodes stability(pnet, engine, clpot, C, ns,
nodes_type);
| alpha_stable <— maximum _value(clpot{1});
ase n-best
modif pot«1;
while modif pot=1 do
[clpot] < simple stability(engine, pnet, clpot, C);
[clpot, modif _pot] - best multiple nodes stability (pnet, engine, clpot, C,
ns, nodes_type);
| alpha_stable <— maximum _value(clpot{1});
ase n
modif pot«1;
while modif pot—=1 do
[clpot] < simple stability (engine, pnet, clpot, C);
[clpot, modif_pot] < multiple nodes stability (pnet, engine, clpot, C, ns,
nodes_ type);
| alpha_stable <— maximum _ value(clpot{1});
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e simple stability: This procedure ensures that any cluster agrees with each of its
neighbors on the distributions defined on common variables. Let d = (C1, ...,Cx) be any
ordering of the clusters such that Us, C {A;,..4;—1}. In the implementation proposed in
Appendix F, the order in which messages circulate during the simple stability procedure
depends on d. Indeed, we start with the last cluster in d which is stabilized w.r.t. of all
its neighbors, then its predecessor will be treated and it will be stabilized w.r.t. of all
its neighbors except those who already use it. A cycle is achieved when all the clusters

are treated. This process will be repeated until reaching the stability (i.e stable=1).

Algorithm F.7: simple stability

Data: engine, pnet, clpot, C

Result: clpot

begin

stable < 0;

while stable = 0 do

for i < C down to 1 do

for j + i-1 down to 1 do

if engine.separators{j, i} # () then
seppot{j, i} + marginalize pot(clpot{i}, engine.separators{j, i});
sauvpot{j, i} + seppot{j, i};
seppot{j, i} + marginalize pot(clpot{j}, engine.separators{j, i});
seppot{j, i} < minimize by pot(sauvpot{j, i}, seppot{j, i});
clpot{i} + minimize by pot(clpot{i}, seppot{j, i});
clpot{j} + minimize by pot(clpot{j}, seppot{j, i});

test < 1;

i+ 1;

while (i < C) and (test = 1) do

for j < i+1 to C'do

if engine.separators{j, i} # () then
seppot{i, j} + marginalize pot(clpot{i}, engine.separators{i, j});
sauvpot{i, j} < seppot{i, j};
seppot{i, j} + marginalize pot(clpot{j}, engine.separators{i, j});
equal « test_equality(sauvpot{i, j}, seppot{i, j});
if equal = 0 then test + 0;

L J< it

| 1+ i+1;

| if test = 1 then stable < 1;

end
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e two nodes _stability: This procedure ensures for each cluster having at least two
nodes (i.e. nodes_type which can be neighbors, parents, children or parents-children)

its stability with respect to each pair of them using the procedure newpot n_ nodes.

Algorithm F.8: two nodes stability

Data: pnet, engine, clpot, C, ns, nodes_type
Result: clpot, modif pot
begin
modif pot < 0;
i+ 1;
while (i < C) and (modif pot — 0) do
nodes < define nodes(pnet.dag, engine, i, nodes_ type, C);
if length(nodes) > 2 then
J< L
while j < length(nodes)-1 and modif pot=0 do
first_node + nodes(j);
k + 1;
while k < length(nodes) and modif pot=0 do
second node <— nodes(k);
two_nodes < first node U second node;
[clpot{i}, modif pot|] < mnewpot n mnodes(clpot{i}, clpot,
two_nodes, ns);
k < k+1;

L J it

| 1 i+1;

end
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e three nodes stability: This procedure ensures for each cluster having at least three

nodes (i.e. nodes_type which can be neighbors, parents, children or parents-children)

its stability with respect to each pair of them using the procedure newpot n_ nodes.

Algorithm F.9: three nodes stability

Data: pnet, engine, clpot, C, ns, nodes_type

Result: clpot, modif pot

begin

modif pot < 0;

i+ 1;

while (i < C) and (modif pot — 0) do

nodes < define nodes(pnet.dag, engine, i, nodes_ type, C);

if length(nodes) > 3 then

J< L

while j < length(nodes)-2 and modif pot=0 do

first_node + nodes(j);

k « j+1;

while k <length(nodes)-1 and modif pot=0 do

second node=nodes(k);

k < k+1;

while [ < length(nodes) and modif pot=0 do
third _node=nodes(1);
three nodes= first node U second node U third node;
[clpot{i}, modif pot] < newpot n nodes(clpot{i},
three nodes, ns);
1+ 1+1;

Lk« k+1;

L J it

else

if length(nodes) =2 then

j< L

while j < length(nodes)-1 and modif pot=0 do

first _node < nodes(j);

k + 1;

while k < length(nodes) and modif pot=0 do
second node < nodes(k);
two_nodes < first _node U second node;
[clpot{i}, modif pot] < newpot n nodes(clpot{i},
two_nodes, ns);
k « k+1;

L)« Jt+L

| 1+ i+1;

end

clpot,

clpot,
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e multiple nodes stability: This procedure ensures for each cluster its stability with
respect to all its nodes (i.e. nodes_type which can be parents, children, parents-children

or neighbors) using the newpot_n_ nodes procedure.

Algorithm F.10: multiple nodes stability

Data: pnet, engine, clpot, C, ns, nodes_type
Result: clpot, modif pot, cap max
begin
modif pot < 0;
i 1;
while (i<C) and (modif pot=0) do
nodes<—define nodes(pnet.dag, engine, i, nodes_type, C);
if length(nodes)>1 then
[clpot{i}, modif_pot, cap_max| <~ newpot n_nodes(clpot{i}, clpot, nodes,
L ns);
1—1+1;

end

e define nodes: Using the type of nodes (i.e. nodes_type), this procedure defines the

node set which can be neighbors, parents, children or parents-children.

Algorithm F.11: define nodes

Data: adj mat, engine, i, nodes_type, C
Result: nodes
begin
ps<parents(adj mat, i);
cs<—children(adj mat, i);
switch nodes type do
case ’‘parents’ nodes<— ps
case ’children’ nodes<— cs
case ’parents-children’ nodes< ps U cs
case ’'neighbors’
nodes< |[[;
for j < 1to Cdo
if j # i then
if engine.clusters{i} N engine.clusters{j} # () then
L | nodes<— nodes U j;

end
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e newpot n_nodes: This procedure modifies the potential of a cluster (i.e. potcl)
using the cartesian product of some of its nodes which can be parents, children, parents-
children or neighbors (i.e. nodes). The main steps of this procedure are:

- compute the domain relative to variables in nodes (i.e. big domain),
- compute the potential relative to big domain (i.e. potential),

compute the domain of the separators between the treated cluster and nodes (i.e onto),

- marginalize the potential of the clusters to the separators (i.e. inter),
- compute the new potential of the cluster using inter (i.e. potcl),
- compare the initial potential of the cluster and the new one. If it is modified, then

modif pot takes the value 1.

Algorithm F.12: newpot n_ nodes

Data: potcl, clpot, nodes, ns
Result: potcl, modif pot
begin
save pot < potcl.T;
big domain « [[;
for i<« 1 to length(nodes) do
| big_domain < big_domain U clpot{nodes(i)}.domain;

p_inter < dpot(big domain, ns(big domain));

potential <— p_inter;

for i< 1 to length(nodes) do
p_inter.T < extend domain_table(clpot{nodes(i)}.T, clpot{nodes(i)}.domain,
clpot{nodes(i)}.sizes, p_inter.domain, p_inter.sizes);
potential. T <— min(potential. T, p_inter.T);

onto « |;
for i<« 1 to length(nodes) do
| onto < onto U (potcl.domain N clpot{nodes(i)}.domain);

inter < marginalize pot(potential, onto);
potcl «— minimize by pot(potcl, inter);
modif pot < 0;

if save pot # potcl. T then modif pot «+ 1;

end
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e best multiple nodes stability : This procedure ensures for each cluster its sta-
bility with respect to the best instances of its nodes (which can be parents, children,

parents-children or neighbors) using the procedure newpot_n_ best_nodes.

Algorithm F.13: best multiple nodes stability

Data: pnet, engine, clpot, C, ns, nodes_type
Result: clpot, modif pot
begin
modif pot < 0;
i+ 1;
while (i < C) and (modif pot = 0) do

nodes < define nodes(pnet.dag, engine, i, nodes_type, C);

if length(nodes)>1 then

L [clpot{i}, modif pot] < newpot n best nodes(clpot{i}, clpot, nodes,
ns);

14 i41;

end

e newpot n_best nodes: This procedure updates the potential of a cluster using the
best instances in the cartesian product relative to its nodes (i.e. nodes) which can be
parents, children, parents-children or neighbors. The main steps of this procedure are:

- compute the best instances in each node (i.e. sauv_maz_indexr) and the order in which
we should cover them (i.e. clusters order ) using extract_best instances,

- compute the domain relative to variables in nodes (i.e. big domain),

- compute the best instances (i.e. having the maximal degree) in the cartesian product
relative to big domain (i.e. best_nodes_instances) using compute_best nodes_instances.
- compute the domain of the separators between the treated cluster and nodes (i.e onto),

- compute best instances relative to onto from best nodes instances

(i.e sep_instances_from_nodes) using extract_onto,

- compute best instances relative to onto from best ¢l _instances

(i.e sep_instances_from_ cluster) using eztract_onto,

- test the coherence between sep instances from_nodes and sep instances from_ cluster,
- if incoherence (i.e uncoherent instances # (), then we should decrease the degree of

incoherent instances by choosing the next degree in scale.
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Algorithm F.14: newpot _n_best nodes

Data: potcl, clpot, nodes, ns

Result: potcl, modif pot

begin

modif pot < 0;

scale < define scale(clpot, nodes);
pos_val_in_scale « length(scale);
big domain « [[;

val max_ nodes< scale(pos_val in_scale);

clpot, nodes);
cap_max <+ 0;
[best nodes instances| <

clusters_order );
onto + [[;
for i < 1 to length(nodes) do
| onto < onto U (potcl.domain N clpot{nodes(i)}.domain);

best nodes_instances);
[best _cl_instances| «— extract best instances(potcl, val_max_ cluster);

"val+pos’);

pos_incoherent instance < 1;

incoherent instances < [J;

for i+« 1 to length(sep_instances from_ cluster) do

i<

my _test < 0;

while j < length(sep instances from_nodes) and my_test = 0 do

if sep instances_from_mnodes{j} = sep_instances_from_ cluster {i}.val then

| my_test < 1;

L < itL

if my_ test = 0 then

incoherent_instances(pos_incoherent instance) <

sep_instances from cluster {i}.pos;

pos_incoherent instance <— pos_incoherent instance+1;

if incoherent_instances = () then
x < find(scale = val max_nodes);
if z #1 then
potcl. T (incoherent _instances) < scale(x-1);
L modif pot « 1;

end

for i < 1 to length(nodes) do big domain < big domain U clpot{nodes(i)}.domain);
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[sauv_max_index, clusters_order | - extract best instances(potcl, val_max_nodes,

compute best nodes instances(sauv_max_index, big_domain, potcl, clpot, nodes,

sep _instances from nodes — extract onto(potcl, onto, big domain,

sep_instances_from _ cluster < extract onto(potcl, onto, potcl.domain, best _cl_instances,
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F.2.5 Consistency procedures

As described in Section 7.10, the consistency can be applied via two procedures. The first one
(i.e. consistency by computing global_instances) checks the existence of a global instance by
constructing the best elements in the cartesian product using compute best global instances.
The second procedure (i.e. consistency by adding links) ensures the consistency by com-

puting from each cluster the potential of its parents.

e consistency by computing global instances: This procedure tests the exis-
tence of a global consistency using compute best global instances. If such instance
exists (i.e. exists_global instance=1), then the moral graph is consistent.

Otherwise, (i.e. exists global_instance=0) we should decrease the maximal value in the

clusters using decrease in_ scale.

Algorithm F.15: consistency by computing global instances

Data: engine, clpot, alpha stable, C
Result: engine, clpot, global consistency, alpha consistency
begin
exists global instance < 0;
[exists global instance, scale, sauv_index clusters|
compute best global instances(alpha_stable, clpot, C);
if exists global instance=0 then

for 1 < 1 to Cdo

clpot{i} — decrease in_scale(scale, alpha_stable, clpot{i},
L sauv_index_clusters{i});
global consistency < 0;

else
| global consistency < 1;

alpha_ consistency < maximum_value(clpot{1}, C);

end
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Algorithm F.16: compute best global instances

Data: val _max, clpot, C
Result: exist_global _instance, scale, sauv_index_ clusters, cap_ max
begin
scale < []; exist _global instance < 1; treated var < [[;
best global instances < [|; big_domain <« [[;
[sauv_max_index, clusters_order | <— extract best instances(C, val_max, clpot);
for i < 1 to C'do big_domain < big_domain U clpot{i}.domain;
pos_treated cluster < C;
first _cluster < clusters order (pos_treated cluster);
for i < 1 to length(sauv_maz_index{first_cluster}) do
| best_global instances{i} < zeros(1, length(big_domain));

treated cluster < clpot{first cluster};
dom < treated cluster.domain;
equiv_pos_dom < find_equiv_posns(dom, big_domain);
for i < 1 to length(sauv_maz_index{first_cluster}) do
| best_global_instances{i}([equiv_pos_dom]) < [sauv_max_index{first _cluster}{i}];

treated var < treated var U dom;
scale <— update _scale(scale, treated_ cluster);
if C>2 then
next < 1;
pos_treated cluster < 2;
while (pos_ treated cluster < C) and (next = 1) do
next_cluster < clusters_order (pos_ treated _cluster);
treated cluster < clpot{next cluster};
treated _coherent <— 0;
dom < treated cluster.domain;
equiv_pos_dom < find_equiv_posns(dom, big domain);
if dom N treated_var #( then treated + 0;
else treated < 1;
treated var < treated var U dom,;
scale < update scale(scale, treated_ cluster);
position big instance < 1;
sauv_best global instances <— best global instances;
nb_best global instances < length(best global instances)
best_global _instances < |[[;
val max_clusters < sauv_max_index{next cluster};
length val max_clusters < length(val max_clusters);
for i <— 1 to length_wval maz_ clusters do
one cluster instance <— sauv_max_index{next cluster}{i}
for j < 1 to nb_best_global instances do
if treated =1 then
one_big instance < sauv_best_global instances{j};
test _coherence — test coherence instance(one_ cluster_instance,
| one big instance, equiv_pos dom);
if (treated=0) or (test_ coherence = 1) then
treated _coherent < 1;
best_global instances{position big instance}
< sauv_best_global instances{j};
best_global instances{position big instance}([equiv_pos_doml])
< [sauv_max_index{next cluster}{j}];
position_big instance <— position big instance+1;

if treated_ coherent = 0 then
| mnext < 0; exist_global_instance < 0; scale < sort(scale);

| pos_treated_ cluster <— pos_ treated_ cluster1;

end
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e consistency by adding links: This procedure ensures the global consistency by
computing from each cluster having at least one parent the potential of its parents (i.e.
pot_parents).

Then, we check if this distribution contains some values less than alpha-stable using
check consistency cluster. If so, then the cluster is inconsistent. In this case we should

first test the following situations before dropping its inconsistency:

— if the degree 3 exists in the parents of C; (this test is performed using check beta),

— if the parents of the treated cluster are already linked in the DAG (i.e. all_linked=0)

(from the construction or from additional links of a previous step).
If none of these cases is true, then we should modify the inconsistent cluster as follows:

1. Modification of the potential of the inconsistent cluster (replace beta by alpha-stable
using modify _pot)

2. Retrieval of beta by adding links between parents of 7 (i.e. ps) using add_ links.
To do so, we choose the parent in the maximum position (i.e. parent indez) and
transform the other parents (i.e. rest_parents) as its parents in its corresponding

cluster (i.e. ¢) so that to respect the topological order.

Note that this consistency procedure starts from the leaves clusters until reaching the

roots (i.e. from cluster number C down to number 1).
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Algorithm F.17: consistency by adding links

Data: engine, pnet, clpot, C, alpha_stable, ns
Result: engine, pnet, clpot, global consistency
begin
global consistency < 1;
i+ C;
while (global_consistency = 1) and (i > 1) do
ps < parents(pnet.dag, i);
if length(ps) > 1 then
pot_parents <— marginalize pot(clpot{i}, ps);
consistency < check consistency cluster(C, pot_parents, alpha_stable);
if (consistency = 0) then
modif pot < 0;
test beta <« 1;
test_beta < check beta(pot_parents, clpot, ns, ps, alpha_ stable);
if test beta=0 then
parent index < max_ position(ps);
p < ps(parent_index);
q < engine.clq_ass_to_node(p);
rest _parents < ps - p;
pp « parents(pnet.dag, p);
all linked < 0;
if rest parents C pp then all linked < 1;
if all_linked = 0 then
clpot{i} <~ modify pot(clpot{i}, ps, alpha_stable, ns);
lengine, pnet, clpot, modif_pot| <— add __links(engine, pnet, ns, ps,
clpot, p, q, parent_index, pot_parents, alpha_stable);
if (modif pot = 1) then global consistency < 0;

IERENRT

alpha_consistency < maximum _value(clpot{1});
end
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